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An analogy:

Particle physics: Homotopy theory:
e All matter is built from elementary » Topological spaces (up to homotopy)
particles are built by attaching together disks

(of varying dimensions)

* Goal: Compute all attaching maps

e Goal: Discover all fundamental
(homotopy groups of spheres)

particles

. ® . H
e Tool: Massive accelerators and Tool: Massive spectral sequences

detectors [LHC] [Adams spectral sequence]



Matter: built out of elementary particles
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CW complex:

Built out of disks - D™
“n-cells”




CW complexes

* Theorem:
Every topological space is (weakly) homotopy equivalent to a CW complex.

* CW complexes have the form X = U, X"
X0 = {set of points}
X1 = X%y, {set of intervals}

X? = X' u, {set of disks}

X1 = Xt y, {set of D'*1}



CW complexes

* Theorem:
Every topological space is (weakly) homotopy equivalent to a CW complex.

* CW complexes have the form X = U, X"

F
X0 = {set of points} ‘ ’ >

i

X1 = X%y, {set of intervals} o JD = S;

X? = X' u, {set of disks}

X1 = Xt y, {set of D'*1} . . . -
d . s‘ — X‘ "d‘H‘lL‘h) H‘P



CW complexes

Inductively, the CW complex X is determined
up to homotopy by the homotopy classes of
the attaching maps

a € TT; (X i) ‘::‘.. D‘)‘l'l

o DD;*;S.

CW-complexes/homotopy = “matter of geometry”

Building blocks — elements of homotopy groups

d . g(.- N x(- ”ﬂ"H“L"“) m‘Pu



Elementary particles: complicated
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Homotopy groups of spheres: also complicated
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Down to business...

* For the rest of this talk, all CW complexes are finite, connected, with fixed basepoint.

* We will discuss the simpler problem of classifying such CW complexes up to stable
equivalence [still hard!]:

X=,Y o 3INx=3Ny N>»0 [define ]

» Stable homotopy category of these:

Morphisms:  [X, Y]t = [EVX,2NY] N> 0 (these stabilize)

» Stable equivalence of CW complex depends on stable attaching maps

a € ot (X) == [S™, X]5¢ “stable homotopy groups of X”



Stable homotopy groups of spheres:
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Basic particle detectors:
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[AMS-02 experiment]
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Voltage bias

* Takeaway:

Use simple particle (electron) to
detect more exotic particles



Goal: build a detector of (stable) homotopy groups

 Homology — a simple computable approximation of homotopy groups
Hurewicz homomorphism: st (X) - H.(X) [typically not an iso!]

* Homology classes will be the “electrons” in our detector which detect elements
of 5t (X)



Cellular homology

Form a chain complex — basis given by cells — differential given by degrees of
attaching maps:
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Cellular homology

Form a chain complex — basis given by ceIIs — differential given by degrees of
attaching maps: o I 2

C,(x)

/\ Voo C:; A ‘S 3
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Cellular homology

Form a chain complex — basis given by ceIIs — differential given by degrees of

attaching maps:

CCO

C,(x)

[“Graph” notation]



| -Cellular ho-mol-ogv o e

Form a chaln complex — baS|s glven by cells — dlfferent|al glven by degrees of
attachmg maps | | diwn | o | a




Cellular homologv

Form a chaln complex ba5|s glven by ceIIs — dlfferent|al g|ven by degrees of |




Cellular homology

Form a chain complex — basis given by ceIIs — differential given by degrees of

attaching maps:

CCO

C,(x)

H, (x)




Cellular homology

Y_ 4 Rv" C RP' < [ercd. Rfs e lqu
‘RP ) S /Gi“h'fo“l‘



Cellular homology
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Cellular homology

y 4 o ' ¢ 3 ¥
RP=S /Ga-l\'r«‘"‘ B Rp™ <— RP <— RP < RP <— Re
dim o | 2 4 ‘t
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Cellular homology: different coefficients

’ [} 3
RP° <= RP <— RP <~ RPp <— Re?
dlw\ o | 2 3 +t
Homology with coefficients in a
ring R —each dot represents a <
. & a e
copy of R instead of a copy of Z. (. (RP ) é <& 2 ¢ 2
1] ]
o (¢
[In this example, R = [F,]
4 £,
H.(RPE)( I, ., F, 3 =
BAD detector?? Does not detect degree 2 attaching maps!




Cohomology: reverse arrows

IRPO C RP' N mrl Cn Rfl o [Rf"




Cohomology: cup product structure

’ [} 3
RP° <= RP <— RP <~ RP <— Re?
dim (o) | y [ ¢ <
Cohomology is a ring! C (&p") o ¢ -—1—'9 4 “ = —>
" "
() o
In this example,
H*(RP* F,) = Fy[x]/(x>)
o
q [ 8
H(®RR)| Rii i R R Wi
Better detector: degree 2 attaching map detected by x? # 0
[If 2-cell attached to 1-cell with deg 0 map, would get x? = 0]



Cell diagrams: a way of encoding attaching maps

X - Cw Comp"-)(

¢

XZ . x('vlux D



Cell diagrams: a way of encoding attaching maps

X - CW Comp"-)(

¢

XZ . X('olux D

Let j be minimal so that « factors through X’



Cell diagrams: a way of encoding attaching maps

X - CW CanP"—X

Xi : X("‘UK D;

Sul ol > x"
XJ - Xs"u UD; ;’\\ T
K « \3 ; ])’
_— " v <
X /DD., S

Suppose X has j-cells D{, Dg,

For each such cell D,i there is a projection map



Cell diagrams: a way of encoding attaching maps

X—‘ CW ComP"-X
Xi : X('AUK D;

)(J - X':-lu UD:
K

We say:
“the i-cell attaches to the j-cell D,i with attaching map «a;”



Cell diagrams: a way of encoding attaching maps

X—‘ CW ComP"-X
Xc . X(-"UK D* , o

)(J - Xi-lu UD:
K

We say:

“the i-cell attaches to the j-cell D,{ with attaching map «a;”

Note:
- A given cell can attach nontrivially to many other cells

- In this way, the stable equivalence class of X is essentially determined by the
collection of all its attaching maps a;, € nl-sfl(S])

- This is why | asserted that the stable homotopy groups of spheres are the
“elementary particles” which comprise CW complexes



Cell diagrams: a way of encoding attaching maps
X-Cw comp'¢x

(3

X : Xu D
)(J - Xs-lu UD:
(13

Cell diagram: “Refinement of Cellular chain complex”

1) Draw one dot for each cell

2) Draw arrows labelled by attaching maps

dm | o

X ol .
: . 2 4
'é——-/ D; . 4_“/ [examples: CP“, RP*]



Steenrod operations: more structure on mod 2 cohomology

Theorem: (Steenrod)
There are natural homomorphisms (i = 0)

Sqt: H*(X; F,) » H" ' (X; F,)

35, L i Z 0 . Steenrod operations sometimes
. 7, <is<<n- i I
. Sqi(x) = > . detect attaching maps!
0 I>n [examples: CP?%, RP*4]

. SqiSql = Zk(ji__kz;(l)Sq”j_kqu [Adem relations]
Steenrod algebra = algebra of these operators

A = IFZ(Sqi P> 0)/Adem relations

Similar operations on H*(X; IF})



For the rest of this talk, all cohomology reduced, with IF,-coefficients!

H*X = H*(X; F,)



Game plan to build our detector...

Silicon particle detéctor:

Particle

IH

= coIIectlon of 5|gnals inx 4—

“signal
| channeb

— N Decaysinto other particles “event”



 _.S_i_I_i_cdn_pa_rtitle detector: _0_u_rhgmg1gpydete_ét_o_r:_ R

Decays into other particles “event”

o v
NN [£] € ExtSy(H™*X,H'Y)

~ “signal”
| channels

~ Particle ~ f:Y - X (stable homotopy class)

= collection of signalsinxy- ~ “homologysignal”



Particle detector event channels

Many different possibilities for decay channels for a given particle

(0) Direct detection:

(1) Single decay:

(2) Double decay:

Etc...



Homology event channels

Given:
f:Yy-X
(0) Direct detection
Suppose the induced map
ff"H'X - HY
IS nonzero.
Define: [f]:=f*€ Hom4(H*X,H*Y) = Ext%(H*X, H*Y)

“signal”



Homology event channels

Given:

fiY->X (zero on cohomology)

(1) Indirect detection “single decay”

* Form a new CW complex - “mapping cone”
Cr =X UrCY [picture]

* The long exact sequence
> H' X2 H'Y - H**1Cr - H*+1XB>H*+1Y — -

is actually a short exact sequence:
0->HY - H*+1Cf - H*1X >0

* If this extension of A-modules is nontrivial, get “signal”:
0 # [f] € Exty(H*1X, H*Y)




Homology event channels

Given:

f:Yy-X (zero on cohomology)
(s) Indirect detection “s-decays”

* Factor f into

Y:XO?Xl_)_)XS:X
1

2 fs

such that each f; is zero on cohomology - “event”

e Get an exact sequence
0 - H'Y - H*“Cf1 — H*“Cf2 — o> H™5C > H'SX - 0

* Get a “signal”
[f] € ExtS,(H**SX, H*Y)



Examples of homology events, signals

f:S™ - RP®

[f] € Ext5;(H*tST"RP16, F,)

10

H*RP1¢

[Chart: Ext computing software Bruner/Perry]



Examples of homology events, signals

3 f:S™ > Rpl6
> Event:

. C1 16
[f] € ExtS,(H**S*"RPS, F,) 1;:S1 > RP

10 /[/ Signal:
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Examples of homology events, signals

f:8" - RpPL6
Event:

. C3 16
[f] € ExtS,(H*+S*"RP6, F,) 15:S3 > RP

/[/ Signal:




10

Examples of homology events, signals

f:8" - RpPL6
Event:

. C7 16
[f] € ExtS,(H*+S*"RP6, F,) 1;:S7 > RP

/[/ Signal:
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Examples of homology events, signals

f:8" - RpPL6

Event:

o . C2 16
[f] € Ext5;(H**ST"RP16,F,) 1;on:S%> > RP

/[/ Signal:

H*C, op

H*RP'®
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Examples of homology events, signals

f:S™ - RP®

[f] € Ext5;(H*tST"RP16, F,)

Event:

§% - 5% — RP*®

n L1°1M

20 ‘/T>L —T\j E—
} ‘ }5 T
= B

}I*Ca1°ﬂ

H*RP'®
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Examples of homology events, signals

f:S™ > Rpl6
Event:
7 7 7 16
[f] € Ext5;(H*tST"RP16, F,) §'>8">S 2—L7>[R{P
3 A
/[/ Signal: \

\

—0




Two problems

* “noise”:

f:Y = X could be null homotopic, and yet produce a nonzero signal
0+ [f] € Ext;(H*X,H'Y)

* “physically impossible signals”:

For some signals
x € Ext5;(H**SX,H'Y)

x # [f] forany f



10

Adams differentials - “Noise cancellation”

Turns out you can use physically impossible signals to cancel noise!

f:S™ - RP®

[f] € Ext5;(H*ST"RP1°,F,)

Physically impossible event: there is no topological map
515 — ]RP16

l1s

Issue: 15-cell attaches to 7-cell with attaching map
2[7 o 0-:514 4 57
invisible to Steenrod operations!




10

Adams differentials - “Noise cancellation”

Turns out you can use physically impossible signals to cancel noise!

f:S™ - RP®

[f] € Ext5;(H*ST"RP1°,F,)

n—m—

Noise: the event below gives a non-zero signal

514 _)514 N RP16
l700

Issue: the element 201, € 135 (R®) is null homoBopic-

since the 15-cell attaches to 7-cell with attaching Lnap
20:51 > §7 - F,

201, extends over a disk!
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Adams differentials - “Noise cancellation”

Turns out you can use physically impossible signals to cancel noise!

A f:SnﬁRP16

[f] € Ext5;(H*ST"RP1°,F,)

The “invisible” attaching map 20:S'* — S7
simultaneously creates a physically impossible signal
a noise signal.

Noise cancellation — cancel the noise with the

correlated physically impossible signal. .
“Adams differential”

ok

S (o0 de (S



10

Adams differentials - “Noise cancellation”

£15" - RP16 | =Noise

[£] EExtc;(H’*+s+an16,IFé)"'.=PhysicanyimpossiueSi~gna|




Adams differentials — “noise cancellation”

Turns out, there are differentials (Adams spectral sequence)

d,: Ext5;(H**ST™"X,F,) - Ext5T(H*St™t1X F,)

d,-(impossible signal) = noise

Theorem (Adams)

H*(Exty(H*X,F,),{d,}) = (X))} [2-completion = “2-torsion”]
[Isomorphism of sets]

(version for H*(—; [Fp) = p-completion)



ts
it Adams differentials - “Noise cancellation”
Turns out you can use physically impossible signals to cancel noise! l
f:S™ - RP'®
[f] € Ext5,(H**ST"RP1°,F,)
q
1
1 o) 10 14 20
Z Z L3 73 Lg | T
st 16). 16 3 4 8 2 5 7 8 8
nS¢(RPY):Z, 7, Zg 7, 0 @7, <1, 73 | 73 wa Zg 0 0 73 % 72 75 | 7} T, x T8 X I,



o Adams differentials - “Noise cancellation”
Only one little problem: you have no a priori knowledge what T
the differentials are!

Only technique for deducing them: “guile”

5
0
0 5 10 15 20 n
7 7 32 73| Lg | 7
st 16Y. 16 3 4 8 2 5 7 8 8
mt(RPY):Z, L, g Ip 0 I x7, L2 L2 xg, Ls 0 0% X 75 b 1 X Ty X 15 X L
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Elementary particles of homotopy theory:
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[Wikipedia commons]









Higher energies
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Flementary particles of homotopy theory:
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‘Elementary particles of homoto 3\4 th eory
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Higher energies require fancier detectors
SLAC

9!

N
2H( f'ﬂ LENS

o £ :
— 5 N w
il ’ ) Qs Moy, WY
| ; - iy (

| oo J >

N - ! "y \ G \ j}i 7




Tevatron




LRC




ASS: mod 2 cohomology

H™"(s™) - I,




Real —K-theory (ko)

Lellmann-Mahowald]
Beaudry-B-Bhattacharya-Culver-Xu]

Loa-l n(s n) . O—e—o

2 2,2 0 %

0

D__._o

©0 6 ¥, 8 0o ¥ 00 O & E, 2 0 & -

o

D——o——i

Q

(g"’e':dﬂ"v)
Exty, (ko*(S*), ko*(S**"))

] %

| g \ A A
| lh .. AN o

lhﬂ /' & ° P |

h3 ‘ |

R n3
ol o @1 o1 .
[ e - . - -
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34




Topological modular forms (tmf)
" .+
A

[Mahowald] — started thinking about the tmf-ASS
[B-Ormsby-Stojanoska-Stapleton] - A, ¢
[Beaudry-B-Bhattacharya-Culver-Xu]

— computing Extc,qtmf [work in progress]
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