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Abstract—In heterogeneous cellular networks (HCNs), the
macrocell network is usually assumed to be overlaid by multiple
independent tiers of small cells. However, in reality, the locations
of the base stations (BSs) belonging to different tiers are not
fully independent. Accordingly, in this paper, we propose a twotier HCN model with inter-tier dependence, where the macro-BS
(MBS) and the pico-BS (PBS) deployments follow a Poisson point
process (PPP) and a Poisson hole process (PHP), respectively.
Under this setup, we derive bounds on the outage probabilities
of both macro users and pico users, and then use a ﬁtted Poisson
cluster process to approximate the PHP, which is shown to
provide a good approximation of the interference and outage. The
results show that the model with inter-tier dependence appears
closer to the real deployment than the two extremes with full
regularity (the triangular lattice) and complete randomness (the
PPP). An important conclusion is that signiﬁcant gains can be
obtained if PBSs are deployed smartly (away from MBSs).

I. I NTRODUCTION
To meet the crushing demands for mobile data trafﬁc and
universal seamless coverage, cellular networks are currently
undergoing a major transformation from a thoroughly planned
deployment to more irregular, heterogeneous deployments of
macro-, pico- and femto-base stations (BSs) [1]. This increasing heterogeneity and density in cellular networks renders
the traditional hexagonal and regular deployment models of
limited utility but, in turn, motivates recent studies, tools and
results inspired by stochastic geometry [2–4]. Most of the
stochastic geometry work on cellular networks, due to its
tractability, focus on the case where the BS deployment follows a homogeneous Poisson point process (PPP) for singletier networks [5], or multiple tiers of mutually independent
PPPs for heterogeneous cellular networks (HCNs) [6]. This
means different types of BSs (e.g., macro BSs (MBSs) and
pico BSs (PBSs)) are located independently of each other,
which does not seem realistic since the locations of the BSs
belonging to different tiers can be expected to exhibit some
degree of repulsion. Therefore, models for HCNs accounting
the inter-tier dependence should be devised and analyzed. This
is the motivation of our work.
Signiﬁcant efforts have been made recently on the modeling
of HCNs by both academia and industry. An increasingly popular approach is to use random spatial models from stochastic
geometry to capture the irregular network topology of HCNs.
The model with K independent tiers of PPP distributed BSs

is by far the most well-understood general HCN model in the
literature due to its simplicity and tractability [6–8]. However,
although there is randomness in the locations of small cells due
to the variable capacity demand across the coverage area, it is
unrealistic to assume that the positions of the BSs belonging
to different tiers are completely uncorrelated. This is because
the BSs are deployed through a sophisticated network planning
procedure, which results in correlations between the multiple
tiers. To our best knowledge, almost no works have so far allowed a multi-tier HCN model with inter-tier dependence from
stochastic geometry except the classical grid models in which
the locations of the BSs can be thoroughly planned (see, e.g.,
[9], where the PBSs are regularly deployed at the cell edge
of each MBS). Nevertheless, due to the inherent complexity
and randomness of HCNs, the network performance of the
grid model is typically evaluated by system-level simulations,
since no analytical approaches are available.
In this paper, considering the accuracy, tractability and
practicability tradeoffs, we propose a two-tier HCN model
with inter-tier dependence with two types of BSs, i.e., MBSs
and PBSs, using two correlated spatial point processes, where
a PBS is deployed only when it is outside the MBS exclusion
regions. This model, to some extent, also helps reduce the
inter-tier interference (because of the exclusion region), which
is one of the major challenges of HCNs. Under this setup, the
MBS and the PBS deployments follow a PPP and a Poisson
hole process (PHP) [2, Section 3.3], respectively. Due to the
inter-tier dependence, an exact calculation of the interference
and outage probability seems unfeasible. Instead, two different
approaches are taken to tackle this problem: one is to derive
bounds on the outage probabilities of both macro users (MUs)
and pico users (PUs), and the other is to approximate the PHP
using ﬁtted Poisson cluster processes (PCPs). Both approaches
have their own strengths and weaknesses. The bounds are tight
and have closed-form expressions that are easy to calculate. On
the other hand, the approximations using ﬁtted point processes
can provide us with a complete topology of the network
deployments even though the resulting expressions involve
multiple integrals.
From a broader perspective, the contribution of the paper
lies in the investigation of a novel model with inter-tier
dependence for HCNs, which is applicable to actual network
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Fig. 1. The two-tier HCN model. The squares are the MBSs and the
triangle is the typical macro user at a distance rm from its serving
MBS in a random direction. The big circles are the exclusion regions
with radius D. The small circles are the PBSs deployed outside the
exclusion regions and the ‘+’ is the typical pico user at a distance rp
from its serving PBS in a random direction.

deployments, and the bounds and approximations obtained
provide useful insights into the analysis and design of future
wireless networks.
II. N ETWORK M ODEL
Consider a two-tier HCN with two types of BSs, i.e., MBSs
overlaid with PBSs, shown in Figure 1. The locations of the
MBSs follow a homogeneous PPP Φm = {x1 , x2 , . . .} ⊂ R2
of density λm , and the potential locations of the PBSs follow
 p = {y1 , y2 , . . .} ⊂
another independent homogeneous PPP Φ
p . Each MBS has an exclusion region which
R2 of density λ
is a circular region with radius D centered at the location
of the MBS. Considering the critical issues of the current
HCNs, such as interference, resource utilization and economy,
only the PBSs whose locations are outside the exclusion
regions are deployed to improve the network capacity, ﬁll
the coverage holes, and thus provide better service to users,
while guaranteeing that PBSs will, on average, not generate an
aggregate interference resulting in the outage of macro users
through designing the exclusion radius D. Under this setup,
the PBSs form a point process called the Poisson hole process,
which is a Cox process and has been used for cognitive
 p and deﬁne
networks [10]. We denote this process by Φp ⊂ Φ
it as follows.
Deﬁnition 1. (Poisson hole process, PHP [2, Example 3.7])
Let Φ1 be a PPP of intensity λ1 and Φ2 be a PPP of intensity
λ2 , λ2 > λ1 . For each x ∈ Φ1 , remove all the points in
Φ2 b(x, D), where b(x, D) is a ball centered at x with radius
D. Then, the remaining points of Φ2 form the Poisson hole
process. Its intensity is λ = λ2 exp(−λ1 πD2 ).
The transmission power is μm for each MBS and μp for
each PBS. The power received by a receiver located at z
due to a transmitter at x is modeled as hx (x − z), where

hx is the power fading coefﬁcient (square of the amplitude
fading coefﬁcient) associated with the channel between x and
z. We assume that the fading coefﬁcients are i.i.d. exponential
(Rayleigh fading) with E[h] = 1. (x) = x−α is the largescale path loss model with α > 2. We focus on a macro user
at a distance rm < D from the serving MBS in a random
direction and on a pico user at a distance rp from the serving
PBS in a random direction. rp is assumed to be small relative
1
2
−
 p (i.e., rp  λ
to the mean nearest-neighbor distance of Φ
p )
since the transmission power and the range of the PBSs are
usually small. The signal-to-interference ratio (SIR) threshold
is denoted as θm for macro users and θp for pico users.
The radius D of the exclusion region is chosen as
 
 α1
μp
,
(1)
D = ζrm θm
μm
where ζ is a design factor. This form of D is chosen since
the radius D should be positively related to the distance rm
between the serving MBS and its user, the SIR threshold θm ,
and the transmission power of the PBSs μp , and inversely
related to the transmission power of the MBSs μm . The
path loss exponent should also be taken into account since
it greatly affects the interference. Adding a design parameter
ζ makes the formula of D more general; it also resembles
the concept of Cell Range Expansion (CRE), i.e., allowing
a user to be served by a cell with weaker received power
[11]. For our model, we can control the ofﬂoading from the
macro to pico cells through adjusting the size of the exclusion
region, which determines the number of PBSs that can be
retained in the HCNs. When D is set relatively large, very
few potential PBSs will be retained and most users are served
by the MBSs. Conversely, when D is small, the retaining PBSs
will ofﬂoad more trafﬁc from the macro cell. Note that D is
designed to guarantee that PBSs will, on average, not generate
an aggregate interference resulting in the outage of macro
users, which occurs when the instantaneous SIR is lower than
θm . Similarly, the MBSs will, on average, not generate an
aggregate interference resulting in the outage of PUs since the
minimum distance between a MBS and a PU is D − rp .
III. A NALYSIS OF THE T WO - TIER HCN M ODEL WITH
I NTER - TIER D EPENDENCE
In this section, the two-tier HCN model with the intertier dependence is discussed. We ﬁrst analyze the aggregate
interference to both MUs and PUs, including the intra-tier
interference and the inter-tier interference, and then give
the bounds on the outage probabilities of MUs and PUs,
respectively.
There are four types of interference: the interference from
the MBSs to the MUs Imm , the interference from the MBSs
to the PUs Imp , the interference from the PBSs to the MUs
Ipm , and the interference from the 
PBSs to the PUs Ipp . Each
of them can be deﬁned as I(z) = x∈Φ\{x0 } μhx (z − x) to
represent the interference at z resulting from the interferers
positioned at the points of the process Φ (i.e., either Φm
or Φp ), where x0 is the serving BS, and μ is either μm or

μp , depending on which type of interference is considered.
To calculate the interference to the MUs, we condition on
having a MU at the origin, the typical user, i.e., there is an
extra MBS, namely, the serving MBS, on the circle of radius
rm centered at o, which yields the Palm distribution for the
MBSs. By Slivnyak’s theorem [2], this conditional distribution
is the same as the original one for the macro-tier in the
region R2 \ b(o, rm ). For the pico-tier, however, conditioning
on a PBS at a certain location generally changes the distance
distribution since whether a PBS is deployed is determined by
the locations of the MBSs. This is the reason why only bounds
or approximations through ﬁtting the Poisson cluster process
(PCP) can be obtained for the interference terms involving the
PBSs.

With Rayleigh fading, the transmission success probability of the MU is the Laplace transform evaluated at s =
α
θm μ−1
m rm . Since the MBSs and the potential PBSs are distributed according to two independent PPPs, Imm and Ipm
are independent. Therefore, an upper bound for the outage
probability of MUs, denoted as m , is given by

A. Interference and Outage Analysis of MUs
The MUs suffer from two types of interference: Imm and
Ipm . The typical MU is assumed to access the nearest MBS
x0 at distance rm . Since the fading is Rayleigh and the MBSs
are distributed as a PPP, the Laplace transform of Imm is

Although the point process of the PBSs is not a PPP but a
Poisson hole process (see Def. 1 in Section II), independent
 p outside the exclusion regions with probability
thinning of Φ
exp(−λm πD2 ) yields a good approximation on Ipm , since the
higher-order statistics of the point processes, which govern
the interaction between nodes, become less relevant further
away from the receiver [12]. An approximation to the outage
probability of MUs m is, therefore, given by

0
LImm (s) = E!x
Φm ,hx

exp −s

μm hx (x)
x∈Φm

= exp −πλm

∞
2
rm

1
dr . (2)
α/2
1 + s−1 μ−1
m r

Since the PBSs must be at least at distance D from the
MBSs, Ipm is stochastically dominated1 by the interference
 p except those that are within the
Iˆpm caused by the points in Φ
distance D from the desired MBS. Denote the disk centered
at the location of the desired MBS with radius D as Hm and
C
let Hm
= R2 \ Hm . We obtain the Laplace transform of the
 = (x)1x∈HC as
ˆ
Ipm using a modiﬁed path loss law (x)
m
⎛
⎞⎞
⎛
LIˆpm (s) = EΦm ,hx ⎝exp ⎝−s
p
= exp −λ

R2

p
= exp −λ

1−

HC
m

 ⎠⎠
μp hx (x)
p
x∈Φ

1


1 + sμp (x)

dx

sμp (x)
dx
1 + sμp (x)

 2


π δ
δ δ
2

μ s −πD (1−Am (s, D)) ,
= exp −λp
sin(πδ) p
(3)
where δ = 2/α and
Am (s, D) =

1
πD2

=

1
πD2

Hm

1
dx
1 + sμp (|x|)
√ 2 2 2

2π rm cosϕ+ D −rm sin ϕ
0

0

r
drdϕ.
1+sμp r−α
(4)

1 A random variable A stochastically dominates a random variable B if
P(A > x) ≥ P(B > x) for all x, or equivalently, FA (x) ≤ FB (x) for
cumulative distribution functions FA (x) and FB (x).

m

α
−1 α
< 1 − LImm (θm μ−1
m rm )LIˆpm (θm μm rm ).

When α = 4, the above bound can be simpliﬁed to

 

2
m < 1−exp −π θm rm λm arctan θm +
 

2


−1 4
 p π μp − √ D
(θ
μ
r
,
D)
.
1−A
λ
m
m
m m
2
2 μm
θm rm

m

α
−1 α
≈ 1 − LImm (θm μ−1
m rm )LIpm (θm μm rm ),

(5)

(6)

(7)

where the Laplace transform of the approximation Ipm is
 2


π δ
μδp sδ −πD2 (1−A(s, D)) .
LIpm(s) = exp −λp
sin(πδ)
(8)
When α = 4, the above approximation can be simpliﬁed to

 

2
m ≈ 1−exp −π θm rm λm arctan θm +
 


π μp
D2 
−1 4
λp
−√
(θ
μ
r
,
D)
. (9)
1−A
m
m
m m
2
2 μm
θm rm
B. Interference and Outage Analysis of PUs
Similar to the case of the estimating interference to the
MUs, the PU also experiences two types of interference: Imp
and Ipp . First, we consider the interference Imp . The typical
PU is assumed to access the nearest PBS at distance rp . Denote
Hp as the disk centered at the location of the desired PBS with
radius D and HpC = R2 \ Hp , thus we have
 2


π δ
LImp(s) = exp −λm
μδm sδ −πD2 (1−Ap (s, D)) ,
sin(πδ)
(10)
where
√
2 sin2 ϕ
2π rp cosϕ+ D 2−rp
r
1
Ap (s, D) =
drdϕ.
πD2 0 0
1+sμmr−α
(11)
Now let us consider the interference from other PBSs Ipp . Let
 p except those
Iˆpp be the interference caused by the points in Φ
that are within the distance rp from the typical PU, thus Ipp
is stochastically dominated
by Iˆ , and its Laplace
transform


 ∞ pp 1

is LIˆpp (s) = exp −π λp r2 1+s−1 μ−1 rα/2 dr .
p

p

The success transmission probability of PUs is the Laplace
α

transform evaluated at s = θp μ−1
p rp . Since Imp and Ipp are
independent, an upper bound for the outage probability of PUs,
denoted as p , can be obtained as
p

α
−1 α
< 1 − LImp (θp μ−1
p rp )LIˆpp (θp μp rp ).

(12)

When α = 4, the above bound can be simpliﬁed to
p < 1−exp

λm


 

−π θp rp2 λp arctan θp +



π μm
D2 
4
−  2 1−Ap (θp μ−1
p rp , D)
2 μp
θp rp


.

(13)

C. Comparison with the Two-tier Independent PPP Model
When the PBSs are distributed independently of the MBSs,
the outage probability for both types of users can be easily
obtained as

m

= 1 − exp −πλm
−

p

∞

1

1+

2
rm


π2 δ δ 2
θm rm λp (μp /μm )δ ,
sin(πδ)

−πλp

∞
2
rp

1
−1 −α α/2 dr
1 + θp rp r

A. Fitting a Poisson Cluster Process
The ﬁrst-order statistic is the intensity, so
p exp(−λm πD2 ) = λl c̄,
λp = λ

−1 −α α/2 dr
θm
rm r


π2 δ δ 2
= 1 − exp −
θ r λm (μm /μp )δ
sin(πδ) p p

Fig. 2. Comparison of the PHP (left) and TCP (right). For the PHP,
p = 150, μm = 1, μp = 0.05, rm = 0.04, rp = 0.01,
λm = 25, λ
ζ = 3, α = 4, θm = 10dB, D = 0.101. For the TCP, λl = 35.4382,
c̄ = 1.9024, σ 2 = 0.0023.

(14)


.

(15)

When α = 4, the above results can be simpliﬁed to


 


μp
π
2
(16)
m = 1− exp −π θm rm λm arctan θm + λp
2
μm



 2 π  μm

(17)
+λp arctan θp
λm
p = 1− exp −π θp rp
2
μp

IV. A PPROXIMATION BY P OISSON C LUSTER P ROCESS
The PHP behaves like a PCP to some extent, since forming
“holes”, due to the exclusion regions in our model, forces
nodes to concentrate in other parts, making the whole node
distribution look as if the nodes were clustered. Based on this,
in this section, we provide another approach to approximate
the outage performance of both types of users: since the PHP is
not very tractable, we approximate it with a PCP by matching
ﬁrst- and second-order statistics. Figure 2 illustrates a PHP
and a TCP with the same ﬁrst- and second-order statistics. It
is easy to observe that both processes are very different from
the PPP.

(18)

where λp is the intensity of the PBSs; λl is the density of
parent points of the cluster process, and c̄ is the average
number of points in a cluster. For motion-invariant processes,
the second-order statistics are fully described by the paircorrelation function g(r) [2]. Here two kinds of Poisson cluster
processes are considered: the Matern cluster process (MCP)
and the Thomas cluster process (TCP).
For a cluster radius R, the g-function of the MCP is [2,
Section 6.4]


 r  r√4R2−r2
, r < 2R
− 4R2
1+ λl π22R2 arccos 2R
gM (r) =
(19)
1,
r ≥ 2R
where λl and R can be determined using curve-ﬁtting to the
g-function of the PHP. c̄ is then determined using (18).
For the TCP with variance σ 2 , the g-function is [2, Section 6.4]


1
r2
gT (r) = 1 +
(20)
exp − 2 ,
4πλl σ 2
4σ
where λl and σ are obtained using curve-ﬁtting and c̄ is then
determined using (18).
p =
To illustrate the ﬁtting, we set λm = 1.59 × 10−5 , λ
1.59 × 10−4 , rm = 40, rp = 10, μm = 1, μp = 0.05, ζ = 3,
α = 4. By using the nlinﬁt function (nonlinear least-squares
ﬁt) in Matlab, we ﬁt the g-function of the TCP and MCP
to that of the PHP for different θm , and the ﬁtting results
are listed in Table I. It can be seen that R increases as D
increases, which means the clustering behavior is increasingly
prominent as the exclusion region becomes larger. Figure 3
shows the g-function of the PHP, TCP, and MCP obtained by
simulations for θm = 10, 15dB. The results show that the PHP
can be closely approximated by the TCP and MCP.

TABLE I. The ﬁtting results for different θm
θm (dB)
D
λl
R
c̄
λl
σ2
c̄

Matern

Thomas

-5
42.55
1.80 × 10−3
43.76
0.080
1.70 × 10−3
585.15
0.084

0
56.74
5.81 × 10−4
58.13
0.247
5.49 × 10−4
1022.8
0.247

5
75.67
1.84 × 10−4
72.55
0.672
1.78 × 10−4
1542.6
0.672

Hole
Thomas
Matern

2.2
2
1.8
1.6

×

1.4

D=100.9

1

0

50

ν(s, y) =

100

150

200

250

300

350

exp(−c̄ν(s, y))f (y)dy,

(26)

p = 1.59 ×
Fig. 3. Pair correlation function. λm = 1.59 × 10−5 , λ
−4
10 , rm = 40, rp = 10, μm = 1, μp = 0.05, ζ = 3, α = 4.

B. Outage Analysis Using Poisson Cluster Process
Since the PHP can be closely approximated by a ﬁtted
PCP, the interference in the Poisson hole networks can be
approximated by that in Poisson cluster networks.
Let LIpm,PCP (s) be the Laplace transform of the interference
from a PCP at the typical MU located at the origin. According
to [13], we have


LIpm,PCP (s) = exp −λl
[1 − exp(−c̄ν(s, y))]dy , (21)
R2

where
ν(s, y) =

R2

1
f (x)dx,

1 + (sμp (x − y))−1

(22)

and f (x) is the PDF of the node distribution around the parent
point. For the TCP,


1
x2
f (x) =
,
(23)
exp
−
2πσ 2
2σ 2
and for the MCP,
f (x) =



1
πR2 ,

0,

x < R
otherwise

(24)

Thus the outage probability of MUs can be derived as
α
−1 α
≈ 1 − LImm (θm μ−1
m rm )LIpm,PCP (θm μm rm ).

1

R2

 − y)sμp )−1
1 + ((x

f (x)dx.

(27)

Thus, the outage probability of PUs can be obtained as

r

m

R2

where

1.2

0.8

20
179.44
4.54 × 10−6
144.72
7.131
4.46 × 10−6
5994.5
7.132

R2

D=134.6

g(r)

15
134.56
1.65 × 10−5
120.91
3.995
1.61 × 10−5
4225.0
3.995

typical PU is served by the nearest PBS located at (rp , 0),
there is no PBS in the disk region centered at the origin with
 =
radius rp . Thus, by denoting the modiﬁed path loss law (x)
(x)1x>rp and according to [13], we have


LIpp,PCP (s) = exp −λl
[1 − exp(−c̄ν(s, y))]dy

2.6
2.4

10
100.91
5.65 × 10−5
95.25
1.749
5.47 × 10−5
2649.3
1.749

(25)

Let LIpp,PCP (s) be the Laplace transform of the interference
from a PCP at the typical PU located at the origin. Since the

p

α
−1 α
≈ 1 − LImp (θp μ−1
p rp )LIpp,PCP (θp μp rp ).

(28)

V. N UMERICAL R ESULTS
In this section, we give some numerical results of the outage
probability for MU and PU, respectively, where λm = 1.59 ×
p = 1.59 × 10−4 , μm = 1, μp = 0.05, rm = 40, rp =
10−5 , λ
10, ζ = 3, α = 4. Both approaches provided in Section III, i.e.,
bounds and approximations using the PCP, are investigated as
well as the corresponding simulation results. For comparison,
we also provide two cases with the same densities of the MBSs
and PBSs: one is to model the HCN with two independent
PPPs, and the other is to model the MBSs as a triangular
lattice and the PBSs as a lattice hole process2 .
Figure 4 and Figure 5 illustrate the outage probability of
MUs and PUs, respectively. It can be seen that the bounds
derived for the outage probability of both types of UEs are
quite tight, and the approximations using the ﬁtted MCP and
TCP match the simulation results very well, which veriﬁes
that the PCP can model the PHP accurately, and a good
estimate of the interference can be obtained. We can also
observe that the outage performance of the proposed model
with inter-tier dependence falls somewhere in between those
of the two extremes, i.e., complete randomness (the two-tier
independent PPPs) and full regularity (the triangular lattice).
Since it is well recognized that the PPP assumption for the
spatial locations of the BSs provides an upper bound on
the outage probability of actual BS deployment while the
idealized grid-based model provides a lower bound [6], we
may conclude that the model with the inter-tier dependence
2 The lattice hole process is formed by retaining all the points of a PPP that
outside the exclusion regions of the MBSs whose locations follow a triangular
lattice.
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Fig. 4. The outage probability of MUs. The curve of the lattice
hole process has a slight decrease for small θm since the
1/α
interference from PBSs decreases with D ∝ θm , which more
than offsets the increase in θm in this range.

appears closer to the real deployment than independent tiers
of PPPs or grid-based models. In addition, comparing Figure
4 with Figure 5, we ﬁnd that the performance of the MUs is
affected by the inter-tier dependence more seriously than that
of the PUs from the gap between the proposed model and the
two extreme cases.
VI. C ONCLUSION
In this paper, we propose a two-tier HCN model accounting
for inter-tier dependence, where the MBSs and PBSs follow
a PPP and a PHP, respectively. Due to the repulsion between
the MBS tier and the PBS tier, the interference in the HCN
is hard to analyze exactly. Thus, under this setup, we ﬁrst
bounded the outage probabilities of both MUs and PUs, and
then used a ﬁtted PCP to approximate the PHP. The results
indicate that the bounds derived are very tight to the simulation
curve and the approximations using the ﬁtted PCPs coincide
quite exactly with the simulation curve, thus providing useful
approximations for a practical network model where an exact
calculation of the interference is unfeasible. Besides, since
the performance of the proposed model falls in between the
performance of model with two-tier independent PPPs and
that with triangular lattice consisting with the known results of
actual deployment, we can conclude that the model with intertier dependence is a more promising HCN model than the two
extremes with full regularity and complete and independent
randomness. Overall, the bounds and approximations show
that there is a signiﬁcant gain in deploying PBSs smartly (away
from MBSs).
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