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Due 12:30 Thursday 22 September, electronic submission through Canvas. 100 points total on
this problem set. Please read the problem set carefully, especially about what you should report
as your answers. As before, submit a single pdf document. The first part of the document will
have the group answers. The second part will be an appendix with individual Eviews output. The
first page of the solutions needs to have your group number (or group name) with a list of your
group members.

1. Consider the ARMA(1,2) model,

yt = ρyt−1 + εt + θ1εt−1 + θ2εt−2

where εt iid
(
0, σ2ε

)
.

(a) (15 points) Find the mean E (yt) .

µy = E (yt) = E (ρyt−1 + εt + θ1εt−1 + θ2εt−2) = ρE (yt) → µy = 0 if |ρ| < 1. If ρ = 1,
then µy is undefined.

(b) (15 points) Find the variance V ar (yt) .First, we will need these covariances:

σyt,εt = σ2ε

σyt,εt−1 = (ρ+ θ1)σ
2
ε

σyt,εt−2 =
(
ρ2 + ρθ1 + θ2

)
σ2ε

I’m going to call V ar (yt) = σ2y = E
(
y2t
)

σ2y = E (ρyt−1 + εt + θ1εt−1 + θ2εt−2) (ρyt−1 + εt + θ1εt−1 + θ2εt−2)

= E [ρyt−1 (ρyt−1 + εt + θ1εt−1 + θ2εt−2)]︸ ︷︷ ︸
ρ2σ2

y+ρθ1σyt,εt+ρθ2σyt,εt−1

+ E [εt (ρyt−1 + εt + θ1εt−1 + θ2εt−2)]︸ ︷︷ ︸
σ2
ε

+ E [θ1εt−1 (ρyt−1 + εt + θ1εt−1 + θ2εt−2)]︸ ︷︷ ︸
θ1ρσyt,εt+θ

2
1σ

2
ε

+ E [θ2εt−2 (ρyt−1 + εt + θ1εt−1 + θ2εt−2)]︸ ︷︷ ︸
ρθ2σyt,εt−1+θ

2
2σ

2
ε

Make substitutions

σ2y = ρ2σ2y + ρθ1σ
2
ε + ρθ2 (ρ+ θ1)σ

2
ε + σ2ε + θ1ρσ

2
ε + θ21σ

2
ε + ρθ2 (ρ+ θ1)σ

2
ε + θ22σ

2
ε

σ2y
(
1− ρ2

)
=
((

1 + 2ρθ1 + 2ρθ22 + θ21 + θ22
))
σ2ε

σ2y =

(
1 + 2ρθ1 + 2ρθ22 + θ21 + θ22

)
σ2ε

(1− ρ2)



(c) (15 points) Find the first-order autocorrelation Corr(yt, yt−1) .

E (ytyt−1) = γ1 = E (ρyt−1 + εt + θ1εt−1 + θ2εt−2) yt−1

= ρσ2y + θ1σ
2
ε + θ2σytεt−1

=
ρ
(
2ρθ1 + 2ρθ1θ2 + θ21 + θ22 + 2ρ2θ2 + 1

)
σ2ε

(1− ρ2)
+ θ1σ

2
ε + θ2 (ρ+ θ1)σ

2
ε

=

[
ρ
(
2ρθ1 + 2ρθ1θ2 + θ21 + θ22 + 2ρ2θ2 + 1

)
+
(
1− ρ2

)
θ1 +

(
1− ρ2

)
θ2 (ρ+ θ1)

(1− ρ2)

]
σ2ε

=

[
ρ
(
1 + θ2 + θ21 + θ22

)
+
(
1 + ρ2

)
(θ1 + θ2) + ρ3θ2

1− ρ2

]
σ2ε

Corr (yt, yt−1) =
γ1
σ2y

=
ρ
(
1 + θ2 + θ21 + θ22

)
+
(
1 + ρ2

)
(θ1 + θ2) + ρ3θ2(

1 + 2ρθ1 + 2ρθ22 + θ21 + θ22
)

(d) (15 points) Find the second-order autocorrelation Corr(yt, yt−2) .

γ2 = E (ytyt−2) = E (ρyt−1 + εt + θ1εt−1 + θ2εt−2) yt−2

= ργ1 + θ2σyt,εt

= ργ1 + θ2σyt,εt

=

[
ρ
(
ρ
(
1 + θ2 + θ21 + θ22

)
+
(
1 + ρ2

)
(θ1 + θ2) + ρ3θ2

)
+
(
1− ρ2

)
θ2

1− ρ2

]
σ2ε

and second-order autocorrelation is

corr (yt, yt−2) =
ρ
(
ρ
(
1 + θ2 + θ21 + θ22

)
+
(
1 + ρ2

)
(θ1 + θ2) + ρ3θ2

)
+
(
1− ρ2

)
θ2(

1 + 2ρθ1 + 2ρθ22 + θ21 + θ22
)

(e) (15 points) Find the forecasting rule E (yt+1|yt, εt,εt−1)

E (ρyt + εt+1 + θ1εt + θ2εt−1|yt, εt, εt−1) = ρyt + θ1εt + θ2εt−1

(f) (15 points) Find the forecasting rule E (yt+2|yt, εt,εt−1)

E (ρyt+1 + εt+2 + θ1εt+1 + θ2εt|yt, εt, εt−1) = ρE (yt+1|yt, εt, εt−1) + θ2εt

= ρ (ρyt + θ1εt + θ2εt−1) + θ2εt

2. (10 points) For doing the write-up entirely with word processing software (i.e., nothing hand-
written) and listing your group number and group members at the beginning of your submis-
sion.
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