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I .  I n t r o d u c t i o n  
Given a p l a n t  y = Pu and a s t a b i l i z i n g   c o n t r o l l e r  

u = -Cy ,  C c a n  be  real ized  as   an  observer-based con- 
t r o l l e r .   U n d e r s t a n d i n g   t h e   e x a c t   r e l a t i o n   b e t w e e n   s t a -  
b i l i z i n g   o u t p u t   f e e d b a c k  and s t a t e   f eedback-obse rve r  
c o n t r o l   s t r u c t u r e s  is important   as  i t  enhances our  
unders tanding  of t he   r e l a t ionsh ips   be tween   des ign  
methods  which  direct ly   produce C and  s ta te-space meth- 
ods   which   typ ica l ly   des ign   observer -based   cont ro l le rs ;  
fur thermore,   powerful   design  methods  such  as  LQG/LTR 
a r e   b a s e d  on such  knowledge. 

The f a c t   t h a t   s t a b i l i z i n g   o u t p u t   f e e d b a c k   c a n   b e  
gene ra t ed  by observer -based   cont ro l   has ,   o f   course ,  
been known and can   be   eas i ly   seen  by s imple  block 
manipula t ion .  The c l a s s   o f   a l l   s t a b i l i z i n g  C c a n   a c t u -  
a l l y   b e   g e n e r a t e d   u s i n g   f u l l   o r d e r - f u l l   s t a t e   o b s e r v e r s  
w i t h   s t a t i c   s t a t e   f e e d b a c k  augmented  by, a des ign  
p a r m e t e r ,   Q [ 3 ] .   H e r e ,   t h e   s t a r t i n g   p o i n t  i s  C ,  and 
t h e   c l a s s   o f   a l l   o b s e r v e r - b a s e d   r e a l i z a t i o n s  o f  C i s  
c h a r a c t e r i z e d .  The r e a l i z a t i o n s   a r e   b a s e d  on conven- 
t i o n a l   f u l l  o r  reduced   order   observers   o f   appropr ia te  
l i n e a r   f u n c t i o n s  of t h e   s t a t e  of t he   p l an t ,   i n s t ead   o f  
o n  f u l l   o r d e r - f u l l   s t a t e   o b s e r v e r s  augmented  by Q. 

To fo rma l ly   s tudy   t he   obse rve r -based   r ea l i za t ions  
o f  C ,  t h e   c o n c e p t   o f   b l o c k   r e a l i z a t i o n s   o f  C i s  in t ro -  
duced. It is a g e n e r a l i z a t i o n  of  t he   conven t iona l  
r e a l i z a t i o n s   u s i n g   i n t e r n a l   d e s c r i p t i o n s ,   i n   t h e   s e n s e  
tha t   t he   e l emen ta ry   bu i ld ing   b locks   a r e   a l l owed   t o   be  
more  complicated  systems  than  single  gains and in t eg ra -  
t o r s .   E q u i v a l e n c e  and minimal i ty  o f  b l o c k   r e a l i z a t i o n s  
a r e   d e f i n e d  and an   a lgo r i thn   t o   gene ra t e   min ima l  
o b s e r v e r - b a s e d   r e a l i z a t i o n s  of C i s  presented .  The 
order   o f   such   min imal   rea l iza t ions  i s  e q u a l   t o   t h e  
o r d e r  of C ;  t h a t  i s ,  f u l l   o r d e r - f u l l   s t a t e   o b s e r v e r  
based   con t ro l l e r s   o f   o rde r  n can  only  be  minimal   real-  
i z a t i o n s   o f   o r d e r  n s t a b i l i z i n g   c o n t r o l l e r s  C .  

a r e   u s e d  and t h e   r e s u l t s   p r e s e n t e d   a r e   b a s e d  on [ l ] .  
I n t e r n a l   d e s c r i p t i o n s   o f  C and i t s  r e a l i z a t i o n s   a r e  
de r ived  and u s e d   t o   p r o v e   t h e   r e s u l t s .  

P r o p e r ,   s t a b l e   f a c t o r i z a t i o n s   o f   t r a n s f e r   m a t r i c e s  

11. P r e l i m i n a r i e s  
L e t   P ( s )   b e   t h e   p r o p e r   t r a n s f e r   m a t r i x  of a 

l i n e a r ,   t i m e - i n v a r i a n t   m l t i v a r i a b l e   s y s t e m .   W r i t e  

y = PU , P = ND-1 (1 )  

where (N,D) E M ( S ) ,  t h a t  i s ,  ma t r i ces   w i th   e l emen t s   i n  
S ,  t h e  set  of a l l   p r o p e r  and s t a b l e   r a t i o n a l   f u n c t i o n s ;  
y and u a r e   t h e   o u t p u t  and i n p u t   v e c t o r s   r e s p e c t i v e l y .  
Le t  (N,D) b e   r i g h t   c o p r i m e   ( r c )   i n  S ;  t h a t  i s ,  t h e r e  
e x i s t s  (X,Y) E M(S) s u c h   t h a t   t h e   D i o p h a n t i n e   e q u a t i o n  
( o r  Bezou t   i den t i ty )  

X D  + Y N  = I (2) 

i s  s a t i s f i e d .   N o t e   t h a t  D - l  i s  a l s o   p r o p e r ,   t h a t  i s ,  D 
i s  b iproper .   Cons ider   the   ou tput   cont ro l le r  

u = -cy ; c = X-lY (3)  

where C p roper ,  (X,Y) E M(S) and  ac.  It i s  known t h a t  

i t  i n t e r n a l l   s t a b i l i z e s   t h e   p l a n t  y = Pu i f f  X D  + Y N  = 
U where 3,U-I E M(S). ? r e   o r   p o s t   m u l t i p l y i n g  by U - l  
l e a d s   t o   ( 2 )   w h e r e  X ,  Y o r  N , D  have   been   re labe led .  It 
c a n   b e   e a s i l y  shown t h a t   t h e   s o l u t i o n s  (X,Y)  of   the  
Diophan t ine   wh ich   gene ra t e   s t ab i l i z ing   p rope r   con t ro l -  
l e r s  C v i a  ( 3 )  a re   t hose   fo r   wh ich  X i s  b i p r o p e r .   I f  P 
i s  s t r i c t l y   p r o p e r ,   a l l   s o l u t i o n s   h a v e  X b i p r o p e r ;   i f ,  
however, ? i s  n o t   s t r i c t l y   p r o p e r ,   c a r e   s h o u l d   b e   e x e r -  
c i s e d  when s o l v i n g   t h e   D i o p h a n t i n e   t o   e n s u r e   t h a t  X 
w i l l  be   biproper .  

IIL. Output and Observer -based   Cont ro l le rs  
To e s t a b l i s h   t h e i r   r e l a t i o n ,  Theorem 3 o f  [ l ]  i s  

used: 
0 (x ,Y)  E M(S) a r e   s o l u t i o n s   o f   ( 2 )   i f f  [I-LX, -LYl i s  
a n   o b s e r v e r   o f   t h e   l i n e a r   f u n c t i o n a l  oC t h e   s t a t e   F z .  

The   mat r ices  F,L d e f i n e  a s t a t e   f e e d b a c k   ( s f )   c o n t r o l  
law u = Fz + L r  a p p l i e d   t o   t h e   c o n t r o l l a b l e  and 
d e t e c t a b l e   r e a l i z a t i o n  D ~ z  = u ,  y = N1.z of P .  They a r e  
determined  from P = ND-l[ l ]   v ia :  

a r c  po lynomia l   f ac to r i za t ion ;  + : = D l  - F and L : = E i m  D. 
S+’D 

The so lu t ions   o f   t he   D iophan t ine   (2 )   (w i th  X 
b i p r o p e r )   g e n e r a t e   a l l   p r o p e r   s t a b i l i z i n g   c o n t r o l l e r s  C 
v i a  ( 3 ) .  In view now of   [1 ,Th.3]   above ,  i t  i s  r a t h e r  
s t ra ight forward   to   p rove   the   fo l lowing   main   theorem:  

Suppose a r c   f a c t o r i z a t i o n   ( 1 )  i s  g i v e n ;   u s i n g  ( 4 )  
d e r i v e  a r e a l i z a t i o n  Dlz = u ,  y = N ~ z  and a s f   p a i r  

Theorem A l l  s t a b i l i z i n g   p r o p e r   o u t p u t   c o n t r o l l e r s  u = 
-Cy, C = R l - l R 2  c a n   b e   r e a l i z e d  by observer   based  
c o n t r o l l e r s  Co 

(F  ,L)  . 

where R 1 ,  R2 E M ( S ) ,  R1 b ip rope r  and Co i s  an  
obse rve r  of t h e   l i n e a r   f u n c t i o n a l   o f   t h e   s t a t e   F z .  
Proof   Let  Co be   an   obse rve r   o f   Fz .  I n  view  of 
m . 3 1 ,  RlD+R2N=L, t h a t  i s ,  C = R l - l R p  i s  a 
s t a b i l i z i n g   c o n t r o l l e r .   L e t  now C = be  a 
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s t a b i l i z i n g   c o n t r o l l e r .  
RlD+RZN=L i f  [R1,R2]: = 
[1,Th.31 C o  i s  an  observer   of   Fz.  QED. 
A p r e c i s e   d e f i n i t i o n   o f   ( b l o c k )   r e a l i z a t i o n s   o f  C i s  
now given .  

I V .  B lock   Rea l iza t ions   o f  u = -Cy. 

s c r i b e d  by t h e i r   t r a n s f e r   m a t r i c e s  C i  . I n t e r c o n n e c t  
C; ( i n   p a r a l l e l ,  tandem,  feedback  configurat ions)  s o  
t h a t   t h e   o v e r a l l   t r a n s f e r   m a t r i x   ( f r o m  y to   u)  i s  -C 
( sys tem well  p o s e d ) .   C a l l   s u c h   c o n f i g u r a t i o n  o f  C; a 
b l o c k   r e a l i z a t i o n   o f   t h e   c o n t r o l l e r  C .  

Consider  systems S i  i=l , .  . , ,k   completely  de-  
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A c o n v e n t i o n a l   s t a t e - s p a c e   r e a l i z a t i o n  of u = -Cy has  
a s  i t s  e lemen ta ry   b locks   cons t an t   ga ins  and in t e -  
g ra to r s .   Here  we also a l l o w   l a r g e r   b l o c k s  C i  t o   b e   t h e  
e l .anentary   b lccks  of t h e   r e a l i z a t i o n .   C l e a r l y ,  a 
t r i v i a l   b l o c k   r e a l i z a t i o n   o f  C i s  u = - C y ,   t h a t  i s ,  
i t s e l f .   O t h e r   b l o c k   r e a l i z a t i o n s   a r e :  ( i )  Any s t a t e -  
s p a c e   r e a l i z a t i o n   o f  u = -Cy; ( i i )  t h e   o b s e r v e r   b a s e d  
c o n t r o l l e r  ( 5 ) ;  ( i i i )  b = -R2y, u = Rl- lb .  

The i n t e r n a l   d e s c r i p t i o n s   ( s t a t e - s p a c e   o r   d i f f e r -  
e n t i a l   o p e r a t c l r   d e s c r i p t i o n )   o f  a b l o c k   r e a l i z a t i o n   o f  
C a r e  determir.ed  as  follows: A convent ional   minimal  
i n t e r n a l   d e s c r i p t i o n   f o r   e a c h  C; i s   d e t e r m i n e d ;   t h e  
in t e rconnec t ions   a r e   t hen   u sed   t o   de t e rn ine   t he   ove ra l l  
i n t e r n a l   d e s c r i p t i o n   b e t w e e n  u and y .  An i n t e r n a l  
d e s c r i p t i o n  of  a 5 l o c k   r e a l i z a t i o n  of C has   minimal  
o r d e r   i f f  i t  i s  c o n t r o l l a b l e  Erom inpu t  y and observ- 
a b l e  from ou tpu t   u .   Such   b lock   r ea l i za t ions  w i l l  be 
c a l l e d   m i n i m a l   b l o c k   r e a l i z a t i o n s .  Two b lock   r ea l i za -  
t i o n s  w i l l  be c a l l e d   e q u i v a l e n t  i f  t h e i r   i n t e r n a l  
d e s c r i p t i o n s  of t h e   c o n t r o l l e r  from y t o  u a re   equiva-  
l e n t   i n   t h e   c o n v e n t i o n a l   s e n s e .  It f o l l o w s   t h a t  any 
b lock   r ea l i za t . i on   o f  C i s  e q u i v a l e n t   t o   t h e   r e a l i z a t i o n  
u = -Cy i f €  i t  i s  a minimal   b lock   rea l iza t ion .  

In t h i s   p a p e r ,  we a r e   i n t e r e s t e d   i n   p a r t i c u l a r  
b lock   rea l iza t : ions ,   namely   observer -based   cont ro l le r  
r e a l i z a t i o n s   o f  C and spec i f i ca l ly   i n   min ima l   such  
r e a l i z a t   i o n s .  

I n  t h e   f o l l o w i n g ,   t h e   i n t e r n a l   d e s c r i p t i o n s  of C 
and i t s  o b s e r v e r -   b a s e d   c o n t r o l l e r   r e a l i z a t i o n s   a r e  
s t u d i e d ,   l e a d i n g   t o   m i n i m a l   s u c h   r e a l i z a t i o n s  (Lemma) 
and   to   the   Algor i thm.  

V. I n t e r n a l   D e s c r i p t i o n s  
Consider ( 2 )  a n d   l e t  

where D r , N r  a r e   r c   po lynomia l   ma t r i ces  ( P  = NrDr-l)  and 
&,Ec a r e  Qc  polynomial   matr ices  ( C  = %-IN ) .  TI and II, a r e   s t a b l e   r a t i o n a l   m a t r i c e s .  Il = GrDF-e ( 4 )  where 
G, i s  a g r e a t e s t   c r d  of N1,D!. flc i s  found s i m i l a r l y ,  
below. In view  of ( 6 ) ,  ( 2 )  I m p l i e s   t h a t  

a po lynomia l   na t r ix .  The C Q  e i g e n v a l u e s   a r e   t h e   z e r o s  
o f  1 % ;  s i n c e  D r z  = u ,  y = Nrz  and gCzc = -Ecy, u = 3 
a r e  m r n i m a l   r e a l i z a t i o n s  (of P and C r e s p e c t i v e l y  and 
DJZ = 0, y = Nrz i s  t h e   c Q   d e s c r i p t i o n   o f  y = Pu, u = 
-cy 1 2 1 .  

An i n t e rna l   desc r ip t ion   o f   t he   obse rve r -based  
c o n t r o l l e r :  

i s  now determined .   Le t  C o  = Do-1[N10,N20] b e  a L C  poly- 
n o m i a l   f a c t o r l z a t i o n ;   t h e n  [ X , Y ]  = (DoL)-1[Do-N10,-N20] 
is a Qc f a c t o r i z a t i o n .   I f  G Q  i s  a g r e a t e s t  cLd of 
Do -N10,N20 t h e n  X c  i n  ( 6 )  i s  IIc = (DoL)-lG~,  Note 
t h a t  4 i s  ( 7 )   c a n  now b e   w r i t t e n   a s  4 = G Q - ~ D , D F G , - ~ .  
The fo l lowing  lemma fo l lows:  
Lemma: (Do - N l O ) z o  = N ~ c ) Y ,  u = zo i s  a n   i n t e r n a l  
d e s c r i p t i o n  o f  t he   obse rve r -based   b lock   r ea l i za t ion  
o f  C .  T h e   c l o s e d   l o o p   i n t e r n a l   d e s c r i p t i o n  i s  
G&z = 0,  y = N r z .  

When C, (8) i s  u s e d   i n s t e a d  of C ,  t h e  C L  e igenva lues  
c o n t a i n ,   i n   a d d i t i o n ,   t h e   z e r o s   o f  / G a l .  These   a re  
uncon t ro l l ab le   f rom y modes i n   t h e   d e s c r i p t i o n  of 
C, i n   t h e  lemna.  The f o l l o w i n g   r e s u l t   i s  now c l e a r :  

0 Co i n  ( 8 )  i s  a min ima l   b lock   r ea l i za t ion  of u = -Cy 
i f f  G Q  i s  unimodular. 
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Remark: When i t  i s  minimal ,   the   order  o f  C o  i s  a C o  = 
a C .  Th i s  i s  the   case   in   the   s ta te -s   ace   approach  
[1 ,3]   where  C = F[sI-(A+HC+BF+HEF);-'~,  !A,B,C,E) a 
m i n i m a l   r e a l i z a t i o n  of P ,  and C o  a f u l l - o r d e r   f u l l -  
s t a t e   o b s e r v e r   ( s e e   a l s o   t h e  LQG!LTR approach   t o  
des ign)  . 

V I .  Algorithm 
G i v e n   s t a b i l i z i n g   c o n t r o l l e r  C ,  de te rmine  a min- 

i m a l   b l o c k   r e a l i z a t i o n   i n   o b s e r v e r - b a s e d   c o n t r o l l e r  
form: 

M i t e  C = R 1 - l R 2  a L C  p r o p e r ,   s t a b l e   f a c t o r i z a t i o n  
s u c h   t h a t  [ R l , R 2 ]  = D o - l [ s , ~ ]  a Ilc polynomial 
f a c t o r i z a t i o n   w i t h  I&,?c kc polynomia l   mat r ices .  
Tnen C, = [ I - R l , - R z ]  i s  such a r e a l i z a t i o n .  

To obta in   such   [R1,42]  ( i )  u s e  LC po lyn .   f ac to r i za -  
t ion 2, ,& and  premult iply by Do-1 s t a b l e ,   o r  ( i  i) 
use  a m i n i m a l   s t a t e - s p a c e   r e a l i z a t i o n   o f  c (Th.  Z 
i n   ( 1 1 ) .  
To de te rmine  F z ,  t h e   l i n e a r   f u n c t i o n a l   e s t i m a t e d  by 
C,, f i n d  ND-I = P s u c h   t h a t  R 1 D t R 2 N  = I and   de te r -  
n ine  F , L  from D,N; i f   t h e   r h s  i s  U i n s t ead   o f  I f o r  
t h e   p a r t i c u l a r  N , D  used ,  !use D U - l  N U - l  i n s t e a d .  

- Ex1 Let  P = ( s - l ) / ( s + l ) ( s - Z )   a n d   s t a b i l i z i n g  C = 
9 ( s + l ) / ( s - 5 ) .   L e t  Do = s+ l  a n d   w r i t e  Do-l[&,,Ncl = 
( l / s + l )   [ s - 5 , 9 ( s + l )  1 = [ R l , R z ] .  A minimal   observer-  
based   b lock   r ea l i za t ion   o f  C i s  C, = [l-R1,-R2] = 
( l / s + l )  [6 ,  - 9 ( s + l )  I .  
To de t e rmine  Fz which  the  observer  C, e s t i m a t e s ,   l e t  
P = 8 D - l  where D = ( s+ l ) ( s -Z) I I ,  N = ( s - l ) l l  w i t ?  Il = 
l / ( s + 1 ) 2 ;   n o t e   t h a t  R l D t R Z N  = 1.  Prom Il-l DF = 
D l  -F = ( ~ + 1 ) ~  = ( s t l ) ( s - 2 )   - F ,  Fz = - ( 3 ~ + 3 ) z  = 
( -3 , -3)x  i s  t h e   s t a t e   f u n c t i o n a l   e s t i m a t e d  by C,. 
N o t e   t h a t   t h e   c Q   e i g e n v a l u e s  a re  t h e  zeros of D,DF = 
( s + l ) ( s + 1 ) 2   s i n c e  G, = G~ = 1. 

- Ex2 Le t  P = ( s + . 5 ) / ( s + l ) ( s - 2 )   a n d   s t a b i l i z i n g  C = 5. 
Take [ R l , R 2 ]  = T C [ % , 3 ]  = ( ( ~ + 1 ) ~ / ( ~ ~ + 4 ~ + . 5 ) )   [ 1  51 
and D = ( s+ l ) ( s -Z) I I ,  N = (s+.S)Il wi th  r! = l / ( s + l ) $ ;  
n o t i c e   t h a t  R l D + R 2 N  = 1. S ince  G Q  = ( s + 1 ) 2  i s  n o t  a 
c o n s t a n t ,  Co = [ l - R l , - R z ]  i s  n o t  a minimal   block 

Take  [R1,R2] = [1,51 (TI, = 1)   and !I = l/(s2+4s+.5); 
r e a l i z a t i o n .  

then   aga in  R1D+R2N = 1. Co = [ l -R l ,  - R 2 ]  = [0,-51 i s  a 
min ima l   obse rve r -based   b lock   r ea l i za t ion   o f  C = 5. To 
f i n d  F z ,  II-l = D l  -F from  which Fz = - (5s+2 .5 )z  = 
(-2.5,-5)x.  In o t h e r   w o r d s ,   t h e   c o n s t a n t  C 5 i s  s e e n  
a s  an   observer   o f  a f u n c t i o n   o f   t h e   s t a t e   o f   t h e   p l a n t .  
This l a s t  example i l l u s t r a t e s   t h e   r e l a t i o n   b e t w e e n  
cons tan t   ou tput   feedback  and reduced   order   observers  
o f  a f u n c t i o n a l   o f   t h e   s t a t e .  I n  p a r t i c u l a r ,  any  con- 
s t a n t   s t a b i l i z i n g  C can   be   s een   a s  an observer  of F z ;  
Fz i s  der ived  f rom ? = N D - l  which s a t i s f y  D + C N  = I .  
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