Autoregressive models.
AR(1)
e iid (0,02) .For y; to be stationary, |p|<1

Yt =0+ pyr—1 + €&

Find the interesting moments

E(y) = a+ pE (y-1) + E (e)
~—— ~— =
My My 0
py(L=p)=a
re-express as
Ye = py (L —p) + pye—1 + &
Let’s get the variance. It will be the same whether ;1,= 0 or not, so let’s assume
it’s 0.
Yt = PYt—1 T €
Var (y;) = E (%)2 = E(pyi—1 +€) (pys—1 + €)
=F [PQytZA +e+ 20116t

= |P*Eyi_y + B¢} + 2pE (yr—1€1)
————
0
2
Var (y) = E (y)” = 0, = p’o,, + 0

and finally,
o2 (1—p?) = o?
2 _ ol
Oy = 1— p2

What happens if p = 1? Variance goes to infinity (or is undefined)

Compute autocorrelations. First compute autocovariance, then divide by
the variance.

Remember, we are assuming j,, = 0

7 =EWyi-1) = E(pye—1 + ) (ys-1)
=E (Pytz_1 + Etytfl)
= (pEth—1 + E€tyt—1)

_ 2
= pgy



And the first-order autocorrelation is
it

y9y

cort (Y, ys—1) = =p

The second-order autocorrelation:

V2 = E (Yeyr—2) = E (pye—1 + €) yr—

PE (Yi-1yi—2) + E (e1y1—2)
——— N———
Y1 0
= ppo, = p’o,,

72
COorTr (ytyyt—2) = g = p2
yry

The k — th order autocorrelation of the AR(1) model is p*.
Autoregressive models have moving average representations.

Yt = PYt—1 + €
Yi—1 = PYt—2 + €1
Yt—2 = PYs—3 + €t—2
Substitute the second and third equations into the first.

Y = p(pyr—2 + €-1) + &
= p* (Yr—2) + per—1 + &
=0 (pY1—3 + €1—2) + per—1 + €
= pPYi-3+ pPe—2 + per—1 + €&

t—1

=pleot+p e+ plaa+pa1i e

This is useful for tracing out the impulse response function. Shock €; once, then
shut it down and see how y responds. From the MA representation,
ypp=ea=1
= € —+ € =
Y2 2 P €1 P
0 1
_ 2 _ 2
Yz = €3+ pea +p€er =p

g =p"

Forecasting formula. Given what we know at ¢ (I; is the set of variables we know at t),
what’s the forecast of y4417

Yt+1 = PY: + €t41



E (yev1lle) = E (pye + €e41) = py
E (yiy2llt) = p*ue
E (yernlIt) = pPyr — 0=y as k — oo
How can we estimate the AR(1)? Regression works. Regress y; on y;_1.
In Eviews, y = ¢(1) + ¢(2)y(—1).
We could continue with an AR(2) model, but we’ll do that later. Right now,
consider an ARMA(1,1) model. This will help with the problem set, believe me.

Yt = PYe—1 + € + ey

Find the mean

E(y:) = E (pys—1 + €t + 0es 1)
Py = ppy =0
Var(y;) =FE (yf)
=FE(pyr—1 + €+ 0ei—1) (pys—1 + € + 0ei1)
= E(p*y;_1 + €2 + 02| + blahblahblah)

Don’t download the ps yet.



