Manifolds and Cobordism

Mark Behrens
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Figure 5.6 Cutting a Klein bottle in two.
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S3 is obtained by taking a solid ball and gluing the
opposite hemispheres together:

Glue




You can think of S3 this way: If you are flying around in
S3, and fly through the surface in the northern
hemisphere, you reemerge in the southern hemisphere.




P32 is obtained by taking a solid ball and gluing antipodal
points together:

Glue




You can think of P3 this way: If you are flying around in
P3, and fly through the surface in the northern

hemisphere, you reemerge in the southern hemisphere,
but flipped backwards.




You can think of P3 this way: If you are flying around in
P3, and fly through the surface in the northern

hemisphere, you reemerge in the southern hemisphere,
but flipped backwards.




You can think of P3 this way: If you are flying around in
P3, and fly through the surface in the northern

hemisphere, you reemerge in the southern hemisphere,
but flipped backwards.
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Classification of n-manifolds

Classification of 3-manifolds: “Thurston’s geometrization
conjecture”. This was essentially proved by Perelman in
2003 — as a special case, the 100 year old “Poincare
conjecture” was proven in dimension 3.

Classification of 4-manifolds: MUCH HARDER

Classification of 5-manifolds and higher: still hard, but
“easier” than dimensions 3 and 4.

Theorem: for n > 3, there is no ALGORITHM for
determining if two n-manifolds are the same!
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