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In this paper the effects of quantization in an important class of networked control systems
called model-based networked control systems (MB-NCS) are considered. The MB-NCS
architecture uses an explicit model of the plant in the controller in order to reduce the network
traffic, while attempting to prevent excessive performance degradation. Sufficient stability
conditions for two types of static and a dynamic quantization schemes for MB-NCS are
derived. An important feature is that the stability conditions are explicitly expressed in terms
of the plant and controller dynamics, the error between the model and the plant parameters,
the transmission or update times, the quantization parameters, and a robustness measure of
the system to parameter uncertainty. This is important because it allows the design of the
controller and network parameters to achieve the desired goals. Examples are used throughout
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to illustrate the main results.

1. Introduction

A networked control system (NCS) is a control system
in which a data network is used as feedback media. NCS
is an important area see for example Walsh ez al. (1999),
Nair and Evans (2000), Yook er al. (2002) and
Networked Control Systems Sessions (2003). Industrial
control systems are increasingly using networks as media
to interconnect the different components. However, the
use of networked control systems poses some challenges.
One of the main problems to be addressed when
considering a networked control system is the size of
bandwidth required by each subsystem. Since each
control subsystem must share the same medium the
reduction of the individual bandwidth is a major
concern. Two ways of addressing this problem are:
minimizing the frequency of transfer of information
between the sensor and the controller/actuator; or
compressing or reducing the size of the data transferred
at each transaction. Shared characteristics among
popular digital industrial networks are the small
transport time and big overhead per packet, thus using
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fewer bits per packet has small impact over the overall
bit rate. So reducing the rate at which packets are
transmitted brings better benefits than data compression
in terms of bit rate used. The MB-NCS architecture
makes explicit use of knowledge about the plant
dynamics to enhance the performance of the system.
MB-NCS were introduced in Montestruque and
Antsaklis  (2002a) (also see Montestruque and
Antsaklis (2004).

Previously we have assumed that the network is
capable of transporting data with infinite precision.
For example, for the state feedback MB-NCS it is
assumed that the sensor sends the exact value of the
state over the network to the controller/actuator. This is
of course not possible with digital networks since the
length of each data packet is finite. It was claimed that,
since a large portion of standard industrial networks
implement a large number of bits available to represent
data, the error between the quantized value and the
actual value was negligible. Even when this is so, we
want to study the effect of these quantization errors on
the system stability.

Several results have been published regarding quanti-
zation issues in NCS and sampled data problems
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(Bamieh 1996, Liberzon and Brockett 2000, Nair and
Evans 2000a, b, Elia and Mitter 2001, Fagnani and
Zampieri 2002, Hespanha ez al. 2002, Fu 2003, Liberzon
2003a, b, Nair et al. 2003 and Ling and Lemmon 2004).
Most results attempt to characterize the stability
properties of NCS when the number of bits used by
each network packet is finite and small. The main thrust
for this research is the need to reduce the amount
of bandwidth necessitated by a NCS so that a larger
amount of NCS can share the network. The goal with
MB-NCS is also the reduction of bandwidth, but the
design of the MB-NCS first attempts to reduce the
bandwidth by reducing the rate at which packets are sent
(Montestruque and Antsaklis 2002a). A second step is
to further reduce the bandwidth by reducing the number
of bits used to transmit each packet. This allows the
designer to consider several design parameters in a
sequential fashion. Specifically, a stable non-quantized
MB-NCS must be designed first using previous results
(Montestruque and Antsaklis 2002a). Then, the effect of
quantization can be assessed using the results in this
paper. In this way the designer has at her disposal a
number of parameters that can be modified, namely the
packet transmission times and the number of bits used
for each packet. Sufficient conditions on the control
system stability can be given depending on bounds over
the model uncertainty.

In this paper stability conditions for MB-NCS under
popular quantization schemes are derived. Both static
quantizers and dynamic quantizers are considered.
Static quantizers have quantization schemes that do
not vary with time, that is the error between the
quantized value and the real value does not depend on
time. Two quantizers of this type are considered: the
uniform quantizer with a constant maximum quantiza-
tion error; and the logarithmic quantizer with a
maximum quantization error that is proportional to
the norm of the quantized value. Dynamic quantizers
dynamically adjust their quantization regions to com-
pensate for uncertainties while giving a quantization
error that shrinks with time.

The main contributions of this paper are the results
on stability of quantized MB-NCS that show the explicit
dependence on the update time, the control law,
the model dynamics, the quantization parameters, and
the difference between the model and plant dynamics. In
§2 the basic MB-NCS setup is reviewed for complete-
ness. Stability of MB-NCS with no quantization and
periodic transmissions are considered. In § 3 the stability
of MB-NCS with two types of static quantizers
are studied, namely the uniform quantizer and the
logarithmic quantizer. The stability of MB-NCS with
a dynamic quantizer is studied in §4. Conclusions are
given in § 5.

2. Stability of a state feedback linear MB-NCS

We consider the control of a continuous linear plant
where the state sensor is connected to a linear controller/
actuator via a network. In this case, the controller uses
an explicit model of the plant that approximates the
plant dynamics and makes possible the stabilization
of the plant even under slow network conditions.

In this section we determine conditions under which
the transfer time between the sensor and the controller/
actuator results in a stable control system. An approx-
imate model of the plant is used in the controller/
actuator side to estimate the actual value of the plant
state vector, in this way the sensor can delay the
transmission of update information about the plant
state. The main idea is to perform the feedback by
updating the model’s state using the actual state of the
plant that is provided by the sensor. The rest of the time
the control action is based on a plant model that is
incorporated in the controller/actuator and is running
open loop for a period of & seconds. The control
architecture is shown in figure 1.

Our approach incorporates a model of the plant,
the state of which is updated at discrete intervals by
the plant’s state. We present a necessary and sufficient
condition for stability that results in a maximum
transfer time.

If all the states are available, then the sensors can
send this information through the network to update the
model’s vector state. Throughout this paper we will
assume that the compensated model is stable and that
the transportation delay is negligible. We will assume
that the frequency at which the network updates the
state in the controller is constant. The goal is to find the
smallest frequency at which the network must update
the state in the controller, that is, an upper bound for /4,
the update time.

Plant
—{ X=AX+BU
L
Model
F—k = =+
K=A0+BU Undats
x
K.
Cantraller

Figure 1. Proposed configuration of networked control
system.
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Consider the control system of figure 1 where the
plant is given by x = Ax+ Bu, the plant model by
X = AX + Bu, and the controller by u = Kx. The state
error is defined as e=x—X, and represents the
differences between the plant state and the model
state. The modelling error matrices A=A—A4 and
B = B— B represent the difference between the plant

and the model. Also define the state error
e(t) = x(1) — x(¢) and
A= A+ BK —BK
A+BK A-—BK

A necessary and sufficient condition for stability of the
state feedback MB-NCS is now presented.

Theorem 1 (Montestruque and Antsaklis 2003):  The
State Feedback M B-NCS is globally exponentially stable
around the solution z=[x"—e"1"=0 if and only if the

eigenvalues of
I Of anlI O
0 0]° [0 o0

are strictly inside the unit circle.

It can be shown (Montestruque 2004) that the

eigenvalues of
| T 0] anl I O
=L ofla o]

are inside the unit circle if and only if the eigenvalues of
N = e(A+Bk7h + A(h) with A(h) = e f(; e 7(A + BK) x
¢A+BRTdT are inside the unit circle. Observe that the

89

eigenvalues of the compensated model appear in the first
term of N and that the second term A(h) can be made
small by having small update times h or small modelling
error. A detailed proof for Theorem 1 can be found in
Montestruque and Antsaklis (2002a or 2002b).

Example 1: In real applications uncertainty can fre-
quently be expressed as tolerances over the different
measured parameter values of the plant. This can be
mapped into structured or parametric uncertainties
on the state space matrices. Next an example is given
on how Theorem 1 can be applied if two entries on
the A matrix of the model can vary within a certain

interval
0 N 0
, B= ;
1 1

0 1+ ap
O+an 0 |
Gy = [—0.5, 0.5]

N 0
model: 4 =
0

plant: 4 = |:

with a;; =[-0.5, 0.5],
controller: K =[—1, —2].

The system will now be tested for an update time of
h=2.5 seconds. The following contour plot in figure 2
represents the maximum eigenvalue magnitude for the
test matrix M as a function of the (1,2) and (2,1)
entries possible values. Here the contours at height equal
to one are relevant to stability. It is easy to isolate
the stable and unstable regions in the uncertainty
parameter plane. The stable region is between the lines

labelled as 1.
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Figure 2. Contour plot maximum eigenvalue magnitude vs model error.
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3. Stability of MB-NCS with static quantization

In this section we address the stability analysis of a state
feedback MB-NCS using a static quantizer. Static
quantizers have defined quantization regions that do
not change with time. They are an important class of
quantizers since they are simple to implement in either
hardware or software and are not as computationally
expensive as their dynamic counterparts. Two types of
quantizers are analysed here, namely uniform quantizers
and logarithmic quantizers. Each quantizer is associated
with two popular data representations. The uniform
quantizer is associated with the fixed-point data
representation. Indeed, fixed-point numbers have a
constant maximum error regardless of how close is the
actual number to the origin. Logarithmic quantizers on
the other hand are associated with floating-point
numbers, this allows the maximum error to decrease as
the actual number is close to origin.

3.1 State feedback MB-NCS with uniform quantization

Let a uniform quantizer be described by a function
q: R" — R" with the following property:

|z—q)| <8, zeR', §>0. (1)

Theorem 2: Assume that the networked system without
quantization is stable and satisfies

(480 4 AT ) P(HHB0" 1 A(R)) — P = -0
@)

with P and Q p symmetric and positive definite. Then when
using the uniform quantizer defined by (1), the state
feedback M B-NCS plant state will enter and remain in the
region ||x|| < R defined by

R = (7B A () + (€ A ()5

h T ho_ T
where r = \/ fomax((€" Af::i(IQ) (;A/ A(h))")8?

h o
and A (h) = / ea(A)(h—Z)a—( A + BK)e? BRI g7,
0

Proof: The response for the error is given now by
e(1) = """ We(1) + At — 11)X(t)

= e We(1) + At — 1) (xx — e(tx))

= ("W — A(t = t0)e(t) + AU — ti)xe (3)

where
—1 " » .
At — 1) = f e I(4 + BK)e P e,
0

Note that since there is non zero quantization error, the
initial value for the error e(z;) is no longer zero as it was
in the case for non-quantized MB-NCS. Moreover the
contribution due to this initial value for the error will
grow exponentially with time and with a rate that
corresponds to the uncompensated plant dynamics.
So at time ¢ € [fy, tx+1] the plant state is

x(t) = X(t) + e(?)
= BRI 4 (A0 — A(r — 1)) e(ty)
+ A(l‘ — tk)xk. (4)
We can therefore evaluate a Lyapunov function
V=x"Px at any instant in time 7 € [t fryq]. It is

known that for uniformly exponential stability we
require (Ye et al. 1998) that

L) = V() = (Il P).c € RE. - (5)

We are interested in the value of the Lyapunov function
V at lie+1

V(x(trs1)) = x(tgs1) T Px(ts1)
_ xkr(emézoh n A(h)) Tp(emézoh n A(h))x,c
+ef (e — A P — A(h)ex (6)
where
h=hp =t — 1 >0, e =e(ty).
So we obtain
V(x(tr+1)) V(x(tk))
— 7 (e(”i+BK)h + A(h)) Tp(e@“?’o" + A(h))x,c
+el (e — AM) P — A())ex — x] Px;
= o] (™ — A() " P(e™ — AU))ex — X[ Opxi. (7)

Note that we can compute ¢ — A(h) as follows:

|:A A+BK

0 /i+1§1<i|(”") I
e [—I:|' 8)

e — A =[1 0]
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We can bound (7) by

ef " — A" P(e™ — A(h)er — x{ Qpxi

< Jmax ((eAh - A(h))TP(eAh - A(h)))52 - j~min(QD)||xk||2-

)

The sampled value of the state of the plant at the update
times will enter the region ||x|| <r where
A(h)T P(eth — A(h)))8?

p = \/Amax((eAh -
N /Imin(QD)

The plant state vector might exit this region between
samples, as pictured in figure 3. The maximum
magnitude the state of the plant can reach between
samples is given by

(10)

el = | (B0 1 A= 1))k

H(e — A1 — 1)) ex

= (P )
(11

where
h - . _ L
Amax(h) = / ea(A)(/FT)&(A + BK)CU(A+BK)TdT
0

Therefore the plant state will enter and remain in the
region ||x|| < R defined by

R= (PB4 A ()4 (7 Ay ()8 (12)

where

r= / (@4 = A" PeA = AT

;Lmin(QD)

Remarks: The expressions in Theorem 2 establish a
direct relationship between the quantizer density §, the

Figure 3. Plant state trajectory.

robustness of the controller characterized by 2,,in(Qp),
the plant’s dynamics, the error between plant and
model dynamics, the update time, and the convergence
region. Note that the smaller region defined by the
radius r is the region where the plant state can be
found at each update time, while the larger region R
will contain the plant state at all times. In view of the
expression for R when the quantization is coarser (3 is
larger) R is also larger. Similarly, the larger A.x(h) is,
the larger R is. Note that A..x(h) is larger (see (3))
when / is larger, the error between the plant and model
is larger; it also depends on the selected control law K.
R also depends on r. When A,;n(Qp) is smaller (in view
of (2), this is the case for example when the non
quantized networked control system is less robustly
stable), r is bigger as can be seen from (12).

3.2 State feedback MB-NCS with logarithmic
quantization

We will define a logarithmic quantizer as function
¢q: R" — R" with the following property:

llz—gq@Il < éllzll, z € R, § > 0. (13)

Theorem 3:  Assume that the networked system without
quantization is stable and satisfies

(480 4 AT ) P(HHH0% 1 A(R)) — P = -0
(14)

with P and Q p symmetric and positive definite. Then when
using the logarithmic quantizer defined by (13), the state

feedback M B-NCS is exponentially stable if

s \/ j-min(QD)
< .
Jmax((€h — A(h))" P(eth — A(h)))

Proof: The difference between the values of the plant’s
state Lyapunov function V'=x”Px at two consecutive
update times is given by

V(x(tk41)) — V(x(tx))
=el(e" — A(h) P! — A(h)er — xI Qpxp.  (15)

We can now bound (15) using the quantizer property
given in (13) by

el (e — A(h) P — A(h))ex — x[ Qpxi
< Jmax (€ — A(R)T P — A(R)))82|xx I

— Jmin(Q )| |k ] . (16)
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Figure 4. Uniform quantizer function.

This allows us to ensure exponential stability as in (5) if

Jmax (€™ — A(h) " P(e™ — A(h)))8” — Jmin(Qp) < O.
(17)

Or equivalently (assuming (e — A(h))"P(e™" —
A(h) #0)
)Lmin(QD)
" \/;“max((eAh — A()" Pt — A(h)) (9
O]

Remarks: Theorem 3 relates similar parameters to
those in Theorem 2, but logarithmic quantizers can
produce an exponentially stable system as opposed to
the bounded output obtained with the uniform quanti-
zers. Note that the result states that the maximum
logarithmic quantizer’s density for stability is reduced
if the controlled closed loop system is not robust. This
can be seen in (18) where A,;,(Qp) is a measure of
robustness.

Example 2: For this example we will use the following

plant model:
X 0 1]. 0
x_|:1 3}x+|:li|u. (19)

Let the actual plant be a perturbed version of the model,
namely:
. |:—0.0689 0.9757] [0.0707]
= X u

(20)
1.0396  3.0720 1.0187

Both are unstable plants. A stabilizing controller,
designed using the plant model, is

u=[-2 -5]% 1)

This controller places both eigenvalues of the compen-
sated plant model at —1. We obtain a stable NCS
without quantization for update times less than 1
second.

First we will study the effects of uniform quantization.
For this we will use a quantizer that partitions the state
space in rectangular regions. The quantizer function
for one variable is depicted in figure 4.

This quantizer uses a resolution of 0.1 binary (or
0.5 in decimal notation). The maximum absolute error
between the real value of the state and the quantized
values is calculated to be §=0.3536. By using an
update time of #=0.2 seconds and a QOp=1I in
equation (2) we obtain a suitable P. We then proceed
with (12) to obtain r and R of the region of
attraction. The radius R of the region of attraction
is calculated to be 2. Figure 5 shows the regions
defined by r and R and also the evolution of the plant
state when the system is started with an initial
condition of [2 2]7, figure 6 pictures the plant and
model state as a function of time. We note that the
actual region of attraction is smaller than the region
calculated wusing Theorem 2, which shows that
the result is conservative. Note that conservativeness
of the approach is the result of the use of norms and
singular values. This can be reduced by traditional
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Figure 5. Attraction region and plant state evolution.

Model state

Plant state

Figure 6. Plant and model state.

diagonalization techniques. The results here presented
are meant to relate the different design parameters to
the system stability.

We now use the same plant with a logarithmic
quantizer and an update time of /#=0.6seconds. We
will test two logarithmic quantizer functions: ¢l with a
mantissa word length of 12 bits; and ¢2 with mantissa
word length of 13 bits. The functions for one variable
are depicted in figure 7.

Their relative errors for the two dimensional case
are for ¢l: 0.33 and for ¢2: 0.20. Note that figure 7
shows the quantizer functions on one dimension.
When the quantizer is used on vectors the function is
applied element wise. We show next the time response of
the system for each of the quantizers when the plant
state is initialized at [2 3]7.

We observe from figures 8 and 9 that the system
working with quantizer ¢l (§=0.33) is unstable, while
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with ¢1 (§=0.20) is stable. By using Theorem 3 and
a QOp=I we obtain a maximum relative error (18)
of 0.1241.

4. Stability of MB-NCS with dynamic quantization

In this section we will consider the case of dynamic
quantization, where the quantized region and

Plant and Model state time response for ¢l.

quantization error vary at each transmission time. It
has been shown that these type of quantizers can achieve
the smallest bit count per packet while maintaining
stability (Nair and Evans 2000a, b, Ling and
Lemmon 2004). This comes with the price of increased
quantizer complexity. While the static quantizers
did require a relatively small amount of computations,
the dynamic quantizers need to compute new quantiza-
tion regions and detect the plant state presence
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Model state

Plant state

Time

Figure 9. Plant and Model state time response for ¢2.

within each region. Yet dynamic quantizers are an
attractive alternative when the number of bits available
per transmission is restricted. Our results extend those
already available in the literature to the case of
MB-NCS. It will be shown that our results converge
to existing standard literature results when the model
uncertainty is zero.

Under the dynamic quantizer scheme, an encoder
measures the state of the plant at each transmission time
and sends a symbol to the decoder collocated with the
plant model. To do so, first the encoder and decoder
assume that the plant state is contained in a hyper-
parallelogram R). Next, the encoder uses the plant
model and plant-model uncertainties to determine the
region where the plant state is at the next transmission
time. This calculated region will also be a hyper-
parallelogram denoted as R, ;. The encoder can also
calculate R, since its calculation is based on the plant
model dynamics and known uncertainty bounds.
Then, the encoder can divide R, in 2V smaller equal
hyper-parallelograms. N is an integer representing
the number of bits used to identify each smaller
parallelogram. The encoder then sends an N-bit
symbol representing the smaller parallelogram Ry,
within R, where the plant state is. The process can
be repeated.

We will assume that the plant model matrix A4 has
distinct real unstable eigenvalues. This assumption can
be relaxed at the expense of more complex notation and
problem geometry. We will also assume that the
compensated model is stable.

Previous results (Hespanha et al. 2002, Ling and
Lemmon 2004) consider a similar case but our result

is novel in that it incorporates the plant-model
mismatch within our MB-NCS approach. Ling and
Lemmon (2004) calculate the minimum bit rate for
NCS under network dropouts. Hespanha ez al. (2002),
consider the case of a NCS that incorporates an exact
model of the plant. The results in Hespanha er al.
(2002) yield the minimum bit rate for stabilizing the
NCS under bounded measurement noise and input
disturbance. A similar method that does not consider
uncertainty or model-based techniques is used in Ling
and Lemmon (2004) called the uncertain set evolution
method. Namely, at transmission time #;, the encoder
partitions the hyper-parallelogram R;, containing the
plant state x(7;) into 2 smaller hyper-parallelograms
and sends the decoder the symbol identifying the
partition R, that contains the plant state. The
controller then uses the center ¢, of R; to update
the plant model generates the control signal using the
plant model until time 7. ,. At this point, both
encoder and decoder calculate a new hyper-
parallelogram R, , that should contain the plant
state by evolving or propagating forward the initial
region Rj. The process is then repeated. Stability will
be ensured if the radius and center of the hyper-
parallelograms converge to zero with time. We will
show now how the hyper-parallelogram R, is
obtained from Ry. .

Assume that the plant model matrix 4 € R™" has
n distinct unstable eigenvalues Ai,4,...,4, with n
corresponding  linearly  independent  normalized
eigenvectors v, vy,...,v, € R". We will also assume
that at t=0 both encoder and decoder agree upon a
hyper-parallelogram R, containing the initial state
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of the plant. Denote a hyper-parallelogram as the
(n+ 1)-tuple where ¢ is the center of the hyper-
parallelogram and #; are its axis. In particular

n

R(e,mi,m, .. ome) = {x €ER.Y am=x—c
i=1

where n; € R", o; € [—1,1],

and ¢ € R”}.

Let each hyper-parallelogram R, with center ¢, be
defined as follows:

Ri = R(Cky Mk 15 M. 25 -+ + > Mheon) (22)
where

Ni.i = br,ivi and by ; € R.
Therefore it can be easily verified that according to the

plant dynamics the region R; evolves into a hyper-
parallelogram R} 41 defined by

Y4 _ _]7 2 D
Ry = R(‘k+1’ ’71k+1, 1 n1k+1,2’ B ’7£+1,n)

(23a)
with ., ;= e

and

h PO
&= (eAh+ /0 eA<h—~Y>BKe<A+B’0Sds>ck. (23b)

Correspondingly, according to the plant model
dynamics the hyper-parallelogram R, should evolve
into a different hyper-parallelogram R}, |

1 — Jn m m m
R, = R<Ck+1’ Met1,10 Me+1,25 -+ +» ’7k+1,n)
. i
with oy, = e, 24)

and ¢}, = BRI,

According to equation (24) the hyper-parallelogram
R}',, has edges that are parallel to those of the
original hyper-parallelogram R, but are longer by a
factor of e*" for each corresponding edge. Also the
center of the parallelogram has shifted. Note that
the hyper-parallelogram R}’ doesnot necessarily con-
tain the plant state. We will now express R}, 41 In terms of

the parameters of R}’,,. By replacing /1 by ¢ and using

Laplace transforms the expressions in (23) can be
easily manipulated
an L ~1
e — (s — A)
= (s — A) "(sI — A)(sI] — A)~"
= I+ (s] — A) " A)(sI— A"
=(sl— A"+ (sI— A) " A(sI — A)”
o y .
LN Al 4 / ' AG=3) A5
0

and
h A A
eAh+/ eA(h*S)BKe(A+BK)SdS
0

L (5T = A)™"  (sT — A" BK(sI — (A + BK))™!
= (sI — A)""(sI — A + BK)(sI — (A + BK))™!
= (s] — (A+ BK))™' + (sI — A)"'(4 + BK)

x (sI — (A — BK))™

- PN h A
L d+bnon / (A + BK)! MR ds. (25)
0

Therefore the parameters of R} 41 can be expressed in

terms of the parameters of R,

. h A
n£+1 .= (:‘Ah M i= <€Ah + / eA(hX)AeAA'dS> M.
’ 0

. h JUREPS
— eAhbk,ivi + (/ eA(/’lS)AeA_yds> nk,i
0

= i 4 Ay
= nzl+1,i + An(h)nk,i

y .
&= (eAh + / leA(h”BKeM*BK)Sds)
0

I h I
cp = ( QA+BKI | / A9 A+ I§K) e(A+BK)st) Ck
0

. h I
— e(AJrBK)th + (/ €A(117‘Y)(1‘I + B’K)e(AJrBIOSdS) Cr
0

g+ Ad(h)ey. (26)

Note that the matrices A.(1) and A, () can be calculated
as follows:

( A A+BK )

o i) [o]
()

h
0 4 0
)

Adh)=[I 0le

Ay(h)y =11 0]e



Static and dynamic quantization 97

M1

(G (A, (M)|ex| + & (A, (%

Figure 10. Construction of hyper-parallelogram R,

m
from R}, ;.

Since matrices A.(#) and A,(h) are unknown, the
hyper-parallelogram ~ Rf, 41 cannot be constructed.
Instead we will use the expressions in equation (26)
and the bounds over the norms of A.(/#) and A,(h) to
construct a hyper-parallelogram that will contain the
plant state, i.e., it will contain R’ ,. This is depicted in

k+1°
figure 10.

Ry = R<CI:+1’ M1, 15 M1, 25+ - > 77/:4-1,11)

. _ _ K
with iy, = | 1+ o(AcM)llell v
17y
_ K .
+U(An(h))||nk,i||T Nt 1,
||77k+1,1~||
and ¢, = ¢',y, (28)
where
k= 1/det([viva...v]), vill = 1.

Note that bounds over o(A.(h)) and o(A,(h)) can be
obtained based on the norms over the error matrices A
and B. Note also that R | is a hyper-parallelogram with
edges larger but parallel to those of R}" ;. At this time
the encoder will divide R, into smaller parallelograms
and transmits to the decoder the symbol that identifies
the one that contains the plant state R;,;. And the
process repeats itself again. This process is depicted
below, also see figure 11

_ encoder plant _ encoder
R, 5" R, = R, =R, (29)
k k k+1 k+1
h seconds

In figure 11 the term d, represents the displacement of
the center of R, | with respect to the center of R ;. We
will now establish the relationship between the evolution
of the hyper-parallelograms parameters and stability.
Define the radius of the hyper-parallelogram R, with
center ¢y

)vmax(Rk) = Ssup [Ix — ckll. (30)

XER/(

Figure 11. Evolution of quantized regions.

It is clear that in order to ensure the stability of the
system we require that the center and radius of the
hyper-parallelograms must converge to zero with time.
As a matter of fact, for stability, only the radius of the
hyper-parallelograms Ry is relevant. This is stated in
Theorem 4.

Theorem 4: Assume that state feedback NCS without
quantization is asymptotically stable then the NCS with
dynamical quantization is asymptotically stable if and
only if

khm /Imax(Rlc) =0. (31)

Proof:  Sufficiency: We know that limy_, oo Amax(Rg) = 0
implies that the quantization error at each sampling time
also converges to zero: limy_, o e(#x) = 0. Also, it can be
proved, as in equation (4), that

x(tieg) = x(6,)
= (CHHER AL ) x(10) + (& = A (W)e(r)
= Mx(tx) + Ne(ty). (32)

Since the NCS without quantization is stable the matrix
M is Schur stable, therefore is it is clear that if the
quantization error converges to zero then the sequence
of states x(#;) also converges to zero. Note that since the
plant is an LTI plant, the fact that the sequence x(¢;)
converges to zero ensures that plant state will also
converge to zero.

Necessity: In order to ensure that there is no non zero
sequence of e(k) that can drive the plant state to zero
and keep it there we just need to prove that the matrix N
has full rank. This is readily observed from the way N
can be computed

[A /I+EK]
0 A+BK h|:1

1}. (33)

From equation (33) it can be observed that the left most
matrix isolates the two upper blocks of the exponential,

N=e'"—A.h)=[I Ol
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since the exponential matrix has rank 2n, the isolated
matrix (of size nx2n) should have rank n. Therefore, any
non zero error vector multiplied by N will yield a non
zero vector. O

Remarks: Assume that in order to generate the
hyper-parallelograms R;,; each edge of the hyper-
parallelogram R, is divided in equal Q; parts. Note
that all the Q; must be powers of 2, that is Q; = 2" where
b; represent the number of bits assigned to each axis. The
resulting bit rate is BitRate = (}_;_, b;)/H. We can now
present a sufficient condition for stability of MB-NCS
under the described dynamic quantization.

Theorem 5: The state feedback MB-NCS using the
dynamic quantization described in (29) is globally
asymptotically stable if the following conditions are
satisfied:

(1) The non-quantized MB-NCS is stable.
(2) The test matrix T has all its eigenvalues inside the
unit circle.

where

T— |:T11a+ Th1p T12:|
15 T

j.lh ~
with T}y, = diag(<e+(’Qﬂ),
1

(e)"'h + 5(A,,(h))lc>>
A\, ))

_<Q1—1> <Qn_1>
0 O
Ty = : : o(Ac(h)k,
(%e) -~ (&)
L\ O Oy
[ a(A ()
Ty = : ,
_6(Ac(h))’(
c [(@1—1 On— 1\ -7 ciss
me=[ (%) - (Fg) Jrer )
Ty = (e HHA0M) (34)

Proof: In order to characterize the evolution of the
hyper-parallelograms it is convenient to establish
the relationship between the sizes of edges of R, ; and
the edges of R

_ (eifh + &(A,,(h))l() H . ‘
Qi k. i

- ( Ah+0(A (h))x) H ", ‘

+ U(Ac(h))KH ¢ ||+ a(Acm)klldl]. (35)

+ 5(Ac(h))K| |ck||

H’?/:H,i

Equation (35) is a scalar discrete linear system. It is
dependent on | ¢ |. The evolution of ¢ is given below

Gy = e(AJrBK)h = e(AH}K)h o+ e(A+I§K)h dy. (36)

0i—1
( 0; )) G

The term ||d,| is bounded by

N
lldell < (an+1 ;
i=1

We will now bound ||c; ||

el = (4890 e |

N 5(6<4+ém) ZN: (\ (%)) (38)
i=1 !

From (35), (37) and (38) it is clear that stability is
guaranteed if T has its eigenvalues inside the unit circle.

r]kJrl,i

Remarks: Note that if the plant model is exact, A=0
and B =0, then A.(7)=0 and A,(h)=0. This implies
that if o(e(AJrBK)h) <1 then stability is guaranteed
provided that max;(e’"/Q;) <1 which is a well-
established result (Nair and Evans 2000a, b). In order
to enforce the condition that &(e“+BRMy <1 it is
convenient to apply a similarity transformation that
diagonalizes A+ BK. In order to obtain a value of
o(e“HBRMY that is close to the magnitude of the
maximum eigenvalue of etd+BK)h,

Next an example is presented, This example depicts the
way a MB-NCS can be designed, namely first a non-
quantized MB-NCS is designed and then a suitable
quantization scheme is added and tested for stability.

Example 3: Consider the plant described by the
following matrices:

0 1 0.1
A:|:a21 0.5} B:[o.z}’ (39

where a;; € [-0.01, 0.01] represents the uncertainty in
the 4 matrix. Let the plant model be the nominal plant,

that is

- 0 1 - 0.1

A_|:0 0.5} B_[O.Z}' (40)
A feedback gain K=[—3.3333 —8.3333] is selected so
to place the eigenvalues of the plant model at (—0.5, —1).
An update time of h=1sec is used. To reduce
conservativeness, the following similarity transforma-
tion that diagonalizes 4 + BK is applied to the system

1.8856 O.4714i|

. (41)
1.3744 1.3744

Xpew = Px, where P = [

Finally, the quantized levels are defined as n; = I bit and
n, =2 bits for the eigenvectors corresponding to the
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eigenvalues at —0.5 and —1 respectively. Note the need
for more bits for faster eigenvalues. The bounds for the
norms of the uncertainty matrices are calculated in the
transformed space by searching along the parameter a;;
they are as follows:
a(Ac(h) <0.1354,  &(A,(h) <0.0961 (42)
The maximum eigenvalue for the test matrix 7"is 0.9531
indicating that the quantized system is stable. Next a

simulation of the system is presented. In this simulation
the parameter a,; is chosen to be 0.0034, the starting
region to have a center [2-3]7, with edges of length 1;
the plant state is placed randomly within this region.
The plots are in the non-transformed original space
(figures 12-14).

In this example we use a simple plant and controller
to show how the design technique is used. Note that
the complexity of the calculations involved depends
on the number of states in the plant. Note that the

)
k)
[ -
=
[
o
-5 i 1
0 7 4 8 10 12
Figure 12. Plant state.
3 T
I3
=
»
L |
=
[o]
=
._5 1 1 L 1 1
0 2 4 6 8 10 12

Figure 13.

Plant model state.
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Figure 14. Trajectories for plant state and plant model state showing the evolution of quantized regions.

calculations used to determine the stability of a
particular system are performed off-line. In contrast
the calculations used to quantize the plant state vector
are done on-line. For these on-line calculations, the
proposed scheme carries a similar computational inten-
sity to that of dynamic quantizers without MB-NCS
with the addition of the computations shown in (28) and
the model simulation.

5. Conclusions

Sufficient conditions for the stability of quantized
MB-NCS were presented. These results consider three
different types of quantizers. The quantizers studied
relate to popular data representation models. In
particular, the uniform quantizer is related to fixed-
point number representations, while the logarithmic
quantizer is related to the floating-point representation.
The results although conservative provide a way to
relate the effects of uncertainty, model update times, and
non-networked control robustness to system stability.
A third more complex quantizer based on traditional
dynamic quantization was also introduced; the dynamic
quantizer uses an integral representation of the data in
an adaptive manner. That is, the data transmitted
represents an area within a region where the state of
the plant is known to be. The regions evolve according
to plant model and the uncertainties bound over the
model parameters. It was shown that if the uncertainties
are eliminated, the minimum data rate needed for
stability coincides with the well-known minimal
theoretical rate for stability (Nair and Evans 2000a).

While the computations required to verify stability can
be complex, the calculations performed by the quantizer
are similar in nature to those performed by dynamic
quantizers that do not consider uncertainty. An
important feature of the paper is that the results show
explicitly the dependence on several design parameters
such as modelling error, quantization parameters,
measures of robustness.
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