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INTRODUCTION 

T h e   p r o b l e m   o f   d e c o u p l i n g   h a s   b e e n   e x t e n s i v e l y  
s t u d i e d   i n   t h e   p a s t   [ l - 3 1 ,   w i t h   p a r t i c u l a r   a t t e n t i o n  
b e i n g   p a i d   t o   t h e   s p e c i a l   c a s e   o f   d i a g o n a l   d e c o u p l i n g  
[ 4 - 7 1 .   B o t h   s t a t e - s p a c e   a n d   p o l y n o m i a l   m a t r i x   m e t h o d s  
h a v e   b e e n   u s e d   t o   s t u d y   t h e   d i a g o n a l   d e c o u p l i n g   p r o b l e m ,  
w h i l e   m o s t   o f   t h e   b l o c k   d e c o u p l i n g   r e s u l t s   h a v e   b e e n  
o b t a i n e d   u s i n g   t h e   g e o m e t r i c   a p p r o a c h  [ 3 1 .  

( d i a g o n a l ,   t r i a n g u l a r ,   b l o c k   d i a g o n a l   d e c o u p l i n g )  i s  
i n t r o d u c e d   h e r e .  The  key  e lement  i s  t h e   i n t e r a c t o r ,  
i n t r o d u c e d   i n   [ 8 ] ,   w h i c h  i s  a m a t r i x   o f   u n i q u e   s t r u c t u r e  
a s s o c i a t e d   w i t h   t h e   t r a n s f e r   m a t r i x   o f   t h e   s y s t e m .  The 
r e s u l t s   o b t a i n e d   a r e   c o n c e p t u a l l y   s i m p l e ;   i n   e s s e n c e ,  
t h e   ( b l o c k )   s t r u c t u r e   o f   t h e   i n t e r a c t o r   s p e c i f i e s   t h e  
d e c o u p l e d   s y s t e m   s t r u c t u r e   a t t a i n a b l e   v i a   s t a t e   f e e d b a c k  
w h i l e ,   i f   i n p u t   d y n a m i c s   a r e   t o   b e   u s e d   i n   a d d i t i o n   t o  
s t a t e   f e e d b a c k ,   t h e   i n t e r a c t o r  i s  e s s e n t i a l   i n   d e t e r m i n -  
i n g   t h e   m i n i m a l   o r d e r s   o f   t h e   a p p r o p r i a t e   i n p u t   d y n a m i c s  
a n d   o f   t h e   d e c o u p l e d   s y s t e m .  The u s e   o f   t h e   i n t e r a c t o r  
makes   the   mechanism of d e c o u p l i n g   t r a n s p a r e n t ,  i t  h e l p s  
t o   c o m p l e t e l y   r e s o l v e   t h e   s t a b i l i t y   q u e s t i o n s   i n   t h e  
b l o c k   d e c o u p l i n g   p r o b l e m ,  as well  a s   t h e   q u e s t i o n   o f  
m i n i m a l   o r d e r  when i n p u t   d y n a m i c s   i n   a d d i t i o n   t o   s t a t e  
f e e d b a c k  are used ,   and  i t  u n i f i e s   a n d   e x p a n d s   e x i s t i n g  
r e s u l t s   [ 9 1 .  I n  t h i s   p a p e r ,   a s   a n   i n t r o d u c t i o n   t o   t h i s  
a p p r o a c h ,  we s h a l l   m a i n l y   c o n c e n t r a t e  on t h e   c o n d i t i o n s  
f o r   b l o c k   d e c o u p l i n g   v i a   l i n e a r   s t a t e   f e e d b a c k .  

A u n i f y i n g   a p p r o a c h   t o   t h e   d e c o u p l i n g   p r o b l e m  

PRELIMINARIES 

C o n s i d e r   a n  n t h  o r d e r   m - i n p u t / p - o u t p u t   c o n t r o l l a b l e  
s y s t e m   w i t h  s t a t e  s p a c e   r e p r e s e n t a t i o n   { i = A x + B u ,  y=Cx+ 
Eu} and   po lynomia l   ma t r ix   r ep resen ta t ion   {Pz=u ,   y=Rz}  
where  P i s  c o l u m n   p r o p e r   [ 7 ]   w i t h   c o l u m n   d e g r e e s   { d i  i= 
1 , 2  , . , ,m},  t h e   c o n t r o l l a b i l i t y   i n d i c e s .   L e t   T ( s ) = C ( s I -  
A ) - I B + E = R ( s ) P - l ( s )   b e   t h e  pxm t r a n s f e r   m a t r i x .   D e f i n e  
t h e   l i n e a r   s t a t e   f e e d b a c k   ( l s f )   c o n t r o l   l a w   b y  u=Fx+Gv 
where  v i s  a n   a x 1   e x t e r n a l   i n p u t   ( a i m i n   ( p , m ) ) .  It i s  
known [ 7 ]   t h a t   t h e   t r a n s f e r   m a t r i x   o f   t h e   l s f   c o m p e n s a t -  
e d   s y s t e m   c a n   b e   w r i t t e n  as 

TF,G(s)  = R ( S ) P $ ( S ) G  (1) 

w i t h   P F ( s ) = P ( s ) - F ( s )   w h e r e   t h e   c o l u m n   d e g r e e s   o f  F(s) 
are  s t r i c t l y  l e s s  t h a n  d;; t h e r e  i s  a u n i q u e   c o r r e s p o n d -  
e n c e   b e t w e e n   F ( s )   a n d  F. 

A 

PROBLEM  STATEMENT 

We are  i n t e r e s t e d   i n   d e c o u p l i n g   t h e   s y s t e m   u s i n g  
l s f  o r  l s f   w i t h   i n p u t   d y n a m i c s .  A s y s t e m  i s  c a l l e d  
d i a g o n a l l y   d e c o u p l e d   i f  i t s  t r a n s f e r   m a t r i x  i s  d i a g o n a l  
a n d   o f   f u l l   r a n k .  In g e n e r a l ,  a s y s t e m  i s  s a i d   t o   b e  
{ ( p i x i i ) }   - b l o c k   d e c o u p l e d   i f  i t s  ( p x k )   t r a n s f e r   m a t r i x  
h a s   f u l l   r a n k   a n d  i t  i s  of t h e   f o r m   b l k   d i a g   { T i ( s ) j  

w i t h   T i ( s ) p ; x i ;   i = 1 , 2 ,  ..., r(1 p i = p ,  5: a i = & ) ;   i f   p i = i i  

f o r  a l l  i ,  i t  is s a i d   t o   b e   { p i }   - b l o c k   d e c o u p l e d .  When 
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p<m, we are i n t e r e s t e d   i n  pxp   (a= , )   compensa ted   sys tems 
a n d   i n   t h e   { p i )   - b l o c k   d e c o u p l i n g   p r o b l e m .  When  p>m  we 
a r e   i n t e r e s t e d   i n  pxm (2.e.m) s y s t e m s   a n d   i n   t h e   { ( p i x m i ) }  

r 
-b lock   decoup l ing   p rob lem (1 mi-). T h i s  l a t t e r  c a s e  

i 
( p h )   r e d u c e s   t o   d e c o u p l i n g  a squa re   sys t em  191  s o  we 
w i l l  c o n c e n t r a t e   h e r e  on t h e   { p i }   - b l o c k   d e c o u p l i n g  
problem.  It i s  a s s u m e d   i n   t h e   f o l l o w i n g   t h a t   r a n k   T ( s ) =  
p ( m ) .  

The I n t e r a c t o r  

The i n t e r a c t o r   X T ( S )   o f   T ( s ) ,   d e f i n e d  in [ 8 1 ,  is a 
( u n i q u e )   p x p   p o l y n o m i a l   m a t r i x   s u c h   t h a t  

w i t h   r a n k  KFP and   o f   t he   fo rm 

where   A(s )=d iag{s  1} and H(s) l o w e r   t r i a n g u l a r ,   w i t h  1s 
o n   t h e   d i a g o n a l   a n d   t h e   n o n z e r o   o f f   d i a g o n a l   e l e m e n t s  
d i v i s i b l e  by s . X T ( S )   c a n   b e   o b t a i n e d   f r o m   T ( s ) [ 8 ] ,  
from a s t a t e - s p a c e   r e p r e s e n t a t i o n  I A , B , c ,  E} [ l o ] ,  or 
f r o m   t h e   n u m e r a t o r   R ( s )   a n d   t h e   c o n t r o l l a b i l i t y   i n d i c e s  
d i [ 9 1 .  The i n t e r a c t o r  i s  c l o s e l y   r e l a t e d   t o   t h e   I n v e r -  
s i o n / S t r u c t u r e   a l g o r i t h m   o f   S i l v e r m a n   [ 2 ] [ 1 1 ] ;   t h i s  
s t a t e - s p a c e   m e t h o d  i s  e q u i v a l e n t   t o   f i n d i n g  a polynomia l  
m a t r i x   X ( s )   s a t i s f y i n g   ( 2 )   b u t   n o t   n e c e s s a r i l y  of  t h e  
s p e c i a l   f o r m  ( 3 ) .  N o t e   t h a t  i t  i s  t h e   s p e c i a l   s t r u c t u r e  
( 3 )  o f   t h e   i n t e r a c t o r   X T ( S )   w h i c h   m a k e s   t h e   s t u d y   o f  a 
v a r i e t y   o f   d e c o u p l i n g   q u e s t i o n s   ( i n v o l v i n g   s t a b i l i t y ,  
m i n i m a l   o r d e r )   p o s s i b l e .  

f .  

Lemma 1 X T ~ , ~ ( S )  = x T ( s )   u n d e r  a l l  l s f   p a i r s   ( F , G )  
f o r   w h i c h   r a n k  K$=p. 

T F , G ( ~  
Lemma 2 There e x i s t s   l s f   ( F , G )   s u c h   t h a t  

Proof  Choose F ( o r  F(s)) t o   s a t i s f y   X T ( S ) R ( S ) =  
KT[P(S)-F(S)] (=KTPF(S))   and  G s u c h   t h a t  K T G - I .  T h i s  i s  
a l w a y s   p o s s i b l e   s i n c e   c o l u m n   d e g r e e s   o f  XTR=d;= column 
d e g r e e s   o f  PF a n d   r a n k  KT'P ( s e e   a l s o  1121 [ l o ] ) .  QED 

C o n d i t i o n s  for Decoupl ing  

Lemma 2 a n d   t h e   f a c t   t h a t  XT i s  t r i a n g u l a r ,   c l e a r l y  
s h o w s   t h a t   i n   t h i s   c a s e  i t  i s  a lways  p o s s i b l e   t o  *- 
g u l a r 1   d e c o u p l e   t h e   s y s t e m   v i a   l s f ,  a w e l l  known r e s u l t  

F o r   d i a g o n a l l y   d e c o u p l i n g   v i a   l s f ,   t h e   r a n k   o f  a my 
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mat r ix   B*[5 ]  i s  i m p o r t a n t .  The r e l a t i o n   b e t w e e n  B* and 
t h e   i n t e r a c t o r  i s  a s   f o l l o w s :  

G i v e n   T ( s ) ,   t h e r e   e x i s t s  a u n i q u e   s e t   o f   i n t e g e r s  
{ f i  i = l , 2 ,  . . . , p  1 ,  i t s  d e c o u p l i n g   i n d i c e s ,   f o r   w h i c h  

[ 6 ]   D ( s ) =   d i a g { s " }   y i e l d s  
A 6 .  

l i m  D ( s ) T ( s ) }  = B* ( 4 )  
c ) m  

w i t h  B* f i n i t e   w i t h  no  zero   rows .  The f o l l o w i n g   r e s u l t  
f o l l o w s   f r o m   ( 4 )   a n d   t h e   d e f i n i t i o n   o f   t h e   i n t e r a c t o r  

Lemma 3 XT(S) i s  d i a g o n a l   i f f  R* i s  o f   f u l l   r a n k .  
I n   t h i s   c a s e ,   X T ( S ) = D ( S )   a n d  KT'B*. 

When p=m, d i a g o n a l   d e c o u p l i n g   v i a   l s f  i s  p o s s i b l e  
i f f   r a n k   R * = p [ 5 ] ,   t h a t  i s ,  i f f   X T ( S )  i s  d i a g o n a l   i n   v i e w  
o f  Lemma 3 .  When p<m, t h e   c o n d i t i o n  i s  o n l y   s u f f i c i e n t .  
T h e s e   r e s u l t s   a r e   s p e c i a l   c a s e s   o f   t h e   f o l l o w i n g  block 
d e c o u p l i n g   r e s u l t s :  

Theorem 4 An i n v e r t i b l e   s y s t e m   c a n   b e   { p i )   - b l o c k  
d e c o u p l e d   v i a   l s f ,   i f f  i t s  i n t e r a c t o r  i s  { p i }   - b l o c k  
d i a g o n a l .  

P r o o f   S u f f i c i e n c y :   I f   X T ( S )  i s  { p i }   - b l o c k  
d i a g o n a l ,  so i s  t h e   c l o s e d   l o o p   t r a n s f e r   m a t r i x   X F 1 ( s )  
p r o d u c e d   b y   l s f   ( F , G )   a s   i n  Lemma 2 .  

N e c e s s i t y :   I f  T~,~(s~=blkdiag{Ti(s)}{pi} -b lock  
d i a g o n a l   a n d   n o n s i n g u l a r ,   f o r  some ( F , G ) ,   t h e n  s o  i s  i t s  
i n t e r a c t o r   ( a s   l i m [ b l k d i a g { X T .  ( s ) }  b l k d i a g { T i ( s ) } ]  = 

b l k d i a g { K T i } ,   f i n i t e   a n d   n o n s i n g u l a r ) .   B u t   b y  Lemma 1 ,  
XT(S)=XT ( s )  = b l k d i a g { X T i ( s ) }   ( r a n k   G = p = m ) ,   t h a t  i s  
XT(S)  i s  { p i }   - b l o c k   d i a g o n a l .  

s .%a 1 

F G  Q ED 

When p<m, t h e   s u f f i c i e n c y   p r o o f  s t i l l  h o l d s   b u t  
t h a t   o f   n e c e s s i t y   d o e s   n o t   s i n c e   X T ~ , ~ ( S )  i s  n o t   n e c e s -  
s a r i l y   e q u a l   t o   X T ( S )   ( u n l e s s   r a n k  KTG=P). S i m i l a r l y  
l i m i t e d   r e s u l t s ,   s u f f i c i e n t  € o r  p<m b u t   n e c e s s a r y   a s  
well  o n l y   f o r   p ' m ,   h a v e   a p p e a r e d   i n   [ 2 ] ,   a n d   i n   [ 1 ] [ 3 ]  
u s i n g   t h e   g e o m e t r i c   a p p r o a c h .  The n e x t   r e s u l t  i s  a 
t i g h t e r   s u f f i c i e n t   c o n d i t i o n  fo r  p<m. 

Theorem 5 A r i g h t - i n v e r t i b l e   s y s t e m   ( r a n k   T ( s ) = p )  
c a n   b e   { p i }  -blo;k d e c o u p l e d _ v i a   I s f  i f  t h e r e   e x i s t s  
some  (mxp) r e a l  G s u c h   t h a t   T ( s ) = T ( s ) G   h a s   { p i }   - b l o c k  
d i a g o n a l   i n t e r a c t o r .  

I 

P r o o f   I f   s u c h  2 e x i s t s ,   t h e n   b y   T h e o r e m   4 , * T ( s )   c a n  
b e  {p-ecoupled by  some I s f ( F , G ) .  Then  ("G,GG) I s f ,  
{ p i )   - b l o c k   d e c o u p l e s   T ( s ) .  OED 
A l g o r i t h m s   t o   c a l c u l a t e   s u c h  G ,  i f  o n e   e x i s t s ,   a r e   d e -  
r i v e d   i n   [ 9 ] .  

A b r i e f   n o t e  on s t a b i l i t y .   A p p r o p r i a t e   ( F , G )   w h i c h  
d e c o u p l e   t h e   s y s t e m   a r e   g i v e n   i n  Lemma 2 .  I t  h a s  now 
b e e n  shown i n   [ 1 2 ]   t h a t  among t h e  n r o o t s  of  ~ P F ( S ) /  
( c l o s e d   l o o p   e i g e n v a l u e s ) ,  q w i l l  h e   e x a c t l y   e q u a l   t o  
t h e  q i n v a r i a n t   z e r o s   o f   t h e   o p e n   l o o p   s y s t e m   a n d  
d T ( = d e g r l X T ( s ) l )   w i l l   b e   e q u a l   t o   t h e   p o l e s   o f  

Xf'(S)(n=q+dT  for  p=m);  when p<m t h e r e   a r e   k ( = n - ( d T + q ) )  
more a r b i t r a r i l y   a s s i g n a b l e   e i g e n v a l u e s .  The dT e l g e n -  
v a l u e s   c a n   b e   a r b i t r a r i l y   a s s i g c e d  ,by d e f i n i n g - t h e  
g e n e r a l i z e d   i n t e r a c t o r  ~ T ( s )  = H(s)A(s) where A ( s ) =  
d_iag{b; (s ) j   wi th   6 ; ( s )   any   nomic   po lynomia l   o f   degree  
f i [ ? ]   a n d   t h e n   u s i n g  Lemma 2 ;  XT(S)   has   t he   s ame   b lock  
s t r u c t u r e  as XT(S)  and i t  s a t i s f i e s  Lemmas 2 and 3 and 
t h e r e f o r e   T h e o r e m s  4 a n d   5 .   F i n a l l y ,  i t  can  be shown 
t h a t   t h e   o n l y   f i x e d   z e r o s  of  ~ P F ( s ) I   a r e   t h e  -block 
c o u p l i n g   z e r o s ,  a s u b s e t   o f   t h e  q i n v a r i a n t   z e r o s ,   w h i c h  
m u s t   l i e   i n   t h e   l e f t   h a l f   s - p l a n e   f o r   s t a b i l i t y .  

CONCLUDING RE"(ARKS 

T h e   u s e   o f   t h e   i n t e r a c t o r   i n   t h e   s t u d y   o f   t h e   d e -  
c o u p l i n g   p r o b l e m   u n i f i e s   a n d   e x p a n d s   e x i s t i n g   r e s u l t s  
i n v o l v i n g   c o n d i t i o n s   f o r   t r i a n g u l a r ,   d i a g o n a l   a n d   b l o c k  
d i a g o n a l   d e c o u p l i n g   a n d   h e l p s   r e s o l v e   t h e   s t a b i l i t y  
q u e s t i o n s   w h i c h   a r i s e .   H e r e ,   a s   a n   i n t r o d u c t i o n   t o   t h i s  
a p p r o a c h ,   c o n d i t i o n s   f o r   b l o c k   d i a g o   n a l   d e c o u p l i n g   v i a  
l s f   w e r e   p r e s e n t e d .  
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