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ABSTRACT d u c e s   t o   t h e   d e f i n i t i o n   o f   t h e   i n t e r a c t o r   i n   [ l ] .  

T h e   e x a c t   r e l a t i o n   b e t w e e n   t h e   i n t e r a c t o r   a n d   t h e  
H e r m i t e   n c r m a l   f o r m   o f  a s y s t e m  P i s  e s t a b l i s h e d   a n d  
t h e i r   r e l a t i o n   t o   s t a t e   f e e d b a c k   c o m p e n s a t i o n  i s  
shown.   The  Smith-McMil lan  form a t  i n f i n i t y   o f  P i s  
t h e n   d e r i v e d   f r o m   t h e s e   c a n o n i c a l   f o r m s .  

INTERACTOR AND HERYITE NORMAL  FORM 

T h e   i n t e r a c t o r   E p   o f  a p r o p e r   p l a n t   P ( p x m )   a n d  
i t s  e x t e n s i o n ,   t h e   H e r m i t e   n o r m a l   f o r m  Frp, w e r e  
i n t r o d u c e d   i n   [ l ] ,   [ 2 ]   r e s p e c t i v e l y  as a p p r o p r i a t e  
c a n o n i c a l   f o r m s   o f  P u n d e r   d y n a m i c   c o m p e n s a t i o n .  It 
was  shown i n   [ 3 ]   t h a t  Hp = t p - l  when P n o n s i n g u l a r .  
T h e   m a i n   d i f f i c u l t y   i n   e s t a b l i s h i n g   t h e   r e l a t i o n  
b e t w e e n  5 ,  and  Hp i n   t h e   g e n e r a l   c a s e  l i e s  i n   t h e   f a c t  
t h a t   s p   i n   [ l ]  i s  d e f i n e d   o n l y  when P h a s   f u l l   r a n k .  
A g e n e r a l i z e d   v e r s i o n   o f   t h e   i n t e r a c t o r  i s  i n t r o d u c e d  
h e r e   t o   o v e r c o m e   t h i s   d i f f i c u l t y .  

I f   r a n k  P = r = p ( < m ) ,   t h e   i n t e r a c t o r  i s  d e f i n e d  
i n   [ l ]   a s   t h e   u n i q u e   p o l y n o m i a l   m a t r i x   t p   ( p x p )   w h i c h  
s a t i s f i e s :  

lirn E p  P = Kp , r a n k  Kp = p ( 1 )  
sw 

w i t h  
f i 

S p  = d i a g  [ s  ] ( 2 )  

T h e   g e n e r a l i z e d   i n t e r a s t o r   o f  a p r o p e r   P ,   w h e r e  
r a n k  P = r < m i n   ( p , m ) ,  i s  d e f i n e d   a s   f o l l o w s :  Con- 
s i d e r   t h e   t o p   f i r s t  r l i n .   i n d e p .   r o w s   o f  P and  l e t  Pr 
( r x p )   d e n o t e   t h e s e   r o w s ;  l e t  Pp-r d e n o t e   t h e   r e m a i n i n g  
p- r   rows   of  P .  T h i s   i n t e r c h a n g e   o f   r o w s   c a n   b e   e x -  
p r e s s e d  as 

= [::-I ( 3 )  
w h e r e  C i s  n o n s i n g u l a r   w i t h   e n t r i e s  0 and 1 .  D e f i n e  
t h e   i n t e r a c t o r   c p   o f  P b y :  

s p  = ( 4 )  
[ y r  Yp-rJ 

where  c p r  i s  t h e   i n t e r a c t o r  o f   P r   d e f i n e d   i n   ( I ) ,   ( 2 )  
and 

< min ( p , m ) s a t i s f i e s T 2 1 :  
The Hermite no rma l   fo rm Hp o f   P ,   w h e r e   r a n k  P = r 

where  ^P b i p r o p e r   ( i . e .   P ,   P - l   p r o p e r )   a n d   t h e   t o p   f i r s t  
r l i n .   i n d e p .   r o w s   o f   ( p x r )  a r e :  

ml 

A *  

1:s 
H* [ a i l  l/:m] ( 8 )  

"i j 
w h e r e   a i ;  = 0 when m i  = 0 o r   q i i  = a / s  p r o p e r  when 
( m i j  <)  mi f 0 .  Here Hp i s  t h e . H e r m i t e   n o r m a l   f o r m  
of P o v e r   t h e   p r i n c i p a l   i d e a l   d o m a i n   o f   p r o p e r   t r a n s f e r  
f c n s  ( S  = a l l  m a n i c   p o l y n .   i n   R [ s ] ,  Il = s )  [ 2 ] .  

P r o p o s i t i o n  1: Sp Hp = 1:' ] ( 9 )  

P r o o f :   c p  i s  d e f i n e d   i n  ( 4 ) .  [ y r , y p - r l  C Hp = y C P P 
= 0 i n   v i e w   o f  ( 5 ) ,  ( 7 ) .  The f i r s t  r rows   o f  C H p  a r e  
[ H * , O ] ,   t h a t  i s  [ c p r , O ]  C Hp = [SprH*,O] = [ I r O ]   s i n c e  
i t  h a s   b e e n   s h o w n   i n   [ 3 1 ,   t h a t  cprH* = I .  A A A  

L i n e a r   s t a t e   f e e d b a c k   ( l s f )   c o m p e n s a t i o n .  It i s  
now shown t h a t  Hp c a n   b e   o b t a i n e d  as  t h e   c l o s e d   l o o p  
t r a n s f e r   m a t r i x  w h e n   a p p r o p r i a t e   l s f  i s  a p p l i e d  on P .  
To d e f i n e   l s f ,   c o n s i d e r   t h e   f a c t o r i z a t i o n  ? = ND-l  
w h i c h   c o r r e s p o n d s   t o   t h e   c o n t r o l l a b l e   r e a l i z a t i o n  Dz = 
u ,  v = Nz [ S I .   L e t  D b e   c o l u m n   p r o p e r   w i t h   c o l u m n   d e -  
g r e e s  a c i D  = d i ,   a n d   d e f i n e   t h e   l s f   c o n t r o l   l a w   ( F , G )  
b y :  u = Fz t Gv, a c i F  < d i  and  G r e a l  / G I  f 0. t h e  
c l o s e d   l o o p   t f a n s f e f   m a t r i x  i s  N(D-F)-IG = (ND-I). 
(DDF-lG) = P P F , G   ( P F , G   b i p r o p e r ) .  

Lemma 2 .  L e t   r a n k  P = r = p ( <  m) and  l e t  0 b e  a ( p x p )  
p o l y n .   m a t r i x   s u c h   t h a t  

l i m  OP = Kp , r a n k  Kp = p ( 1 0 )  
s+- 

T h e n   t h e r e   e x i s t s   l s f   ( F , G )   s u c h   t h a t  

I f  p = m, ( F , G )  i s  u n i a u e .  

[ I p , O ] .  I t  c a n   b e   s h o w n   t h a t   s u c h   ( F , G )   a l w a y s   e x i s t s ;  
w h e r e   [ y r , y p - r ]  = y a m i n i m a l   b a s i s   o f   t h e   l e f t   k e r n e l  i t  i s  un ique   when  p = m. A A A  
o f  CP w i t h   y p - r   r o w   p r o p e r   a n d   i n   ( l o w e r   l e f t )   H e r m i t e  
n o r m a l   f o r m ;   n o t e   t h a t   s u c h   b a s i s  i s  u n i q u e l y   s p e c i -   P r o p o s i t i o n  3 L e t   r a n k  P = r < min   (p ,m) .   The re   ex -  
f i e d   b y  CP [ 4 1 .  The   un ique  €,p s a t i s f i e s :  i s t s  l s f   ( F , G )   s u c h   t h a t  

[ Y r r y p - r l  c P = [Yr ,Yp-r l  [::-I = O 
( 5 )  P r o o f :   F i n d  F and  G so  t h a t  ON = Kp(D-F)  and KpG = 

5 PrPr   Kpr  
l i m  c p  P = l i m  [ ] = [ o ] ,  r a n k  Kpr = r ( 6 )  P PF,G = SP -' [ ir = Hp ( 1 2 )  
S+- S+- 

When r a n k  P = r = m i n ( p , m )   a n d   t h e   t o p  r rows   o f  P a re  I f  r = m, (F ,G)  i s  u n i q u e .  
l i n .   i n d e p .   t h e n  C = I a n d   t h e   a b o v e   d e f i n i t i o n   r e -  

* T h i s   r e s e a r c h  was s u p p o r t e d   i n   p a r t   b y   t h e   N a t i o n a l  
S c i e n c e   F o u n d a t i o n   u n d e r   G r a n t   E C S 8 1 0 2 8 9 1 .  
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Proof: Use  Lemma 2 to  find PF,G  such  that Spr Pr PF,G 
= [Ir,Ol A A A  

A special case of  thiz  result  (r=p) has been shown in 
[6]; note also  that PPF,G = Hp is implied  in  121  and 
used  in  [31  and  elsewhere. Here (F,G)  is  easily  de- 
rived  and it is shown to  be unique when rank P = m. 

ZERO STRUCTURE AT INFINITY 

P(s) has  an  infinite zero of  order k if  P(l/X) 
has a finite zero of  order k at X = 0 [4,7,8]. The 
infinite zero orders ni  of P are  directly available if 
the  Smith-McMillan  factorization  at  infinity is 
known, namely 

P = B1 [ir B2  (13) 

where B1, B2 biproper  and A r  = diag [s-"~] ni < ni+l 
[9-121. In (12), PF G is  biproper which implies  that 
the infinite  zeros o t  P are  exactly  the  infinite  zeros 
of Hp. Even though  all  the  information  about  the zero 
structure at  infinity of P exists in Hp or cp only 
partial  results  have  been available, namely: when 
rank P = p = m y  the  highest degree in c p  is  the 
largest  infinite zero order  of P [131; if  in addition 
cp is diagonal the  infinite  orders  are  the degrees of 
the  diagonal  entries [141. 

The following results  establish  the relation between 
sp, Hp (or Q) and  the  Smith-McMillan  form  at  infinity 
of P.  Note  that a version of  Silverman's structure 
algorithm was  used  in  [151  to  derive B1, B2 of (13). 

Proposition 4. Assume  rank P = p and  let Q satisfy 
(10). If Q is row proper,  its row degrees are  the 
infinite zero 
Proof: Interc' 

orders  of  P. 
hange  rows so that  KQ(s) has row degrees 

) ,  (13)  is  derived  with B1 = O-l, B2 = 

-1G. A A A  

Let  rank P = p. Hp  (1/X)  is a poly- 
in Hermite normal form.  If S(X) is  its 

Proposition 5 
nomial matrix 
Smith form, S(l/s)  is  the Smith McMillan form at  in- 
finity  of  P. 

Lema 6. Let  rank P = p. There  exists  real  nonsingu- 
lar matrix C so that ccp is row proper. 

Let rank P = r < min  (p,m)  and  choose C in (4) as  fol- 
lows:  Find row proper  minimal  basis y of  left kernel 
of P and  collect p-r columns  of y to obtain row 
proper  with  row  degrees  those  of y ;  this  speclfies 
Pp-r.  Note  that yp-r-l yr proper. H*(l/X) of Pr 
specifies the zero orders at infinity  (Prop. 5). If 
the remaining r rows of P are  rearranged  to satisfy 
Lemma 6 then the row degrees of cpr are  the zero orders 
at  infinity  of  P.  Having  established  the relation 
between the  zeros at  infinity  and Hp(C ), it  is 
straight forward  to  study  the  effect OF feedback  and 
cascade compensation on these  zeros. 

Example fl/S+l  l/s+2 1 0 1  

row proper with row degrees 1, 3 the  infinite zero 
orders of P (Prop. 4). The  Smith McMillan form  at 
infinity is given by  (13) with 

Ius 

Note  that  Hp(l/X) = (Prop.  5) 
s 

If P as  above  but  with s on the  second row numerators 
then 

which is not row proper. Interchange rows of P, that 
is 

c = [ p  a ] ,  m e n  scp = i -s2-2s s 3  I 
which is row proper  with row degrees  the infinite zero 
orders of P (Lemma 6, Prop. 4). 
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