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Abstract

The stable and unstable hidden modes of the
{R;G,H} controlled system are characterized by consid-
ering cancellations in products of transfer matrices.
This characterization is complete because of the as-
sumption that the plant description is controllable
and observable, and that R, G and H are implemented
via irreducible realizations. Under these assumptions
the hidden modes of the controlled system are due ex-
clusively to the system interconnection. The charac-
terizations given show how hidden modes are introduced
in the controlled system. This information can be
used by the control systems designer to avoid hidden
modes if possible; otherwise, the effect of the hidden
modes on the system performance can be determined.

The hidden modes of a compensated system corre-
spond to the closed-loop eigenvalues which are uncon-
trollable and/or unobservable from certain inputs or
outputs, respectively. The hidden modes for single
degree of freedom controllers have been studied in the
literature [1-4]. 1In this paper we study the hidden
modes of a two degrees of freedom controller; these
controllers are useful in design as they address con-
trol problems with multiple objectives. Consider a
linear time-invariant and finite dimensional plant de-
scribed by y = Pu and the general two degrees of free-
dom controller C described by u = -Cyy + Crr where r
is the command input. In particular we consider the
typical {R;G,H} control configuration:

gR;G,Hf controller

Assume that the plant description is controllable
and observable. Let the controller {R;G,H} be design-
ed to internally stabilize the controlled system. The
controller {R;G,H} could be designed, for example, us-
ing the methods in [2] and setting R to be stable.
Assume that R, G and H are implemented via irreducible
realizations. Under these assumptions the hidden
modes of the controlled system are due exclusively to
the system interconnection. Furthermore, the hidden
modes of the controlled system if any will be stable.

Theorem 1:

trolled {R;G,H}

Stable hidden modes need to be studied because they
can degrade the performance and they can increase the
necessary order of the compensators (see example be=-
low). Consequently, a complete understanding of sta-
ble hidden modes will lead to better control design
algorithms.

Historical note: before internal stability in a
feedback system became well understood, unstable hid-
den modes were of primary concern in early control de-
signs using transfer functions, Under the assumption
of internal stability in the controlled system only
stable hidden modes will be present. Nevertheless,
the characterization of hidden modes which follows is
complete and includes also unstable hidden modes if
internal stability is not present.

The hidden modes can be characterized using in-
ternal descriptions [4~10]. 1In this paper they will
be characterized by considering “"cancellations"” in
products of transfer matrices see for example [10],
[11]. Hidden modes can be characterized in terms of
transfer matrices since i1t is assumed that each sub-
system is completely described by its input-output
description. By considering products of transfer
matrices, that is, cascade connections, the intercon-
nection that gives rise to the hidden modes is speci-
fied. This information can be used by the control
systems designer to avoid hidden modes if possible;
otherwise, the effect of the hidden modes on the sys-—
tem performance can be determined.

Theorens 1 and 2 characterize the hidden modes
which correspond to the uncontrollable modes from r
and the unobservable modes from y, respectively; they
appear as modes of the controlled system but not as
poles of the closed loop transfer matrix. It is also
of interest to study hidden modes from other inputs
and outputs. For example, Theorem 3 characterizes the
unobservable modes from u, the control signal. These
theorems have been proven using internal operator de-
scriptions.

1l: The uncontrollable modes from r in the
controlled {R;G,H} system correspond to:

(1) poles of P which cancel in PG, and

(ii) poles of H which cancel in H(PG), and

(1i1) poles of G which cancel in G[H R], and

(iv)  poles of (I+GHP)~l which cancel in (I+GHP)-1GR.
Theorem 2: The unobservable modes from y in the con-

system correspond to:

(1) poles of G which cancel in PG, and

(1i) poles of H which cancel in (PG)H, and

(1ii) poles of R which cancel in P(I+GHP)‘1GR, and
(iv) poles of (I+GHP)-1 which cancel in P(I+GHP)™l.
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Theorem 3: The unobservable modes from u in the con-

trolled {R;G,H} system correspond to:

(i) poles of H which cancel in GH, and

(11) poles of P which cancel in (GH)P, and
(iii) poles of R which cancel in (1+GHP)~1GR. and
(iv) poles of (I+GHP)‘l which cancel in (I+GHP)-1G,

Theorem 2 shows that only poles of the controller
can correspond to unobservable modes from the output
y. This is intuitively pleasing because the control-
led system can be thought of as a cascade connection
of P and M with M = G(I+PGH)"IR. 1In this setup if any
poles of P cancel in PM they will correspond to uncon-
trollable modes from r (systems in cascade); so only
the poles of M and those that cancel in M can be unob-
servable from y as seen in Theorem 2.

Discussion: Theorems 1-3 give insight as to how the
system interconnection introduces hidden modes. Consi-
der the {R;G,H} controller as a separate system. This
system consists of the parallel connection of R and -H
in cascade with G with input [r' v']' (' denotes trans-
position) and output y.. The unobservable modes from
yo correspond to the poles of R which cancel in GR and
the poles of H which cancel in GH. The controlled sys-
tem is put together by connecting y = Pu with the con-
troller by setting u = y, and v = y. From Theorems 2
and 3 the unobservable modes of the controller remain
unobservable from u and from y in the controlled sys-
tem together with additional modes introduced by the
interconnection. The uncontrollable modes from

[r' v']' of the controller correspond to the poles of

G which cancel in G[H,R]. These modes remain also un-
controllable from r in the controlled system as seen
from Theorem 1 (iii). Therefore, the unobservable
modes from y, and the uncontrollable modes from

[r' v']' of the controller remain unobservable from

y and uncontrollable from r in the controlled system.

Uncontrollable and unobservable closed loop eigen-
values can affect the closed loop system in different
ways as shown in the examples below.

Example 1 [5, p. 232]

Astrom and Wittenmark show how a stable hidden
mode can degrade performance. They consider the plant
= K(z=b)/[(z~1)(z-a)] where b<0 and the general two
degrees of freedom controller C = [-Cy Cr]. It can be
easily shown that their control law can be implemented

via G = tyz/(z-b), H = (sgz+s1)/(tyz) and R=1 in the
{R;G,H} control configuration. Note that s, and sj
are chosen so that the compensated system is internal-
ly stable and t,, K and a are real constants defined
in [5]. Note that the particular implementation of
the controller used here does not affect the follow-
ing remarks: A simulation shows that the step re-
sponse of the system contains an undesirable "ripple”
or "ringing” in the control signal u while the output
signal y is well behaved at the sampling instants. It
is pointed out in [5] that the "ringing" is caused by
the cancellation of the (z~b) factor. From Theorems 2
and 3 we can see that the reason for "ringing” is that
the pole of G at b which cancels in PG corresponds to
an unobservable mode from y that is observable from u.
Moreover, it can be shown that the mode that corre-
sponds to the pole of the controller which cancels the
plant zero at b will be unobservable from the output
but will be observable from the plant input in any im-
plementation of the two degrees of freedom controller.

The following example shown that a cancellation
does not necessarily imply a hidden mode neither from
y nor from r.
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Example 2

Let P = 1/(s~1), G = (s2+s+1)/[s(s+10)], R = 1
and H = 2(s+10)(s+1/2)/(s2+s+1) Observe that the
pole of G at s = =10 cancels in GH but the closed loop
transfer function is given by T = 1/(s+10) so that the
pole of G at s = =10 does not correspond to an uncon-
trollable mode from r nor to an unobservable mode from
y. On the other hand the poles of H are uncontroll-
able from r and unobservable from y and u. Further-
more, the poles of (I+PGH)~1l, given by the zeros of
(s2+s+1), will be uncontrollable from r and unobserv-
able from u.

The characterizations given in Theorems 1-3 can
be used by the control systems designer to avoid hid-
den modes which can introduce undesirable effects,
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