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A b s t r a c t  

T h e  question  of  dynamic  feedback  compensa- 
t i o n   i n   l i n e a r   m u l t i - v a r i a b l e   s y s t e m s  i s  con- 
s idered  f rom a frequencv  domain  point of view. 
Two r e l a t e d   a p p r o a c h e s   t o   t h i s   p r o b l e m  are 
p resen ted ,   bo th  of which  employ  "dual   re la t ively 
p r ime   f ac to r i za t ions" ;  i . e .  e i t h e r   R ( s ) P ( s ) - l  
or F(s)-lF(s), of t h e   t r a n s f e r   m a t r i x ,  T(s), 
of  t h e  system. The f i r s t  apuroach  employs  the _ .  
n o t i o n  of the   "e l iminant   mat r ix"   o f  two rela- 
t i v e l y   r i g h t   p r i m e  ( r . r . p .  ) polynomial 
ma t r i ces ,   such  as K(s) a n d   P ( s ) ,   w h i l e   t h e  
,second u s e s   t h e  properties o f   t h e  class of un 
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i- 
modular matrices which  "reduce"  the  composite 

matr i.x E::] t o   a n   u p p e r   r i g h t   i d e n t i t y ,  

More s p e c i f i c a l l y  , e m p l o y i n g   t h e   f i r s  
approach, t h e   t r a n s f e r   m a t r i x ,  *T(s), o f  a p- 
output ,   m- input   l inear ,   t ime  invar ian t   dvnamica l  
system i s  f i r s t   e x p r e s s e d   i n   t h e   " f a c t o r e d   f o r m "  
R(s)P(s):l, with  R(s) and P ( s )  r e l a t i v e l y  
r i g h t   p r l m e   a n d   t h e   d e g r e e   o f   t h e   d e t e r m i n a n t  
of P ( S )  equal  t o  n ;  i . e .  n = a l p ( s ) l .  A 
method is t h e n   o r e s e n t e d   f o r   o b t a i n i n g  a proper  
(output   to   input )   feedback   compensa tor ,   wi th  
t r a n s f e r   m a t r i x  Q-'(s)M(s), as depicted  below,  

. -  

Fl 

U ( S ) T ( ~ ) = R ( ~ ) P ( ~ ) - l l  : Y ( S )  

l O ( S ) X Z +  

s u c h   t h a t  a11 n t q   c = a l r ( s ) l t a l o ( s ) l )   c l o s e d  
1.00~ system  poles ,   which  are  shown t o   b e   e q u a l  
t o   t i l e  zeros of   the   de te rminant  of !4(s)X(s) + 
y ( s ) P ( s ) ,  can h e  a r b i t r a r i l y   p o s i t i o n e d   i n   t h e  
asymptotically  staS1.e  hal-f-plane ( s )  < 0 .  
'Tile method o u t l i n e d  is a cons t ruc t ive   one   and  is 

of R(s) and P ( s ) .  

given  system is s i n g l e   i n p u t   c o n t r o l l a b l e ,  a 
proper  dynamic  compensation of t o t a l  o r d e r  v-1, 
w h e r e  u i s  t h e   o b s e r v a b i l i t y   i n d e x   o f  t h e  system, 
can  be  used t o  c o m p l e t e l y   a n d   a r b i t r a r i l y   p o s i -  
t i o n  a l l  n+v-1. p o l e s  of the   c losed   loop   sys tem.  
The d u a l  of t h i s   r e s u l t ,  from the   v iewpoin t  of 
s i n z l c   o u t p u t   o b s e r v a h i l i t y   a n d   t h e   c o n t r o l l a -  
b i l i t ; q  index,  i s  a l s o  presented  and  an  exten-  
sion  based  on a r e s u l t   d u e   t o  t'. 2. ih-asch and 
J . !.. Pearson  ("Pole  Placement  using ilynalnic 
Compensators", IECC Transactions  on  Automatic 

,. ,,dsed . . on manivulat ion of the  "el . iminant   matr ix"  

Wc also c o n s t r u c t i v e l y  show t h a t  when t h e  
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C o n t r o l ,  Vol. AC-15, !io. I (1370) pp. 3 4 - 4 3 )  then  
e n a b l e s   u s   t o   p r e s e n t  a direct ,  f requency domain 
p roof   o f   t he  f ac t  t h a t  all (n+q)   c losed  loop 
p o l e s  of any  minimal   system  can  be  arbi t rar i ly  
a s s i g n e d   v i a  a proper  feedback  compensator  of 
t o t a l   o r d e r  q=min (u-1,  p - 1 ) .  

of unimodular mLtricLs which  "recuces"  the com- 
By employing  the  second  approach,   the  class 

p o s i t e   m a t r i x  K::d t o  a n   u p p e r   r i g h t   i d e n t i t y ,  
r, 1 lq , is shown t o   p l a y   a n   i m p o r t a n t   r o l e   i n  

c a r a c t e r i z i n g   d u a l   f a c t o r i z a t i o n s ,  P-l(s )E(s), 
with P(s) and i i ( s )  r e l a t i v e l y   l e f t   p r i m e ,   o f  a 
z i v e n   t r a n s f e r   m a t r i x ,   T ( s ) = R ( s ) P - ~ ( s ) .  I t  is 
then  shown t h a t  i f  k(s)G-lk) is anv  dual  fac- . .  

t o r i z a t i o n  of 

of the   composi te   mat r ix  

the   de te rminant   o f  El(s)ks)+Q(s)P(sj, e x c e p t   f o r  
a nonzero scalar m u l t i p l i e r .  A r e l a t ion   be tween  
an   appropr i a t e  class of unimodular matrices and 
the  output  feedback  compensation  problem is then 
e s t a b l i s h e d .  Some important  pr0perti .e: ;   of  these 
unimodular matrices are p resen ted ,   and   t he i r  
s i g n i f i c a n c e   i n   t h e   t r e a t m e n t   o f   t h e   o u t p u t   f e e d -  
back  compensation  problem is discussed .  The 
s i g n i f i c a n c e  of t h i s  resul t  is f u r t h e r   e x p l o i t e d  
through  the  development of a syn thes i s   t echn ique  
for achiev ing  a more g e n e r a l  class of  feedback 
compensators,   including  those  which  involve  out-  
p u t   d i f f e r e n t i a t i o n .   T h i s   s y n t h e s i s   t e c h n i q u e  
i s  shown t o  be   capable   o f   p roducing   v i r tua l ly  
any number o f   c l o s e d   l o o p   p o l e s ,  a l l  cf which 
c a n   h e   a r b i t r a r i l y   a s s i g n e d .  The appl . ica t ion  of 
t h i s   s y n t h e s i s   t e c h n i q u e  t o  t h e   i m p o r t a n t   " s t a t i c  
ou tput   po le   p lacement   ques t ion : ;  i . e .  the   ques-  
t ion   o f   whether  or n o t   t h e   c l o s e d   l o o p   p o l e s   o f  
a g iven   sys t em  can   be   a rb i t r a r i l y   a s s igned   v i a  
cons tan t   ga in   ou tput   feedback  is then  demonstrated 
by example. 
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