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Abstract

In this paper, the equations of structural motion are expressed in time-invariant state-space
equations by expressing the frequency dependent self-excited forces in terms of rational
functions. Accordingly, the multimode coupled flutter analysis is reduced to evaluate the

eigenvalues of a constant matrix at each prescribed wind velocity. This formulation is
computationally efficient in comparison with the conventional iterative approach. The
complex mode approach is utilized for analyzing efficiently the coupled buffeting response.

This approach is computationally more efficient than the conventional scheme in which a
matrix inversion is required to evaluate the system transfer function at each frequency. A long
span cable-stayed bridge and a suspension bridge are used to investigate the coupled flutter.

The effect of the aerodynamic coupling among modes on the buffeting response is ascertained
and compared to conventional mode-by-mode approach. # 2001 Elsevier Science Ltd. All
rights reserved.
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1. Introduction

The flutter and buffeting response analysis of long span bridges exposed to
turbulent wind excitation is generally performed in the frequency domain based on
the approach originally proposed by Davenport [1] and Scanlan [2,3]. For many
bridges, the flutter response is generally dominated by a single torsional uncoupled
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mode, and the flutter frequency is very close to the natural frequency. The primary
effect of the self-excited forces is to change the structural damping through the
aerodynamic damping. Both the aerodynamic and structural coupling among modes
are neglected in the conventional approach for the estimation of aerodynamic
damping and the modal buffeting response. These modal response components
are then summed using the square root of sum of squares (SRSS) approach for
estimating the total response.
For an aerodynamically tailored bridge deck section with a typical span length, the

torsional flutter which is dominated by a single torsional mode can be eliminated or
postponed to higher wind velocity. For very long span bridges, the coupled flutter
caused by the coupling among the self-excited forces in the vertical and torsional
directions may become a critical problem. In fact, an increase in bridge span length
results in a significant decrease in the natural frequency and in the ratio between the
first symmetric torsional and vertical frequencies. This lends itself to a need to
examine coupled flutter at higher range of reduced wind velocity to ensure a wind
resistant design [4]. Not only the coupled flutter instability needs to be avoided, but
also the buffeting response needs to be evaluated at wind velocities near the critical
flutter velocity. In this case, conventional simplified procedures for multimode
response may become invalid, and the aerodynamic coupling between modal
responses must be considered for an accurate estimation of flutter and buffeting
response [5–9]. Recent advances in the coupled buffeting and flutter analyses of long
span bridges can be found from Refs. [10,11,8,9].
The multi-mode coupled flutter analysis is commonly performed through a

solution of a nonlinear complex eigenvalue problem [5]. Since the unsteady self-
excited forces are a function of reduced frequency, each solution associated to each
mode needs an iterative calculation until the assumed frequency coincides with
that of the prescribed target mode. This procedure can be time consuming and
computationally cumbersome particularly for multi-mode flutter analysis of long
span bridges that have closely-spaced frequencies. The computational efficiency of
the flutter analysis can be improved by representing the unsteady self-excited forces
in terms of a rational function approximation [8]. Further examination of the
contribution of each self-excited force component to the system damping would aid
in improving our understanding of the flutter generation mechanism [8]. The mode-
by-mode approach for predicting the buffeting response, in which the aerodynamic
coupling among modes are neglected, may lead to an underestimation of the
response of long span bridges at high wind velocities [8]. An accurate estimation of
response requires a precise prediction of the aerodynamic damping and proper
consideration of the changes that take place in mode shapes due to aerodynamic
coupling.
In this paper, the equations of structural motion are described in terms of time-

invariant state-space equations by expressing the frequency dependent self-excited
forces in terms of rational functions. Accordingly, the multimode coupled flutter
analysis is reduced to the determination of the eigenvalues of a constant matrix at
each prescribed wind velocity. Similarly, the coupled buffeting analysis can be
conducted efficiently by utilizing the complex mode approach. The effectiveness of
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the analysis procedure outlined here is demonstrated by evaluating the coupled
multimode flutter response of a long span cable-stayed bridge and a suspension
bridge. The effect of the aerodynamic coupling among various modes on the buffeting
response is addressed and compared to conventional mode-by-mode approach.

2. Theoretical background

2.1. Equations of motion

The dynamic response of a bridge exposed to turbulent wind in the vertical, lateral
and torsional directions hðx; tÞ; pðx; tÞ and aðx; tÞ are expressed in terms of the
generalized coordinates q ¼ fqjg as

hðx; tÞ ¼
X
j

hjðxÞqjðtÞ; pðx; tÞ ¼
X
j

pjðxÞqjðtÞ; aðx; tÞ ¼
X
j

ajðxÞqjðtÞ ð1Þ

where hjðxÞ; pjðxÞ and ajðxÞ are the jth mode shapes in the vertical, lateral and
torsional directions, respectively.
The governing equations of motion in modal coordinates are given by

M.qþ C’qþ Kq ¼ Qse þQb ð2Þ

whereM;C;K are the generalized mass, damping and stiffness matrices, respectively;
Qse and Qb are the generalized self-excited and buffeting force vectors, respectively;
and the over-dot denotes partial differentiation with respect to time.
The self-excited and buffeting force components per unit length, i.e. lift

(downward), drag (downwind) and pitching moment (nose-up) are expressed as

LseðtÞ ¼
1

2
rU2ð2bÞ
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’h

U
þ kH *2

b’a
U

þ k2H *3 aþ k2H *4
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L þ CDÞwLw
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U
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DbðtÞ ¼
1

2
rU2ð2bÞ 2CDwDu

uðtÞ
U

þ ðC0
D � CLÞwDw

wðtÞ
U

� �
ð7Þ

MbðtÞ ¼
1

2
rU2ð2bÞ2 2CMwMu

uðtÞ
U

þ C0
MwMw

wðtÞ
U

� �
ð8Þ

where r is the air density, U is the mean wind velocity, B ¼ 2b is the bridge deck
width, k ¼ ob=U is the reduced frequency, o is the circular frequency, H *i ; P*i and
A*i ði ¼ 1	 6Þ are the flutter derivatives, wLu; wLw; wDu; wDw; wMu and wMw are the
aerodynamic admittance functions, CD;CL;CM are the static coefficients; C0

L ¼
dCL=da and C0

M ¼ dCM=da; u and w are the longitudinal and vertical wind
fluctuations, respectively, and subscripts se and b designate the self-excited and
buffeting components, respectively.
Based on the finite element discretization, Qse and Qb can be determined as

functions of the bridge flutter derivatives, the aerodynamic admittance functions, the
spanwise correlation functions of the buffeting forces, and the mode shapes. These
can be expressed in terms of the generalized coordinates and the wind fluctuation
vectors as given below:

Qse ¼
1

2
rU2 AsðikÞqþ

b

U
Ad ðikÞ’q

� �
ð9Þ

Qb ¼
1

2
rU2 AbuðikÞ

u

U
þ AbwðikÞ

w

U

� 	
ð10Þ

The self-excited forces corresponding to the steady-state motion qðtÞ ¼ %q eiot can
be approximated in terms of a rational function [12],

QseðtÞ ¼ 1
2 rU

2ðAs þ ðikÞAdÞ%q eiot

¼ 12 rU
2 A1 þ ðikÞA2 þ ðikÞ2A3 þ

Xm
l¼1

ðikÞAlþ3

ikþ dl

 !
%q eiot ð11Þ

where A1; A2; A3; Alþ3 and dl ðdl50; l ¼ 1	mÞ are the frequency
independent matrices and parameter. This approximation due to Roger [12] can
be determined by fitting the experimentally obtained data of AsðikÞ and Ad ðikÞ
defined at a set of discretized reduced velocities kj ð j ¼ 1; 2; . . .Þ using a least-square
approach.
Employing the concept of analytic continuation, similar expression can be given

for arbitrary motion qðtÞ ¼ %q est with %s ¼ sb=U ¼ ð�xþ iÞk substituted for ik in
Eq. (11), where s ¼ ð�xþ iÞo and x is the damping ratio.
After some manipulations, the equations of motion can be expressed as frequency

independent linear time-invariant state-space equations:

’YðtÞ ¼ AYðtÞ þ BQbðtÞ ð12Þ

X. Chen et al. / J. Wind Eng. Ind. Aerodyn. 89 (2001) 649–664652



where
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where %M ¼M� 1
2 rb

2A3; %C ¼ C� 1
2 rUbA2; %K ¼ K� 1

2 rU
2A1; qsel ðl ¼ 1	mÞ are

the introduced new vectors representing the unsteady aerodynamic states.
It is noted that if the self-excited forces can be represented exactly or with an

acceptable error by a rational function of the reduced frequency k or dimensionless
Laplace variable %s (Eq. (11)), Eq. (2) leads to a rigorous interpretation in the state
space (Eq. (12)), which provides significant mathematical advantages. For flutter
analysis, by utilizing Eq. (12), the nonlinear eigenvalue analysis of Eq. (2) can be
replaced by the determination of the eigenvalues of a constant matrix A at each
prescribed wind velocity. Note that the nonlinear eigenvalue problem is quite
cumbersome, especially in the case of multi-mode coupled flutter of very long span
bridges. Comparing to the flutter analysis based on the eigenvalue analysis at
prescribed reduced velocity, analysis at prescribed wind velocity provides informa-
tion of how the eigen-properties of a bridge are influenced by the interaction of the
bridge and wind with the change in wind velocity. This is also convenient for
comparison with wind tunnel tests utilizing full aeroelastic models. The results
predicted at a specific wind velocity are also useful for the analysis of buffeting
response in both frequency and time domains. Eq. (12) facilitates an efficacious time
domain analysis of systems with frequency-dependent self-excited forces. This
feature is quite appealing as it can expedite the Monte Carlo simulation of the
system. The recasting of the equations of motion in the state-space format allows the
use of tools based on the linear system theory for the analysis and control of dynamic
response.

2.2. Multimode flutter analysis

The flutter analysis is conducted by omitting the buffeting forces and finding the
solution of a complex eigenvalue problem of linear time-invariant state-space
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equations (Eq. (12)). Using the complex modal analysis and solving the eigenvalue
problem leads to N conjugate pairs of complex eigenvalue and eigenvectors (where N
is the natural mode number included), which correspond to structural modes, and
m*N negative real eigenvalues and real eigenvectors (where m is the order of rational
function approximation), which correspond to the additional aerodynamic states
introduced by the rational function approximations. The eigenvalues corresponding
to structural modes can be expressed as

lj ¼ �xjoj þ ioj

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2j

q
; ð j ¼ 1; . . . ;NÞ ð15Þ

The eigenvalues at different wind velocities provide insight into the changes in
frequencies and damping ratios with an increase in wind velocity. The eigenvectors
indicate the aerodynamic coupling among natural modes due to the self-excited
forces. The system is stable when all of the eigenvalues lie to the left side of the
imaginary axis in the complex plane. When one of the eigenvalues has a zero real
part, it means the flutter occurrence and this wind velocity is referred to as the critical
flutter velocity.
At the critical flutter velocity, the free vibration can be expressed as

ZðtÞ ¼ WðUr e
lrt þ U*r e

l *r tÞ ð16Þ

where Z is the physical coordinates, W the mode shape matrix, Ur the rth complex
eigenvector corresponding to the modal displacement of flutter mode, and
superscript * denotes the complex conjugate operator.

2.3. Buffeting response analysis

Based on random vibration theory, the power spectral density matrix of the
generalized modal coordinates q and the physical coordinates Z are given by

SqðioÞ ¼ HðioÞSQbðioÞHð�ioÞT; ð17Þ

SZ ðioÞ ¼ WSqW
T ð18Þ

where SQbðioÞ is the power spectral density matrix of the generalized buffeting forces,
W the modal shape matrix, and HðioÞ the transfer matrix including the effects of the
self-excited forces

HðioÞ ¼ �o2Mþ io C�
1

2
rUbAd

� �
þ K�

1

2
rU2As

� �� ��1
ð19Þ

It is emphasized that Eqs. (17) and (18) gives the complete coupling form that
includes both structural and aerodynamic coupling effects, which are indicated
by the non-zero off-diagonal components of SQbðioÞ, and HqðioÞ, respectively.
Neglecting these coupling effects leads to the conventional simplified SRSS
approach.
Most current technique involve direct calculation of HðioÞ from Eq. (19), which

requires an inverse of the matrix at every frequency within the range of interest [13].
When results are needed for only a limited number of frequencies, the overall time
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required for direct calculation may be shorter, but it will be very time consuming
when large number of modes and a fine frequency discretization is required for
accuracy. The following approach based on the complex mode analysis provides
improvement in computational efficiency [14].
Normalizing the distinct eigenvector Gj corresponding to the eigenvalues

lj ð j ¼ 1; . . . ; n; n ¼ ð2þmÞN) and defining the n*n matrix C by

GTj Gj ¼ 1; C ¼ ½G1;G2; . . . ;Gn� ð20Þ

and

C�1AC ¼ K; K ¼ diag½l1; . . . ; ln� ð21Þ

Now the transfer function HðioÞ is given by

HðioÞ ¼ DðioI� AÞ�1B ¼ DCðioI� KÞ�1C�1B ð22Þ

where matrix D is defined by

q ¼ DY; D ¼ ½I; 0; . . . ; 0� ð23Þ

It is noted that for the evaluation of the transfer matrix at a prescribed wind
velocity, only the complex eigenvalue analysis and the inversion of the eigenvector
matrix are required once, and the matrix inversion is not needed at each frequency.
This leads to computational efficiency in comparison with the conventional scheme.
It is also worth pointing out that the stochastic decomposition technique offers
another computationally efficient procedure to calculate the power spectral density
of the buffeting response [15]. The root-mean-square (RMS) values of the buffeting
responses are then calculated from the integrations of its power spectral density.
The buffeting analysis based on complex mode analysis has also been conducted

by Cremona et al. [16] and Yamada et al. [17]. In the former paper, based on the
assumption that the mode frequencies are well separated and the transfer function of
a particular mode can be approximated through the aerodynamic matrices (As and
Ad ) defined at the corresponding peak frequency, a simplified approach has been
proposed for buffeting analysis. In Ref. [17], the buffeting response of the complex
mode coordinates has been calculated through the power spectral density analysis,
which needs more computational effort than the traditional practice based on the
real structural modal coordinates. The scheme proposed in the present paper is
considered to be computationally more efficient and can be applied to multi-mode
coupled buffeting analysis.
The von Karman spectra for u and w components are used in this study for

describing the power spectra of the wind fluctuations. Based on the field observation
that even as the frequency goes to zero, the coherence is not necessarily unity, the
following coherence function is utilized for the evaluation of joint acceptance for the
consideration of buffeting forces reduction due to spanwise correlation:

cohrðDx; f Þ ¼ exp �
0:747jDxj
2pLx

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 70:78

fLx
r

U

� �2s0
@

1
A ð24Þ
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where r indicates the u- and w-components; Lx
r is the integral scales in the along-wind

direction; lr is the decay factor, and Dx is the distance of the points in the across-
wind direction.
The admittance functions for drag, lift and moment components are based on the

functions given by Davenport and the Sears function, respectively.

jwj2D ¼
2

k21
½k1 � 1þ expð�k1Þ� ð25Þ

jwj2LM ¼
aþ k

aþ ðpaþ 1Þkþ 2pk2
ð26Þ

where wD ¼ wDu ¼ wDw; k1 ¼ lfD=U; l is the decay factor, D the height of bridge
deck, wLM ¼ wLu ¼ wLw ¼ wMu ¼ wMw; k ¼ ob=U, and a ¼ 0:1811.

3. Numerical examples and analysis

A cable-stayed bridge and a suspension bridge with center spans of about 1000
and 2000 m, respectively, are used as examples. The logarithmic decrement for each
mode is assumed to be 0.02. Details concerning other structural parameters are
omitted for brevity. For the sake of illustrating the fundamental characteristics of
flutter and buffeting response, only the aerodynamic forces acting on the bridge deck
are included. For very long span cable-stayed bridges, wind loading on stay cables
must be included for accurate response analysis. Considering that the emphasis of
this study is on the aerodynamic coupling effects rather than the structural coupling,
the contribution of loading on cables and the structural coupling between cables,
towers and deck are not included in this study. The self-excited drag component
induced by the lateral motion is represented by the quasi-steady theory. The self-
excited lift and moment components induced by the lateral motion and the self-
excited drag components induced by the vertical and torsional motions are generally
negligible and are neglected here. For the cable-stayed bridge, the flutter derivatives
H *i and A*i (i ¼ 1,2,3,4) are calculated from the Theodorsen function. For the
suspension bridge, in addition to the flutter derivatives based on the Theodorsen
function, experimental results from a twin-box section are also used for comparison
[18]. These two bridge sections are identified as Sections 1 and 2, respectively, in the
subsequent discussion. In Fig. 1, some of the flutter derivatives are presented for
these sections.
Various combinations of the natural modes are considered in the calculation of

multimode coupled flutter to investigate the natural mode participation. For the
cable-stayed bridge, the predicted flutter condition is summarized in Table 1, in
which modes 3, 6 and 11 are the first, second and third symmetric vertical bending
modes, mode 10 is the second symmetric lateral bending mode and mode 13 the first
symmetric torsional mode. Figs. 2 and 3 show the changes in the frequency and
damping ratio as the wind velocity is increased. Table 2 shows the changes in the
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Table 1

Flutter conditions (cable-stayed bridge)

Mode no. Branch Velocity (m=s) Frequency (Hz)

3,13 mode 13 119.3 0.3583

3,10 mode 10 175.2 0.4111

3,6,13 mode 13 118.4 0.3661

3,6,10,11,13 mode 10 114.3 0.3495

1–20 mode 10 113.8 0.3506

Fig. 1. Flutter derivatives ((�) Section 1; (��) Section 2).

Fig. 2. Frequency versus wind velocity (cable-stayed bridge).
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magnitude of each natural mode in the complex modes 10 and 13. It is noted that
although the genesis of flutter seems to follow a different path when different mode
combinations are considered, they are all physically consistent. The properties of the
complex modes 10 and 13 have been switched when their frequencies become close at
the wind velocity around 110 m=s.
For the suspension bridge example, the predicted frequency and damping ratio of

each mode for both sections with different mode combinations are presented in
Figs. 4–7. The predicted flutter conditions are summarized in Table 3, in which
modes 2 and 8 are the first and second symmetric vertical bending modes, mode 9 is
the second symmetric lateral bending mode and mode 10 the first symmetric
torsional mode. In the case of Section 1, similar to the cable-stayed bridge, the
complex modes 9 and 10 switch their properties at the wind velocity of about 60 m=s
(Table 4). In the case of Section 2, both favorable uncoupled self-excited force
components (i.e. the components corresponding to A *2 and A*3 ) and unfavorable

Table 2

Magnitude of natural mode (cable-stayed bridge)

Mode no. 3 10 13 3 10 13

Uðm=sÞ Complex mode 10 Complex mode 13

60.0 0.11 1.00 0.10 0.23 0.10 1.00

80.0 0.29 1.00 0.27 0.40 0.26 1.00

100.0 1.43 1.00 0.99 0.69 0.95 1.00

113.2 2.82 0.62 1.00 0.48 1.00 0.62

120.0 3.36 0.57 1.00 0.42 1.00 0.52

Fig. 3. Damping ratio versus wind velocity (cable-stayed bridge).
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coupled force components (i.e. the component corresponding to H *3 ) are less than
those calculated from the Theodorsen function. These features of the self-excited
forces result in insignificant changes in the damping ratio of the flutter mode
(complex mode 10) as the wind velocity increases. In general, uncoupled self-excited
forces result in an increase in the system damping, but the coupled self-excited forces
result in a decrease in the system damping [8]. Therefore, it is important to reduce
the unfavorable contributions of the coupled self-excited forces and to increase the
favorable contributions of the uncoupled self-excited forces for improving the

Fig. 4. Frequency versus wind velocity (suspension bridge, Section 1).

Fig. 5. Damping ratio versus wind velocity (suspension bridge, Section 1).
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overall performance of a bridge experiencing coupled flutter. This can be realized by
the structural and aerodynamic modifications of the structural system and the
geometric configuration of the bridge deck.
Detailed investigations on the amplitude of the complex modes and the

contribution of each self-excited force component to the system damping are
important for improving understanding of the mechanism responsible for coupled

Fig. 6. Frequency versus wind velocity (suspension bridge, Section 2).

Fig. 7. Damping ratio versus wind velocity (suspension bridge, Section 2).
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flutter. In both examples, the analysis including only the fundamental vertical
bending and torsional modes can provide results very close to those obtained by
considering higher modes. It may be in part due to the significant changes in the
flutter mode damping ratio as the wind velocity increases, thus a marginal
contribution from the higher modes to the system damping results in a little change
in the flutter onset velocity. For this hard-type flutter case, some structural control
devices such as TMD=ATMD added to increase the structural damping to postpone
flutter instability may not be effective. On the contrary, the soft-type flutter may be
apparently influenced by the higher modes and also be more amendable to control by
structural and=or aerodynamic means.
In the multi-mode coupled buffeting analysis, for the suspension bridge

with Section 2, the first 15 natural modes are considered. The spanwise correla-
tion of buffeting forces are assumed to be the same as those of the wind fluctuations.
The length scale and turbulence intensity in along wind and across wind directions
are assumed to be 80 and 40 m, and 10% and 5%, respectively. The following
three cases are considered: (a) complete coupling, i.e. Hqij 6¼ 0 and SQbij 6¼ 0 ði 6¼ jÞ,
(b) with aerodynamic coupling but ignoring the structural coupling, i.e. Hqij 6¼ 0
but SQbij ¼ 0 ði 6¼ jÞ, (c) conventional mode-by-mode analysis and a sub-
sequent combination using SRSS approach, i.e. Hqij ¼ 0 and SQbij ¼ 0 ði 6¼ jÞ.
In Fig. 8, the RMS torsional responses at the center of main span at different

wind velocities are presented. Fig. 9 shows the response along the bridge axis at
the wind velocity of 70 m=s. Results indicate that at higher wind velocity, the
buffeting response is significantly underestimated in the vertical and torsional
directions when the aerodynamic coupling effects are neglected, although
the buffeting response in lateral direction is not apparently affected by the
aerodynamic coupling. The structural coupling due to the correlation between the
generalized buffeting forces show only a very little influence on the vertical buffeting
response.

Table 3

Flutter conditions (suspension bridge)

Mode no. Branch Velocity (m=s) Frequency (Hz)

Section 1: based on Theodorsen function

2,10 mode 10 68.3 0.1210

2,8,10 mode 10 68.6 0.1214

2,8,9,10 mode 9 68.9 0.1181

1–15 mode 9 69.3 0.1186

Section 2: two-box section

2,10 mode 10 73.2 0.1492

2,8,10 mode 10 72.0 0.1495

2,8,9,10 mode 10 72.4 0.1494

1–15 mode 10 74.8 0.1484
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4. Concluding remarks

A new scheme for the coupled flutter and buffeting analysis has been presented
which is based on the complex mode analysis of a linear time-invariant system. In
this analysis the unsteady frequency dependent aerodynamic wind forces are recast
in terms of rational function approximation which results in frequency independent
force description.
Results have indicated that the aerodynamic coupling between the natural modes

particularly between the fundamental vertical bending and torsional modes is most
significant for the coupled flutter.
Neglecting the aerodynamic coupling results in a significant under prediction of

the buffeting response in the vertical and torsional directions at wind velocities near
the critical flutter velocity. Furthermore, the structural coupling due to the
correlation between the generalized buffeting forces show only a very little influence
on the vertical buffeting response.

Table 4

Magnitude of natural mode (suspension bridge, Section 1)

Mode no. 2 8 9 10 2 8 9 10

Uðm=sÞ Complex mode 9 Complex mode 10

40.0 0.05 0.15 1.00 0.05 0.23 0.10 0.07 1.00

60.0 0.43 0.44 1.00 0.37 0.73 0.51 0.49 1.00

68.9 1.50 0.70 0.77 1.00 0.57 0.25 1.00 0.59

80.0 2.29 0.51 0.39 1.00 0.27 0.04 1.00 0.26

Fig. 8. RMS torsional response at the center of main span versus wind velocity (ð�Þ complete coupling;
(o) w=o structural coupling; ð��Þ w/o aerodynamic and structural coupling).
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