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I n t r o d u c t i o n  

The   theory   o f   po lynomia l  and r a t i o n a l   f u n c t i o n  
i n t e r p o l a t i o n  i s  we l l   unde r s tood  and i t s  impor t ance   i n  
many d i s c i p l i n e s  i s  w e l l  known [ 1 , 2 ] .   R e c e n t l y ,  a 
t h e o r y   g e n e r a l i z i n g   c e r t a i n   i n t e r p o l a t i o n   r e s u l t s   t o  
p o l y n o m i a l   m a t r i c e s  was in t roduced   [3 ,41 .   Th i s  gen- 
e r a l i z a t i o n   a p p e a r s   t o   b e  well s u i t e d   t o   s t u d y  and  re- 
s o l v e  a v a r i e t y   o f   m u l t i v a r i a b l e   s y s t e m  and c o n t r o l  
p roblems. 

Many c o n t r o l   p r o b l e m s   c a n   b e   f o r m u l a t e d   i n  terms 
o f   p o l y n o m i a l   e q u a t i o n s   ( e . % .   t h e   D i o p h a n t i n e   e q u a t i o n  
XD+YN=Q) w h e r e   s o l u t i o n s   w i t h   s p e c i f i c   p r o p e r t i e s   a r e  
o f   i n t e r e s t   ( e . g .  T I Y  e x i s t s  and i t  i s  p r o p e r ) .  It 
i s  w e l l  known t h a t   e q u a t i o n s   i n v o l v i n g   j u s t   p o l y -  
nomia l s   can   be   so lved  by e i t h e r   e q u a t i n g   c o e f f i c i e n t s  
o f   e q u a l   p o w e r s   o f   t h e   i n d e t e r m i n a t e  s o r  e q u i v e  
l e n t l y ,   b y   u s i n g   t h e   v a l u e s   o b t a i n e d  when a p p r o p r i a t e  
v a l u e s   f o r  s a r e   s u b s t i t u t e d   i n   t h e   g i v e n   p o l y n o m i a l s ;  
i n   t h e   l a t t e r   c a s e   o n e   e m p l o y s   r e s u l t s   f r o m   t h e   t h e o r y  
o f  p o l y n o m i a l   i n t e r p o l a t i o n .  In m u l t i v a r i a b l e  con- 
t r o l ,   p o l y n o m i a l   m a t r i x   e q u a t i o n s   a p p e a r ,   w h i c h   c a n   b e  
s i m i l a r l y   s t u d i e d   e i t h e r  b y   e q u a t i n g   c o e f f i c i e n t s  
[ 5 , 6 ]   o r  by u s i n g   t h e   r e c e n t l y   i n t r o d u c e d   p o l y n o m i a l  
m a t r i x   i n t e r p o l a t i o n   t h e o r y   [ 3 , 4 1 .   U s i n g   t h i s   l a t t e r  
m e t h o d ,   t h e   g i v e n   m a t r i c e s  do no t   have   t o   be   r educed  
t o  any appropr i a t e   fo rm  be fo re   t he   me thod  i s  a p p l i e d  
( e . g .   i n  XD+YN=Q,  D does   no t   have   t o   be   co lumn  r e -  
d u c e d ) ,   e q u a t i o n s   i n v o l v i n g   r a t i o n a l   m a t r i c e s   c a n   a l s o  
b e   d i r e c t l y   t r e a t e d   ( e . g . d e t I X + Y P l   d e s i r e d   w i t h  P=ND;I 
in   e igenva lue   p l acemen t   p rob lem)   and   equa t ions   where  
c e r t a i n   g i v e n   m a t r i c e s   a r e   n o t   c o m p l e t e l y  known 
b u t   t h e y   b e l o n g   t o   c e r t a i n  known c l a s s   c a n   b e   s o l v e d  
( e . g .  XD+YN=WR, W a r b i t r a r y   p o l y n o m i a l   m a t r i x ) .   N o t e  
t h a t   p o l y n o m i a l   m a t r i x   i n t e r p o l a t i o n   m e t h o d s   h a v e   b e e n  
u s e d   i n   t h e   p a s t   t o   s o l v e   s p e c i a l   c a s e s   o f  XD+YN=O; 
t h e s e   i n c l u d e   t h e   e i g e n v a l u e   p l a c e m e n t   p r o b l e m   v i a  
r e a l   o u t p u t   f e e d b a c k   a n d   v i a   s t a t e   f e e d b a c k   [ 7 , 8 , 6 ] .  
N o t e   h o w e v e r   t h a t   t h i s  was  done  without   using  the  the-  
o r e t i c a l   p o l y n o m i a l   m a t r i x   i n t e r p o l a t i o n   r e s u l t s   w h i c h  
a r e   e s s e n t i a l   i n   f u l l y   s o l v i n g   t h e   g e n e r a l   D i o p h a n t i n e  
e qua t   i on .  

A s u i t e   o f   i n t e r a c t i v e   c o m p u t e r   p r o g r a m s   h a s   b e e n  
d e v e l o p e d   [ 9 1   t o   s t u d y   t h e   e f f e c t i v e n e s s   o f   p o l y n o m i a l  
m a t r i x   i n t e r p o l a t i o n   i n   s o l v i n g   c o n t r o l   p r o b l e m s  and 
c e r t a i n   o f   t h e   r e s u l t s   a r e   r e p o r t e d   h e r e .   I n   a d d i t i o n  
c e r t a i n   b a s i c   i n t e r p o l a t i o n   r e s u l t s   t o g e t h e r   w i t h  some 
new e x t e n s i o n s   a r e   b r i e f l y   o u t l i n e d  and t h e   r e l a t i o n  
t o   i n t e r p o l a t i o n   c o n d i t i o n s   u s e d   i n   [ 1 0 , 1 1 ]  i s  shown. 

B a s i c   I n t e r p o l a t i o n   R e s u l t s  

The   bas i c   t heo rem  o f   po lynomia l   i n t e rpo la t ion   can  
b e   s t a t e d   a s   f o l l o w s  [ 2 ] :  Given   n+ l   d i s t i nc t   complex  
p o i n t s  s i  j=1, ... , n + l   a n d   n + l   c o m p l e x   v a l u e s   b ; ,   t h e r e  
e x i s t s   a - u n i q u e   n t h  

q ( s j )  

A g e n e r a l i z a t i o n   o f  
i s  a s   f o l l o w s :  
L e t  S(s) = b t k   d i a g  

deg ree   po lynomia l   q ( s )   fo r jwh ich  

= b j  j = l , .  . . , n + l   ( 1 )  

t h i s   r e s u l t   t o   p o l y n o m i a l   m a t r i c e s  

[ l , s ,  ..., sdiIT where d i  i=l ,  ..., m 

a r e   n o n - n e g a t i v e   i n t e g e r s ;  l e t  ajfO  and b j  deno te  
(mxl)   and   (px l )   complex   vec tors   respec t ive ly   and  s j  
complex   s ca l a r s .  m 
Theorem 1 :  G i v e n   ( s j ,   a i ,   b * )  '-1,. . . ,i wi th  L= 1 di+m 
s u c h   t h a t   t h e   ( i x i )   m a t r l x  

3 3- 
1 

s i  = [ S ( s l ) a l ,  . . . , s ( s t ) a t I  ( 2 )  

h a s   f u l l   r a n k ,   t h e r e   e x i s t s  a unique  (pxm)  polynomial 
m a t r i x  O(s) w i t h  c o l u m n   d e g r e e s   a c i [ Q ( s ) ] = d i   f o r  
which 

0 ( s j ) a j  = b j  j=l, ..., 8 .  ( 3 )  

When p ' m = 1  and d;=n t h i s   t h e o r e m   r e d u c e s   t o   t h e  
po lynomia l   i n t e rpo la t ion   t heo rem.  To see t h i s ,   n o t e  
t h a t   t h e   n o n - z e r o   s c a l a r s   a j  j = l ,  ..,,i=n+ 1 can   be  
t a k e n   e q u a l   t o  1 i n  which  case S t  i s  e x a c t l y   t h e  well 
known Vandermonde  matrix  which i s  non- s ingu la r   i f   and  
o n l y   i f  si a r e   d i s t i n c t .  

l a t i o n   r e s u l t ,   t h e   b a s i c   r a t i o n a l   m a t r i x   i n t e r p o l a -  
t i on   t heo rem  fo l lows :  
Theorem 2 :  Assume t h a t   ( s j , c j , b j )   j = l , . . , , i   w i t h  

9. = 1 d;+m and  an (mxm) po lynomia l   ma t r ix   D(s )   w i th  

ID(s j )  I f 0  a r e   g i v e n ,   s u c h   t h a t   t h e  S i  m a t r i x   i n  ( 2 )  
w i t h   a j = [ D ( s j ) ] - l   c j ,   c j f O   h a s   f u l l   r a n k .   T h e r e  
e x i s t s  a u n i q u e   r a t l o n a l   m a t r i x  g(s) of   the   form - Q(s )=N(s )D(s ) - l ,   where   t he   po lynomia l   ma t r ix   N(s )   has  
co lumn  degrees   ac i [N(s) ]=di ,   fo r   which  

In   v lew  of   the   above   po lynomia l   mat r ix   in te rpo-  

m 

1 

N o t i c e   t h a t   i n  Theorem 1 t h e   p o l y n o m i a l   m a t r i x  
O ( s )  w i t h  ac.[O(s)]=di i s  uniquely  determined  f rom 
Q(s)=OS(s) w i t h  0 s a t i s f y i n g  

It i s  c l e a r   t h a t   t h e r e   a r e  many m a t r i c e s  O ( s )  wi th  
c o l u m n   d e g r e e s   g r e a t e r   t h a n   d i   w h i c h   s a t i s f y   ( 3 ) .  
? h i s   a d d i t i o n a l   f r e e d o m   c a n   b e   e x p l o i t e d  so  t h a t   Q ( s )  
s a t i s f i e s   r e q u i r e m e n t s   i n   a d d i t i o n   t o   ( 3 ) .   S i m i l a r  
comments a p p l y   t o   t h e   r a t i o n a l   m a t r i x  Q(s) of  Theorem 
2. Such i s  t h e   c a s e   i n   [ 1 0 , 1 1 ]   w h e r e  a ( r a t i o n a l )  
m a t r i x  g(s) must s a t i s f y  I IO(jw) 1 1  < 1 i n   a d d i t i o n   t o  
i n t e r p o l a t i o n   c o n s t r a i n t s   o f   t h e   f o r m  

N o t e   t h a t   t h T s e   c o n d i t i o n s   a r e  a s p e c i a T   c a s e   o f  con- 
d i t i o n s  ( 4 )  ( o r ( 3 ) ) .  To s e e   t h i s ,   c o n s i d e r   ( 4 )   w h e r e  
S i ' z l ,   c i = e i ,   w i t h  i= l , .  ..,my ~+.,+i=z2 with  c ,+i=ei   and 
so on ,  where t h e   e n t r i e s   o f  e; a r e   z e r o   e x c e p t   t h e   i t h  
e n t r y  which i s  1;  t h e n  Q1 = [ b l ,  . . . ,bm]  and so on. 
C o n d i t i o n s   o f   t h e   f o r m   ( 6 )   a r e   d e r i v e d   i f   ( p o l y n o m i a l )  
r a t i o n a l   f u n c t i o n   i n t e r p o l a t i o n  i s  a p p l i e d  t o  each  
e n t r y   o f  (O(s)) Q(s) a n d   t h e   r e s u l t s   a r e   c o m b i n e d   i n  
m a t r i x  form. 

0 S i  = [ b l ,  . . . , b i ]  = Bif ( 5 )  

Q(Zk) = & k = 1, ..., k ( 6 )  

+It  i s  c l e a r   t h a t   a l t e r n a t i v e   p o l y n o m i a l   b a s e s   ( o t h e r  
t han  1 , s , .  . ,I, which  might   offer   computat ional   advan-  
t a g e s ,   c a n   b e   u s e d .  
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The e x a c t   r e l a t i o n s h i p   b e t w e e n  a non-s ingular  
po lynomia l   mat r ix   Q(s)   and  i t s  c h a r a c t e r i s t i c   v a l u e  
a n d   v e c t o r   p a i r s   ( s j , a j )   h a s   b e e n   e s t a b l i s h e d   i n   [ 4 1  
w h e r e   t h e   c a s e   o f   r e p e a t e d   c h a r a c t e r i s t i c   v a l u e s   h a s  
b e e n   t r e a t e d   i n   d e t a i l .   I f   t h e   c h a r a c t e r i s t i c   v a l u e s  
a n d   v e c t o r s   o f   Q ( s )   s a t i s f y  

Q ( s j ) a j = O  j = l , . . . , n  (7 1 
where  n=deglQ(s)I   (e .g .  when s j  a r e   d i s t i n c t )   t h e n ,  a 
(pxm)  polynomia: ma t r rx  A(s)  c a n   b e   w r i t t e n   a s   A ( s )  = 
a ( s ) . Q ( s )   w i t h   A ( s )  some polynomia l   mat r ix ,   i f   and  
o n l y   i f  

A ( s j ) a j = O  j = l , . . . , n  (8) 
T h e   b a s i c   i n t e r p o l a t i o n   r e s u l t s   o u t l i n e d   a b o v e  

h a v e   b e e n   u s e d   t o   s t u d y  and d e v e l o p   m e t h o d s   t o   r e s o l v e  
a nunber   of   system  and  control   quest ions.   These  in-  
t e rpo la t ion   me thods   have   been   success fu l ly   imp lemen ted  
v i a   a n   i n t e r a c t i v e   c o m p u t e r   p r o g r a m   [ 9 ]   a n d  some o f  
t h e   r e s u l t s   o b t a i n e d   a r e   p r e s e n t e d   i n   t h e   f o l l o w i n g  
s e c t i o n .  

Some A p p l i c a t i o n s   o f   I n t e r p o l a t i o n  

(A)   Determine   so lu t ions  (X,Y) of   the   Diophant ine   equa-  

Let  M(.S)=M,+. . . + M ~ s ~ ,  write L , (S )=[L(S)T , .  . . , S ~ L ( S ) T I T .  
a n d   c o n s i d e r   i n t e r p o l a t i o n   p o i n t s  ( s j  , a i   , b j )  j = l , .  . . ,f. 
where  m 

1 
f. = d i  + m ( r + l ) ,   ( 1 0 )  

L ( s )  i s  ( t x m ) ,   b j = Q ( s * ) a j   a n d   ( s j , a * )   s a t i s f y   t h e  con- 
d i t i o n s  of  Theorem 1 t f o r   a c i [ M ( s ) L I s ) ]  = a c i [ L ( s ) l + r  

d i + r ) .  Then i f  M = [ M o ,  ...,$ 1 and  Bf.=[bl,  ..., bf.1 t h e  
e q u a t i o n   t o   b e   s o l v e d  i s  

M L , , . t  Bf. ( 1 1 )  

w h e r e   4 , a = [ L r ( s l ) a l ,  ..., L , ( s f . ) a f . l   ( ( r + l ) t x f . ) .  
Theorem 3 :  Assume r s a t i s f i e s  

a c i [ Q ( s ) I  i d i  + r .  ( 1 2 )  

Then,  any  and a l l   s o l u t i o n s  M(s )   o f   (9 )   o f   deg ree  r 
a r e   d e r i v e d  by s o l v i n g   ( 1 1 ) .  

C l e a r l y ,   s o l u t i o n  M(s) of   deg ree  r might   no t  
e x i s t ;  Theorem 3 g u a r a n t e e s   t h a t   s e a r c h i n g   f o r   d e g r e e  
r s o l u t i o n s   o f   ( 9 )  i s  e q u i v a l e n t   t o   s o l v i n g   ( 1 1 ) .  
A s s m e  (N,D) r i g h t   p r i m e .  For s o l u t i o n s   o f   d e g r e e  r 
t o   e x i s t ,  r must s a t i s f y   c e r t a i n   i n e q u a l i t y ,   i n   a d d i -  
t i o n   t o   ( 1 2 )   ( e . g .  r > V - 1  where v t h e   o b s e r v a b i l i t y  
i n d e x   o f  ND-l). SoluTions   wi th  X-1Y p r o p e r   a r e   a l s o  
o b t a i n e d   b y   s p e c i f y i n g   p a r t   o f   t h e   s t r u c t u r e   o f  X v i a  
t he   i n t e rac t ive   compute r   p rog ram  (No te   t ha t   t he   me thod  
d o e s   n o t   r e q u i r e   a n y   s p e c i a l   s t r u c t u r e   f o r   t h e   g i v e n  
m a t r i c e s ) .  

L J L 

s 3  + 2s2 - 3s - 5,  -5s-5 
and   Q(s)  = 

-292 - 5s - 4, - 2  - 3s - 2 I 
t h e n  [ 91 r 2 1, f. = 5+2r ,   and   for  r = 1 

-4s- 2 
where  $ l Y  p rope r .  Note t h a t   ( k j   , a j )   a r e   a l m o s t  
a r b i t r a r i l y   c h o s e n ,   t h e   o n l y   r e s t r l c t i o n   b e i n g   t o  
s a t i s f y   c o n d i t i o n   o f  Theorem 1. S i m i l a r l y  a 

u n i m o d u l a r   m a t r i x  U s u c h   t h a t  U I] = [ L] i s  de r ived .  

( B )   I f  IQ(s) I i s  g iven   and   no t  Q(s), as i n   t h e   e i g e r r  
va lue   ass ignment   p roblem,  a p rope r  X - l Y  i s  d e r i v e d   b y  
s o l v i n g   e q u a t i o n s  of t h e   f o r m  

.I A 

[ X D  + YN] ( s j ) a j  = 0. (13)  
where s j  a r e   t h e   d e s i r e d   e i g e n v a l u e s   a n d   a j   ( a l m o s t )  
a r b i t r a r y   v e c t o r s ;   t h e   c h o i c e s   f o r  a j s  c o r r e s p o n d   t o  
d i f f e r e n t  O ( s )  s a t i s f y i n g   Q ( s j ) a j = O .   E i g e n v a l u e  
ass ignment  i s  a l s o   a c c o m p l i s h e d   u s i n g   d i r e c t l y   t h e  
t r a n s f e r   m a t r i x  P=ND-l a n d   t h e   e q u a t i o n  

( c )   S o l u t i o n s   ( x , Y )   o f  
[ x  + YP] ( s j ) a j  = 0. (14)  

(15)  

where R given  and W a r b i t r a r y   a r e   a l s o   o b t a i n e d .   I f  
D ,  N a s   i n  (A)  and R d i a g [ s + l ]   t h e n   f o r   ( s j , a j )  
s a t i s f y i n g   R ( s j ) a j  = 0 [ 9 ]  

X(s) = s+3/2 '/' ] and  Y(s) = ["I' ;] . 
s+1/2 s+1/2 

(D) S t a b l e   r a t i o n a l   m a t r i c e s  X s u c h   t h a t  (1-XN)D-l i s  
s t a b l e   a r e   o b t a i n e d   v i a   i n t e r p o l a t i o n .   N o t e   t h a t   t h i s  
c o n d i t i o n   m u s t   b e   s a t i s f i e d  when c h a r a c t e r i z i n g   t h e  
s t a b i l i z i n g   f e e d b a c k   c o n t r o l l e r s   u s i n g   t h e   p a r a m e t e r  5 
[ 1 2 ] .   W r i t e  X(s) = X(s ) /d ( s )   where   d ( s )   Hurwi t z  and 
s o l v e  

[ I  - ( l / d ( S i )   ) X ( s i ) N ( s i )   ] a i  = 0 (16 )  

where   D(s i ) a i=O  wi th  s i  a l l   t h e   u n s t a b l e   p o l e s   o f  D-'. 
( E )  E i g e n v a l u e   a s s i g n m e n t   v i a   s t a t e   a n d   c o n s t a n t   o u t -  
put   feedback is a l s o   a c c o m p l i s h e d .  

The   in te rac t ive   computer   p rogram  [91  i s  w r i t t e n  
i n   F o r t r a n   7 7   a n d  i t  i s  run  on  an IBM-3033 computer.  
LINPACK i s  used   fo r   so lv ing   t he   l i nea r   equa t ions   and  
t e s t i n g   t h e   s i n g u l a r   v a l u e s  and   condi t ion  number of 
t h e   m a t r i c e s .  A c o m p l e t e   d e s c r i p t i o n   o f   t h e   p o l y -  
n o m i a l   m a t r i x   i n t e r p o l a t i o n   t h e o r y   w i t h   a p p l i c a t i o n s  
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