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Abstract—In this paper, we consider the problem of reliable
stabilization for a multi-channel system, where our main
objective is to maintain the stability of the perturbed closed-loop
system and when there is a single controller failure in any of
the control channels. We specifically present a computationally
tractable and less-conservative result in terms of a set of
dilated LMIs for the reliable state feedback stabilization of the
nominal system, while a dissipativity-based certification is used
to extend the stability condition under model perturbation in
the system. Finally, a numerical example is used to demonstrate
the applicability of the proposed technique.

I. INTRODUCTION

Reliable control using multi-controllers, which was originally
proposed by Siljak [1], is used for enhancing robustness
against possible component failures that occur in controllers
or sensors and actuators. In a multi-channel decentralized
control configuration (e.g., see references [2], [3]), the objec-
tive is to maintain control performance such as stability of the
closed-loop system when all of the controllers work together
and when only some of the controllers work. In the past,
several major theoretical achievements have been obtained in
the context of reliable stabilization via so-called factorization
approach [4], [5], [6], [7], performances in the context of
reliable control via Riccati and/or Lyapunov equations [8],
[9]. For example, in the case of a single input-output channel,
a complete characterization of plants that can be reliably
stabilized using two controllers, where either of which may
fail, was considered in [4]. Alternative characterizations are
also derived for a more general situation where a plant with
two input-output channels is stabilized by two decentralized
controllers in [5], [6], [7]. It should be noted that the problem
of reliable stabilization for a general multi-channel system is
in general a very difficult problem. This is because reliable
stabilization is equivalent to a strong stabilization problem
[4] which involves an intractable problem [10], [11].

Recently, the problem of reliable decentralized stabilization
for multi-channel systems with a single failure in any of
the control channels has been addressed in [12] via dilated
LMIs and unknown disturbance observers. In this paper, we
present an extension to the problem of reliable stabilization
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for a perturbed multi-channel system, where our main ob-
jective is to maintain the stability for all perturbed closed-
loop systems when there is a single controller failure in
any of the control channels. We present a dilated LMIs
framework which provides a non-conservative reliable state-
feedback controller solutions for the general multi-channel
system, while a dissipativity-based certification is used for
extending the stability condition under model perturbation in
the system. Specifically, using a panel of storage functions
and a common supply rate, we verify the stability property
possessed by all perturbed closed-loop systems (e.g., see
references [13], [14], [15]).

This paper is organized as follows. In Section II, we present
some preliminary results on the stability condition for a
continuous-time linear system in terms of dilated LMIs.
Section III presents the main results. A verifiable sufficient
condition in terms of a set of dilated LMIs is given for the
reliable state-feedback stabilization to the nominal system,
while a dissipativity-based certification is used to extend the
stability condition under model perturbation in the system. In
Section IV, we present a simple numerical example. Finally,
Section V provides some concluding remarks.

Notation. We write He(A) = A + AT, where AT denotes
the transpose of A. We denote an orthogonal complement of
B € R™*P by B+ € R(®~")*" which is a matrix satisfying
B1B =0and B+B+T > 0, where » = rank B. We use Sjﬁ
to denote the set of strictly positive definite real symmetric
matrices.

II. PRELIMINARIES

Consider the following continuous-time linear system
i(t) = Ax(t) ey
where A € R"*™ and z(t) € R™.

As is well known, the system is stable (or equivalently A

is a Hurwitz matrix) if and only if there exits X € S}
satisfying

He(AX) < 0 @)

X >0. 3)

However, since this coupling of A and X leads to several dif-

ficulties especially in the context of robust stability analysis

for uncertain systems (e.g., see references [16], [17], [18]).

To address some of the concerns, stability conditions have
recently been proposed based on dilated LMIs framework.
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The following gives an example of dilated LMIs, which is a
version of the result given in [12], [19], [20].

Lemma 1: (dilated LMIs): The system (1) is stable if and
only if there exist X € ST, W € R™*", and ¢ > 0 such that

[)0( )0(]+He<[:4]]w[l d]><0 4)

holds.
Proof: Sufficiency: Note that

[Afrz[[ A7, [HL:[J 1] 6

Then, eliminating W of (4) by using these matrices, we have
two inequalities

[ 1 A}{)O( )O(HAIT}:AXJFXAT<0(6)
X

0 el
[e[ —I][X O][—I}_26X<O' @)
Thus we see that (2) and (3) actually hold.

Necessity: Suppose that (2) and (3) hold. Then, there exists
a sufficiently small € > 0 which satisfies

1
AX + XA + 5eAXAT <0. )
Since X > 0, employing Schur complement, we have
AX + XAT  eAX ©)
eX AT —2eX
B AX + XAT  eAX+X-X (10)
T eXAT+X - X —2eX

v ([ A an)an

<0. (12)
This means that (4) holds with W = X. [ |

Note that the condition (4) is an LMI with respect to X and
W if we fix e. This scalar parameter € can be chosen with
a line-search method.

III. MAIN RESULTS

Consider the following continuous-time /N-channel sys-
tem

N
#(t) = Az(t) + > Biui(t) (13)

where A € R*"*", B; € R"*"i x(t) € R™ is the state and
u;(t) € R™ is the input of the i-th channel.

For this system, let us also consider the following state-
feedback controllers
where K; € R"*™ fori =1,2,...,N.
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Moreover, we model component failures that occur in a
controller or a sensor and an actuator by extracting the
corresponding controller and setting the control input of the
corresponding channel to zero.' That is, if the i-th control
channel fails, we remove the i-th controller and set

ui(t) =0 (15)

To describe the closed-loop systems with/without failures in
compact forms, let us define

BO =[ B, B, By |
KO = [ KT KF KL "
and
BY = B, Bio1 Bin By |
KO=[kF - kI, KL, - KL]"

where ¢t = 1,2,..., N.

Then, we can write the closed-loop systems for all
j € {0,1,...,N} as

i(t) = (A+ BYKW)x(t) (16)

Here we remark that the closed-loop system under normal
operation is obtained if ;7 = 0, while the closed-loop
system under the j-th controller failure is obtained if j €
{1,2,---N}.

We now formally state the state-feedback problem.

Problem 1: (reliable state-feedback stabilization prob-
lem): Find K;,7 = 1,2,..., N such that all the closed-loop
systems A+ BUO KU j=0,1,...,N are stable.

Remark 1: Note that Problem 1 is solvable only if the pairs
(A,BW) forall j € {0,1,..., N} are stabilizable which
is assumed in this paper.

If we simply apply standard stability analysis based on the
aforementioned equations of (2) and (3) for all instances of
closed-loop systems in (16), we have to introduce a common
quadratic Lyapunov stability certificate X € S7 for all
j €{0,1,..., N} which will give us a sufficient condition
for solving the stabilizing gains K; for ¢ = 1,2,..., N.
However, such coupling of (A + BUKU)) and X usually
leads either to conservative or infeasible solution set.

In the following, we employ a dilated LMIs technique
to check whether all instances in (16) share a common
solution set K; € R"*™ for ¢ = 1,2,..., N that maintains

stability.
To this end, let us introduce the following notations
T
O — [ I 7 R ) ]
L():[LlT LzT—l Lz‘T+1 L%}

n this note, we do not discuss fransient situations in failures. This is
justified in the context of stability since stability is defined with behaviors
over the infinite time interval.
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A%/([)/)L =AW + B1Ly + BaLs + -+ BnLn
and
AR, =AW 4+ BiLy + -+ Bi 1Ly
+ BiyiLiy1 +---+ ByLy

where W S R7Xn R"x™  for

i = 1,2,...,N.

and L; €

In light of Lemma 1 and the previous discussion, we have
the following theorem.

Theorem 1: Problem 1 is solvable if there exist X; € Sﬁ,
j=0,1,.... N, WeR"™" L, e Ri*" i=1,2,...,N,
and ¢; >0, j =0,1,..., N, which satisfy

, )
{)? %J]+He<[AVIJ‘//VL}[I ej1}><0 17)

j —

forall j € {0,1,...,N}.

Once this condition is fulfilled, the state feedback gains in
(14) that achieve reliable stabilization are recovered by

K, =L,W™! (18)

with a nonsingular solution W.

Proof: Suppose that the condition (17) is satisfied for
all closed-loop systems indexed by j = 0,1,..., N. Note
that we can always obtain a nonsingular solution W by
introducing a slight perturbation on W if necessary, since
the condition (17) is described with a strict inequality. Thus,
a candidate of the reliable feedback gains is well-defined as
(18). Then, since we have

A+ BUOEKW = A w1 (19)

the rest of the proof follows Lemma 1. In fact, replacing
A in Lemma 1 with A%,{,)LW_l where j = 0,1,...,N
immediately gives the condition of Theorem 1. ®

Note that the condition (17) is described by LMIs in terms
of W, L, ¢ = 1,2,...,N and X;, j = 0,1,...,N.
This is a desirable property established by employing
Lemma 1.

Next, let us assume the multi-channel system in question has
an uncertainty term, i.e.,

(1) = (A +upAA)x(t) + > Biug(t) (20)

where u, € [—p,p], p > 0 is the uncertainty level and
AA € R™™ is the basic perturbation term in the
system.

Let us also consider the following related problem where we
are interested in estimating the effect of perturbation on the
stability of system.

Problem 2: (reliable/robust state-feedback stabilization
problem): For a given uncertainty set where the perturbed
system (A+u,AA) is well defined, find the controller gains
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K; for i =1,2,..., N and an upper bound on the level of
perturbation p for which all perturbed closed-loop systems,
ie, (A+u,AA+ BWKW) forall j € {0,1,...,N}, are
stable.

Solving this problem is not easy in general since it is a non-
convex optimization problem. In what follows, we assume
there exist state-feedback gains K; for ¢ = 1,2,..., N
that maintain the stability condition for all instances of
Problem 1. We will then estimate an upper bound p on the
uncertainty level for which the state-feedback gains preserve
robust/reliable stability property for the perturbed multi-
channel system.

In the following, we provide a precise statement based
on the existence of “a panel of dissipativity certificates”
that implies reliable stability for the perturbed multi-channel
system.

Theorem 2: (a panel of dissipativity certificates): Suppose
W and L; for ¢ = 1,2,--- , N that solve Problem 1 are
given. For a given a > 0, 8 > 1 and Z € S7, if there exist
Y; € 8% forall j = {0,1,--- ,N} and an upper bound /
that satisfy

BZ<Y;<Z @1
[ W r u, He(AATY;) Y;AY), { W }
I (AR)TY; 0 I
<—aWTzw (22)

Then, the system with state-feedback controllers is reliably
stable for all instances of perturbation in the system.?

Proof: To prove the above theorem, we require the
following systems for all j € {0,1,--- N}

i(t) = (A +u,AA + BYKO)2(t) 4+ 0,5 1a(t)
7(t) = x(t) + 0, x1u(t) (23)
to satisfy certain dissipativity property for all instances of
perturbation in the system.

Let us define the following supply rate

an.o-[ 19 ][ 757 0]
where Z € SY.

Clearly, if the systems in (23) are stable for all instances of
perturbation, then the following dissipation inequalities will
hold

wuw+49mmmmwzwmm 25)

2Note that if there exists a solution set X ;j for the Problem 1 that gives a
minimum distance between X; and the set Iy for all j € {0,1,---, N},
then we have essentially a near optimal solution for the problem we posed
in Problem 2. This solution set is also unique since Iy is a convex and
compact set (e.g., see [21]).
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for all ¢ > 0 with non-negative quadratic storage functions

Vi(z(t)) = z(t)TY;z(t), Y; € S} forall j € {0,1,--- ,N}

that satisfy V;(0) = 0.

Condition (25) with (24) further implies the following
He ((A+u,AA+BYKNTY, ) < —aZ  (26)

Therefore, there exists an upper bound p for which the
dissipativity conditions in (26) will hold true for all instances
of perturbation in the system.

Using (19), we have the following
He ((AY, W1 +u;AA)TY; )=
w 1" | wpHe(AATY;) V;AY), | [ W
1 1
where u; € [—p, pl.

(AWL)TY; 0
< —aWlzw (@7

On the other hand, let us define the following matrix inter-

val
Iy ={Y:p7'Z<Y <7} (28)

where YV, Z € S%; and o > 0 and 8 > 1 are a-priori
assumed to be known.

Suppose that Y satisfies the conditions in (21) and (22), then
the trajectory of the perturbed closed-loop system

i(t) = (A+upAA+ BOKO)z(t)
for all j € {0,1,..., N} satisfies

%(SET(t)YJ:c(t)) =2 (t)He ( (A+ u;AA
+B(j)K(j))Tyj ) z(t)
< —az(t)Zx(t)
< —ax (t)Y;x(t) (29)

Note that, for all ¢ > 0, the condition (29) further implies
the following conditions

2T ()Y;x(t) < exp{—at}z” (0)Y;z(0)

< exp{—at}z™(0)Zx(0) (30)
and
aT(t)Zax(t) < B’ (H)Yja(t)
< Bexp{—at}z’(0)Zx(0) (31)

Hence, the conditions (29), (30) and (31) stating that the
set {Yo,Y1,---,Yn} with Y € Iy consists of a panel of
dissipativity certificates, with a common supply rate of (24),
for all instances of perturbation in (23).3 [ |

The precise statement behind the result in Theorem 2 comes
from the fact that such a panel of certificates, i.e., the

3Note that the exp{—at} determines the long-term behavior of the
system, whereas S > 1 bounds its short-term or transient behavior. In
general, these parameters can be chosen so as to guarantee the reliably
stability of the system with acceptable decay and transient behavior [22].
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set {Yp,Y7,---,Yn} with Y € Iy, ensures all perturbed
multi-channel systems to possess a dissipativity property. A
similar idea has been explored by Barb ef al. [23] in the
context of a common dissipativity certificate for uncertain
systems.

Remark 2: Here, we remark that finding an upper bound on
p and a set of solutions Y; from a convex and compact set
Iy for all j € {0,1,---,N} is equivalent to solving the
verification problem that we posed in Theorem 2 (e.g., see
reference [24]).

IV. NUMERICAL EXAMPLE

Consider the following simple example where the system
matrices for the nominal system are given by

0 10
A=1] -1 0 1
0 -1 0
1 0 0
Bi=|0|By=|1|Bs=1]1
0 0 0

With the following base perturbation in the system,

0.000 0.150 0.000
0.150 0.000 0.175
0.000 0.125 0.000

AA =

Note that for this system we cannot design reliable sta-
bilizing feedback controllers based on a common solu-
tion of Lyapunov inequalities, i.e., we cannot find a set
{X, K, K5, K3} which satisfies the conditions in

He{(A + Bo Ko + BgKg)X} <0

He{(A+ B1 K1 + B3K3)X} <0

He{(A + B K+ BQKQ)X} <0

In fact, if we define

11 T12 T13
X =| w1 w2 23
I31 X322 X33
and eliminate K, K5 and K3 from the above expressions
using

[Bo Bl =[1 0 0]
[By Bs)*=[0 1 0]
[By BoJ*=[0 0 1]

Then, we will see that the following necessary conditions
T2 < 0, —x12 + 23 < 0 and —z33 < 0 cannot hold
simultaneously. However, if we employ Theorem 1, the
state-feedback controllers that achieve reliable state-feedback
stabilization are given by

Ky =] -13729 —0.1891 0.4599 |

Ky =1]03228 —12182 —0.0831 |

K3 = [ —0.0394 0.5235 —0.8933 ]

28



Imaginary Part (f/Hz)

* Without Fault
+ Fault at Channel 1
©  Fault at Channel 2
1 s HIRkHRR R - *Fault at Channel 3 [{
0.5 : 1
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-0.51 1
: Coconmm
-1r s bR s
15 | | | | | |
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Real Part (o/s™")

Fig. 1: The eigenvalues of the perturbed closed-loop system

TABLE I: Eigenvalues for the Nominal System

Fault Locations A1 A2, A3

Without Fault —0.9811 —1.2516 + j 0.9842
Channel 1 —0.4353 —0.8381 £ j 0.8776
Channel 2 —0.9215 —0.6723 £+ j 0.9169
Channel 3 —0.4282 —1.0814 + j 1.0212

fOI'EO:l,El:1,62:1,311(163:1.

On the other hand, for a = 0.25 and 8 = 2.0, if we define
the matrix interval Iy = {Y : 7127 <Y < Z} using the
following positive definite matrix

209.1008 4.8812 4.2082
Z = 4.8812 204.1849 5.4836
4.2082 5.4836 194.2057

Theorem 2 guarantees reliable stability for all instances of
perturbation u; € [—p, p| in the system. Here the upper
bound on the perturbation level j, which is also computed
together with the panel of dissipativity certificates from the
set Iy, is given by

p = 0.8549

The eigenvalues of the perturbed closed-loop systems with
the controllers in the system, when the perturbations u; are
uniformly sampled from the interval [—p, p|, are shown
in Fig. 1. As can be seen from this figure, all of the
eigenvalues reside in the left half s-plane. The eigenvalues
for the nominal closed-loop system with the controllers in
the system are given in Table I. Moreover, the upper bounds
of the uncertainty level for different values of o and [ are
shown in Fig. 2. From this figure, we notice that there is
a trade-off between the uncertainty upper bound p and the
parameters « (that determines the long-term behavior of the
system) and [ (which determines the short-term or transient
behavior of the system). The exact value of this bound is
in general difficult to determine or may differ from the
estimated value.
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Fig. 2: Uncertainty bound versus the parameters o and /3

V. CONCLUDING REMARKS

In this paper, we formulated the problem of reliable stabi-
lization for a perturbed multi-channel system. We provided
a computationally tractable and less-conservative result in
terms of a set of dilated LMIs for the reliable state feedback
controllers of the nominal system, while a dissipativity-
based certification is employed for extending the stability
condition for an additive model perturbation in the system.
Moreover, the framework in which we have defined the
problem provides a unified treatment for handling the issue
of reliable stabilization and model uncertainty.
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