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Characterization of Robust Feedback Nash Equilibrium for
Multi-Channel Systems

Getachew K. Befekadu, Vijay Gupta and Panos J. Antsaklis

Abstract—In this paper, we consider the problem of robust
state-feedback stabilization for multi-channel systems from a
game-theoretic framework. In such a framework, we char-
acterize the feedback Nash equilibria via a set of stabilizing
state-feedback solutions corresponding to a family of perturbed
multi-channel systems with dissipativity properties. Specifically,
we show that the existence of a weak-optimal solution to
a set of constrained dissipativity problems is a sufficient
condition for the existence of a feedback Nash equilibrium,
whereas the set of robust stabilizing state-feedback solutions is
completely described in terms of a set of extended linear matrix
inequalities.

I. INTRODUCTION

In this paper, we consider a multi-channel system governed
by several players (or decision makers) where the stability of
the overall closed-loop system is a common objective while
each player aims to maximize different types of objective
functions. In such a scenario, Nash strategy offers a suitable
framework to study an inherent robustness or non-fragile
property of the strategies under a family of information struc-
tures, since no player can improve his payoff by deviating
unilaterally from the Nash strategy once the equilibrium is
attained (e.g., see references [1]-[5]).

In the past, several theoretical results have been established
to characterize control related problems in the context of
Nash equilibria via a game theoretic interpretation [S]-[9].
For example, the existence of open-loop Nash strategies for
linear-quadratic games over a finite time-horizon, assuming
that all strategies lie in compact subsets of an admissible
strategy space, has been addressed in [10], [11] and [1]; the
existence of Nash Strategies for linear-quadratic differential
games over an infinite-horizon has been studied in detail in
[71, [8], [5] and [12]. We also note that some of these works
have discussed the uniqueness of the optimal strategies for
linear-quadratic games with structured uncertainties, where
the bound for the objective function is based on the existence
of a set of solutions for appropriately parameterized Riccati
equations. Moreover, in the area of multiobjective Ha/H oo
control theory, the concept of differential games has been
applied by interpreting uncertainty (or neglected dynamics)
as a fictitious player while the model of the system is
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supposed to be well known; where the fictitious player is
usually introduced in the criteria through a weighting matrix
(e.g., see references [13]-[16]).

On the other hand, the use of different simplified models
of the same system has been employed for capturing certain
information structures, models or objective functions that
individual players may hold about the overall system. Thus,
the resulting problem can be best described by nonzero-sum
differential games where the individual players are allowed
to minimize different types of objective functions (e.g., see
references [17]-[19]). An extensive survey on the area of
noncooperative dynamic games is provided in the book by
Bagar and Olsder [5].

Our main focus in this paper is to take this line of
approach, where individual players have different objective
functions that are associated with certain information struc-
tures, i.e., the dissipativity property of the multi-channel
system, where the optimality concept is that of Nash equi-
librium. We characterize the feedback Nash equilibria via
a set of stabilizing state-feedback solutions corresponding
to a family of perturbed multi-channel systems with dis-
sipativity properties (see [20], [21] and references therein
for a review of systems with dissipative properties). We
specifically consider two fundamental problems: (i) Firstly,
we isolate a condition guaranteeing that the control/strategy
space is sufficiently decentralized to make the game-theoretic
interpretation sensible, and (ii) Secondly, we provide a suf-
ficient condition for the existence of robust feedback Nash
equilibrium, where the individual players have different ob-
jective functions that are associated with certain information
structures, i.e., the dissipativity inequalities, of the system.
Moreover, we show that the existence of a weak-optimal
solution to a set of constrained dissipativity problems is a
sufficient condition for the existence of a feedback Nash
equilibrium.

The rest of the paper is organized as follows. In Section II,
we present a stability condition for a multi-channel system in
terms of a set of extended linear matrix inequalities (LMIs),
with a certain dissipativity property being used to extend
the stability condition when there is a model perturbation in
the system. Section III presents the main results, where we
provide a sufficient condition for the existence of a feedback
Nash equilibrium via a weak-optimal solution correspond-
ing to a set of constrained dissipativity problems. Finally,
Section IV provides some concluding remarks.

Notation. For a matrix A € R"*", He (A) denotes a her-
mitian matrix defined by He (4) £ (A + AT), where AT is
the transpose of A. For a matrix B € R"*? with r = rank B,
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B+ € R ")*" denotes an orthogonal complement of B,
which is a matrix that satisfies B+ B = 0 and B+ B+T ~ 0.
S’ denotes the set of strictly positive definite n X n real
matrices and C~ denotes the set of complex numbers with
negative real parts, that is C~ £ {s € C|Re{s} < 0}.
Sp(A) denotes the spectrum of a matrix A € R™*", ie.,
Sp(A) £ {\ € C|rank(A — AI) < n} and GL,(R)
denotes the general linear group consisting of all n x n real
nonsingular matrices.

II. PRELIMINARIES

Consider a continuous-time N-channel system
N
@(t) = Ax(t) + Y Bju(t), x(0)=z9, (1)
j=1

where A € R"*", B; € R"*"4, z(t) € R™ is the state of the
system, and u;(t) € R/ is a control input to the jth-channel
of the system.

For this system, consider the set of all stabilizing state-
feedback gains

N N
Ky Q{(Kl,KQ,...,KN>€ HK:J - HRTJ'X"
=1

J j=1
N

‘Sp <A+ZBjKj )e om } @)
j=1

where K; € R™*" for j =1,2,...,N.
Let us introduce the following matrices that will be used
in Theorem 1 (and also in the following section).

E= [ Inxn Inxn ]7

IHX'IL

(N+1) times

[A,Bl,; =[ AU BiLi Bl ByLy |,
(N+1) times
(U, W) = block diag{U, W1, Wa, ..., Wx}.

(N+1) times

Then, we characterize the set Cn in terms of a set of
extended LMIs as follow.

Theorem 1: For any stabilizable pair
(A,[ B1 B By ]), there exist X € 87,
UegLl,R), W; € GL,(R), ¢ > 0 and L; € R™*" for
7 =1,2,..., N such that

XE Blyz }
+H U,
O(N4+1)nx(N+1)n } ¢ <[ —(U,W)
} 0

Onxn

ETX

3)

Ly )
Wy ) as above, and setting

Moreover, for any N-tuple family ( Ly, Lo, ...,
and ( Wy, Ws, ...,

K; = Ljo_l for each j = 1,2,..., N, the matrix
(A + Zjvzl BjKj> is a Hurwitz matrix.!
Proof: Note that

1
[A7B] L .
o | =L

[5r:[d B].

[A, B, (U W)~ |,

Then, eliminating (U, W} from (3) by using these matrices,
we have two inequalities

[ 1 A Bl U W) ] { Py XOE ]
I
| (WU.Wy)TA Bl
N
— He ((A + ZBZKZ)X) <0, (4)

[ e E]{E;)X XOEH%T}:_%(NH)X

=< 0. (5)

Hence, we see that (4) and (5) state exactly the Lyapunov
stability condition with X € S% and state-feedback gains
Kj=L;W;" for j=1,2,...,N.

Suppose the system in (1) is stable with state-feedback
gains K; = L;W; ! for W; € GL,(R), j = 1,2,...,N.
Then, there exists a sufficiently small ¢ > 0 that satisfies

N
1
He ((A+) BiK)X)+5e[AB],;
j=1
(X, X) [A,B]y <0, (6
where
(X,X) = blockdiag{ X,X,...,X } and [A,B], ; =
—_—— ’

(N+1) times

[ AX BiLi Byl ByLy .

(N+1) times
Note that (X, X) = 0 and (X, X)ET = ET X, employing
the Schur complement for (6), then we have

He ((A+ Y0 BiE)X ) €[A By (X, X) ]

(X, X)([A, By )T —2¢(X, X)
0 XE
- [ ETX 0 }
+He< [A’B]va_yj’ml ] (X,X)[ BT e ])

< 0.

Recently, a similar LMIs condition has been investigated by Fujisaki
and Befekadu [23] in the context of reliable decentralized stabilization for
multi-channel systems.



This means that (3) holds with (U, W) = (X, X) for U €
GLn(R). ]
Consider next a multi-channel system with a perturbation
term, i.e.,

i(t) = (A+u,A%) z +ZB u,(t 7

where u, € [—p,p], p € Ry is the uncertainty level and
A% € R™" is a fixed perturbation term in the system. Here
we assume that the perturbed matrix (A + u,A°) lies in a
compact uncertainty set U,,.>

In what follows, we assume there exits a set of stabilizing
state-feedback gains K that maintains the stability of the
system in (1) and this set is completely characterized via
a solution of (3). Then, we will estimate an upper bound
p € R, on the uncertainty level for which the state-feedback
gains preserve robust stability property of the perturbed
multi-channel system.

Lemma 1: Let X € ST, U € GL,(R), W; € GL,(R),
L; eR*™ §=1,2,...,N and € > 0 satisfy Theorem 1.
Suppose o« > 0, B > 1 and Z € S7, then there exist an
upper bound p € Ry and Y € S such that

plz<Y =<2, ®)

[ I ] [upHe((A‘s)iY) Y[A, By ; ]
(U, W)~1ET (A, Blyp)'Y 0

“| iy |20z ©

Moreover, the perturbed multi-channel system in (7) is stable
for all instances of perturbation u; € [—p, g] in the system.

Proof: To prove the above theorem, we require the
following system

N
A+u,A’+) " BjK;
j=1
g(t) = z(t) + Onxau(t),
to satisfy certain dissipativity property for all instances of

perturbation in the system.
Define the following supply rate

T
(1) i y (¢ —aZ 0 gt
o - [9]' 3 3] 28],
(1)
with Z € 87 and o > 0. We clearly see that if the system

in (10) is stable for all instances of perturbation. Then, the
following dissipation inequality will hold

(t) = z(t) + Onxati(t),

(10)

t
VGO)+ [ w0n@0). 50 > V@), 02
0
for all ¢
V(z(t))
2Note that the existence of a solution for state trajectories is well-defined
and it is always upper semicontinuous in xg (e.g., see reference [22]).

ith non-negative quadratic storage functlon

>0w
=z(t)'Yx(t),Y € S that satisfies V' (0) =

Condition (12) with (11) further implies the following
N

e ((A+u, A+ BiK)"Y )= —-azZ  (13)

j=1
Therefore, there exists an upper bound p € R, for which the
dissipativity condition in (13) will hold true for all instances
of perturbation in the system.

Then, we have the following result

e (([A,B]ij, W) BT + u,;A‘s)T Y) _

I T | usHe ( TY) Y[A, B] UL
[ (U W) ET } ([A Bl, )TY 0
X { (v, Wé_lET } =< —aZ, (14)

with u; € [—p, p].°
On the other hand, let us define the following matrix
interval

Lis,2) —{ Y ‘ BZ2Y =2 } (15)
where Z € S7 and 8 > 1 are assumed to be known a priori.
Suppose that Y satisfies the conditions in (8) and (9), then
the trajectories of the perturbed closed-loop system

N
a(t) = [ A+u,6A+ > BiK; | x(t),
j=1
satisfy
2 @ Ya()
dt
N
=oT()He [ (A+u0A+ > BiK; )" Y | (),
j=1
< —azT (t) Zx(t),
< —azt (t)Yx(t). (16)
Hence, condition (16) stating, equivalently, that Y € I( 3,2)

is a dissipativity certificate with supply rate (11) for all
instances of perturbation in (10) (e.g., see references [24]
and [25]). |

Remark 1: We remark that if there exists a solution set X
for Lemma 1 that gives a minimum distance between X and
the set Z(g z), i.e., o(X,Y) = infycz, , [|[X — Y|, then
we essentially have a weak-optimal solution. This solution
is unique since Z(g z) is a convex and compact set [26].
Moreover, finding an upper bound p € Ry and Y from a
closed and convex set Z(g z) is equivalent to solving the
verification problem, i.e., the constrained dissipativity control
problem (e.g., see reference [27]).

In the next section, we will see that such additional
information structure, i.e., the dissipativity property, about
the system is indeed useful in the context of game-theoretic
framework.

3Note that the upper bound p continuously depends (in the weak sense)
onzo and Kj, j=1,2,...,N.



III. MAIN RESULTS

In this section, we establish an equivalence result between
the set of robust state-feedback gains corresponding to con-
strained dissipativity problem and the feedback Nash equilib-
ria. Specifically, we consider two fundamental problems in
this framework: (i) we first isolate a condition guaranteeing
that the control/strategy space is sufficiently decentralized to
make the game-theoretic scenario/interpretation meaningful,
and (ii) then we provide a sufficient condition for the
existence of robust feedback Nash equilibrium, where the
individual players have different objective functions that
are associated with certain information structures, i.e., the
dissipativity inequalities, of the following system.

N
i(t) = (A +up, AT+ Y BJQ) 2(t) + Opx1i(t),
=1

y(t) = z(t) + Onxaa(t), (17)

where u,; € [—pj,p;], pj € Ry and A;S- € R™ ™ are
the uncertainty levels and the perturbation terms associ-
ated with the jth-player, respectively. We further assume
that each perturbed system matrix (A + uij?) lies in
a compact uncertainty set U, for j = 1,2,..., N and
(K1,Ks,..., KNn) € Kn.

Next it will be convenient to identify each objective
function J;: R" x U, x Ky — Ry with related function

R"xupj XICNﬁJ. %R.FS (’I(),upj,Kﬁj) — Jj(%(),’u,pj,I(ﬁj)7
(18)

for j=1,2,...,N.
Then, we can specify a game I in in strategic form, i.e.,
the feedback Nash game, by the following data:

r (Nv ICNa (Jj)je./\/v (A + tuA?’ [Bj}jGN)jeN> s

where N = {1,2,..., N} - is the players set.

Therefore, for such a game in strategic form, an N-tuple
(K}, K3,...,K%) € Ky, (ie, K* 2 (K}, K3, ..., K%))
is called a feedback Nash equilibrium if for all j € N,
K; € R™*", all instances of perturbation u,, € [—p;, p;]
and each zg € R"

JJ(‘TOauﬁjaKi]) S Jj(anuﬁjaK*)? (19)
where K* 2 (K3,.. KT K K, Ky) € KA

In the following, we assume that the strategy space
for each player is restricted to linear time-invariant state-
feedback gains, and the resulting multi-channel closed-loop
system is also assumed to be stable for all (or some) initial
conditions zy € R™.

“4In this paper, the game is essentially defined in the framework of an in-
complete information, since the jth-player’s objective function involves dif-
ferent uncertainty information, i.e., Upj about the system. However, we re-
mark that the jth-player decides his own strategy by solving the optimization
problem with the opponents’ strategies (K7, ..., K;,p K;+1, LK)
fixed.

Introduce the following set of supply rate functions

W ={ 0, 2 (0. 50) | 00,2310 700

L8] [ 2] e

for j=1,2,..., N, and a matrix interval set Z(g; z,)

I(@j,Zj) :{ Y; Bj_IZj 2Y; 27 }’ (2D
where o; >0, 3; > 1 and Z; € S} for j =1,2,...,N.

In light of Lemma 1 and above discussion, we have the
following theorem which provides a sufficient condition for
the existence of feedback Nash equilibria.

Theorem 2: Let W; € GL,(R) and ¢; > 0 for j =
1,2,...,N. Assume that a; > 0, 8; > 1 and Z; € S? for
j=1,2,...,N. Then, there exit X; € ST, U; € GL,(R),

1,2

j=1,2,...,N and an N-tuple ( L}, L3, ...,Ly )€
[T;=, R™>" such that
0 X,E
ETX; 0
[A’B}U' L
H A ET €I <0, (22
+e< AR L

where, for some L; € R™*",

[A, Blu, L=,
=[AU; B1Ly --- Bj_1Lj y B;L; Bj11Lj,, -+ ByLy]

and
<Uj, W> = blockdiag{Uj, Wl, WQ, ey WN}

Moreover, there exist Y; € Zg, 7y, j = 1,2,..., N that
satisfies the following related mapping

sup
(wo,up ;K ) ER™ XUy X R"3*"

Jj(mo,up].,Kij) Bﬁj. (23)

for which the closed-loop system in (17) is robustly stable
for all instances of perturbation u;; € [—p;, p;] with K €
argsup g gy xn Jj(To, up, K*{= pj(xo,up,, K*)} for
all j=1,2,...,N?

Proof: Suppose all the perturbed systems in (17) satisfy
the following dissipativity inequalities

WMW+AwW@M@ﬂMW2W@mL(%

for all ¢ > 0 with non-negative quadratic storage functions
V;(z(t)) = z(t)TY;2(t) and Y; € Ty, that satisfy V;(0) =0
forj=1,2,...,N

5In general, simultaneously solving a set of optimization problems, i.e.,
solving (23) together with (22), is not easy since it is a non-convex
optimization problem which involves finding a solution satisfying at the
intersection of a set of constrained quadratic functionals [28] (c.f. Remark 2,
Section II above).



Thus, the trajectories of each perturbed closed-loop system
(.e., forj=1,2,...,N)

N
i(t) = (A o AT+ Bm;) z(t),

i=1
satisfy
d
@ OYse()
N T
= 27 (t)He (A + u,,jA§ + ZBJ(;‘) Y; | (t),
i=1
< —a;z’ ;
< —aja (1) Zja(t),
< —a;z’ (t)Y;z(t). (25)

for all instances of perturbation uy;, € [—p;,p;] in the
system.

Then, the rest of the proof follows the same lines as that
of Theorem 1. In fact, replacing the following

[A, B,z = [A By, 1., (U, W)= (U;,W) and
X — Xj,

in Theorem 1 immediately gives the condition in (22) of
Theorem 2. Note that K7 and K; are given by

K;=LyW;'  and  K;=L;W; ",
for j =1,2,...,N.

Moreover, the N-tuple (Y1,Ys, -, Yn) € Hévzll(ﬁjzj)
is a collection of dissipativity certificates corresponding to a
set of supply rates (20) for all instances of perturbation in
(17). ]

We next present a more realistic game-theoretic inter-
pretation in terms of the upper uncertainty bounds p; €
R, for all j € N that describe the N-tuple uncertainty
set (Wpy, Upyy s Upy) € Hévzl[f[)j,ﬁj] together with the
existence of stabilizing state-feedback gains that provide a
sufficient condition for obtaining a set of feedback Nash
equilibria.

Hence, we have the following equivalent statements:

(1. IK* € Ky, Vzo, VUﬁj S [—ﬁj,ﬁj], VKij S

Ky, ¥Vj €{1,2,...,N} such that
Jj(xOvuﬁﬁK*

—\j) S Jj(l’o,Uﬁj,K*). (26)

(ii). The extended LMIs condition in (22) and the dis-
sipativity inequalities of (24) with a set of supply
rates YV in (20) completely describes the set of robust
stabilizing state-feedback gains.

The equivalence between (i) and (ii) leads to characteriza-
tion of feedback Nash equilibria over an infinite-time horizon
in terms of stabilizing solutions of a set of extended LMIs.

Furthermore, the exact characterization of the feedback
Nash equilibria is given by the following two theorems.

Theorem 3: Let W; € GL,(R) and ¢; > 0 for j =
1,2,...,N. Suppose X; € St, U; € GL,(R), L} €

R™*™ and ¢; > 0 for j = 1,2,..., N satistfy the ex-
tended LMIs condition in (22). Then, there exists an N-
tuple (K7,K;,...,K%) € Ky feedback Nash equilibrium
with respect to the upper uncertainty bounds p; € R for
j=1,2... N of (23).

Proof: The first part of this theorem is already provided
in Theorem 2, i.e., from the standard argument of the
stabilizability of the pair (A,[ B1 Bs By 1), we
can always find an N-tuple (K7, K5,...,K%) € Ky and
for all K; = Ljo_l € R"%*™ and j € {1,2..., N} such
that (22) holds. Applying (23) of Theorem 2 together with
the dissipativity certificates Y; € Zy, and a set of supply
rates W (20). Then, for a fixed (zo, K*) € R" x Ky, we
will obtain an upper bound p; € R, for all instances of
perturbation in (17) and so that

Jj(an Uﬁj,K:J) S Jj(x()a uﬁjaK*)a

for all j € {1,2,...,N}.

Hence, we immediately see that the N-tuple
(K¥,K5,...,K%) € Ky satisfies the feedback Nash
equilibrium. [ ]

Remark 2: The class of admissible strategies for all play-
ers are generated through a set of individual objective func-
tions that are induced from dissipativity inequalities of (24)
with a set of supply rates (20).

Theorem 4: Suppose the N-tuple (K7, K;3,...,K%) €
Ky is a feedback Nash equilibrium with respect to the
objective function values of (23). Assume that W; € GL,,(R)
and ¢, > 0 for j = 1,2,...,N. Then, there exists a
solution set X; € Y, U; € GL,(R) and L; € R"™*™ for
7 =1,2,..., N that satisfies the extended LMIs condition
of (22).

Proof: Suppose the N-tuple (K7, K3, ...
is a feedback Nash equilibrium such that

Jj(IOauﬁjaKij) < Jj(an uﬁjaK*)a

,KY) € Kn

where the value for the continuous objective function
Jit R"x U, x Ky — Ry is claimed as

sup
(xoaupj7Kj)€Rn><uijRrj xXn

Jj(IOvuﬂj’Kﬁj) — Iaj?

sup  Jj(zo, up,, K7 j){=
K;eRTI*™
pj(zo,up,, K*)} for all j € N.

Then, we can always find a solution set that satisfies
the extended LMIs condition in (22) for which the closed-
loop systems in (17) are robustly stable for all instances of
perturbations (us,, up,, -+ ,Upy) € H;\Izl[_ﬁj,ﬁj]. [

Remark 3: Note that all closed-loop systems in (17) sat-
isfy the dissipative inequalities of (24) with a set of supply
rates (20) for all ; € N and instances of perturbation
up,; € [=pj, hjl-

Note that the equivalence between (i) and (ii) (i.e., Theo-
rem 3: (ii)) = (i) and Theorem 4: (i) = (ii)) leads exactly to
characterization of the feedback Nash equilibrium via a set
of robust stabilizing state-feedback solutions of the extended
LMIs.

with K7 € arg



IV. CONCLUDING REMARKS

In this paper, we have looked the problem of state-
feedback stabilization for a multi-channel system from a
game-theoretic framework, where the class of admissible
strategies for the players is induced from a solution set of the
objective functionals that are realized through certain dissi-
pativity inequalities. In such a scenario, we characterized the
feedback Nash equilibria via a set of robust stabilizing state-
feedback gains corresponding to constrained dissipativity
problems. Moreover, we showed that the existence of a weak-
optimal solution to the constrained dissipativity problem is
a sufficient condition for the existence of a feedback Nash
equilibrium.
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