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ABSTRACT

A complete treatment of the hidden modes of interconnected sys—
tems in control design is presented, which extends and unifies several re-
sults which have appeared in the literature in the past decades. The un-
controllable and/or unobservable hidden modes of one and two degrees of
freedom control systems are characterized in terms of transfer matrices of
the interconnected subsystems and in terms of design parameters. This
characterization leads directly to design conditions, which can be used to
adequately control the hidden modes; thus, avoiding unnecessarily high
order controllers and undesirable behavior. The methods used are based
on polynomial matrix internal descriptions, however, all results are expres-
sed so that they can be directly used in control design. Internal stability
is guaranteed using a novel stability theorem which adds significant in-
sight to the problem. ‘A method is also presented to characterize the hid-
den modes of any interconnected system.

L_INTRODUCTION

The hidden modes of a compensated system correspond
to the compensated system's eigenvalues which are uncontrolla-
ble and/or unobservable from a given input or output, respec-
tively. The hidden modes for single degree of freedom and for
particular two degrees of freedom controlled systems have been
studied in the literature [1-5,17-23,31-33]. In this paper we
characterize the hidden modes for the general linear two degrees
of freedom controlled system in terms of the frequency domain
control design tools: transfer matrices and design parameters.
The hidden modes can, of course, be characterized using internal
descriptions [4,11,17-20], and this is useful mainly in the analy-
sis of control systems. In frequency domain control design me-
thods, where transfer matrices and design parameters are used,
these characterizations are not as helpful. This characterization
of the hidden modes in terms of the design tools leads directly to
design conditions, which can be used to adequately control the
hidden modes in control design; thus, avoiding unnecessarily
high order controllers and undesirable behavior. It is recognized
that if the interconnected system is internally stable then the
hidden modes, if any, will be stable. By undesirable behavior we
mean transient responses introduced unintentionally in the de-
sign and phenomena such as ringing (see [11] and Example 5.2).

In this paper a complete treatment of the hidden modes
of interconnected systems in control design is presented, which
extends and unifies several results which have appeared in the
literature in the past decades. The methods used are based on
polynomial matrix internal descriptions, however, all results are
expressed so that they can be directly used in control design.
Internal stability is guaranteed using a novel stability theorem
which adds significant insight to the problem.

The two degrees of freedom controller, C, provides a uni-
fyin% framework in approaching complicated control problems
involving multiple objectives, in a manner which is configuration
independent. Several researchers have utilized C in a time do-
main state-space formulation g,.g. Bengtsson {7]). Using a
transform domain formulation, C has been incorporated by Per-
nebo [8] and more recently, by Youla and Bongiorno [6], Desoer
and Gustafson (9], Vidyasagar [10], Desoer and Giindes [12], and
Sugie and Yoshnkawa[l?»é. The pole-placement algorithm of As-
trom in [11] also uses C but for scalar plants only. There is
much renewed interest in the two degrees of freedom controller
that is due to more demanding control problems and to recent
advances in understanding and effectively utilizing such control
laws. - Assuming that the plant and controller are controllable
and observable, then the hidden modes of the controlled system
are introduced exclusively by the interconnections. Under this
assumption the hidden modes are completely characterized in
terms of the transfer matrices and design parameters. The im-
plementation of the controller, C, is usvally done by intercon-
necting available subcontrollers, where each subcontroller is de-
signed to handle a particular task such as stability and regula-
tion. Therefore, the resulting controller is not necessarily con-
trollable and observable, and it introduces additional hidden

88CH2531-2/88/0000-2066$1.00 © 1988 IEEE

1University of Notre Dame
Notre Dame, IN 46556

modes; these are also characterized. In addition, given any par-
ticular interconnected system we introduce a systematic method
to characterize the hidden modes; for this we use an aggregate
system representation [4]. The proofs are found in [35].

II. PRELIMINARIES AND HIDDEN MODES OF
SINGLE DEGREE OF FREEDOM SYSTEMS

An interconnection of irreducible systems is said to be
completely characterized by its proper rational transfer matrix if
and only if an internal description of the overall system is con-
trollable from the input and observable from the output. If a
transfer matrix does not completely characterize an intercon-
nection of subsystems, then the uncontrollable eigenvalues from
the input and the unobservable eigenvalues from the output cor-
respond to the hidden modes of the overall system. Notice that
the hidden modes are due exclusively to the interconnections
since every subsystem is assumed to be irreducible.

In classical control design of scalar systems it is straight-
forward to characterize the hidden modes in terms of polezero
cancellations. In the frequency domain control design of multi-
variable systems, the hidden modes can also be characterized by
considering "pole-zero cancellations." In this case, however, the
characterization is not as direct mainly due to the fact that
“polezero cancellations" are not as well defined in the multivar-
iable case, and also because of the difficulty in associating hid-
den modes with specific cancellations. Results that refer to par-
ticular control configurations have been reported in the litera-
ture [1-3,21]. In [16], these results have been formalized and
extended; they are the basis of the results presented here.

Consider the following polynomial matrix description
(PMD) of the controlled system:

P(s)z(s) = Q(s)u(s), y(s) = A(s)z(s)+M(s)u(s), (2.1)
where ?(s), 9(s), %(s), ¥(s) are polynomial matrices; the quadru-
ple {?(s), Us), &(s), ¥(s)} denotes the system represented in

2.1). For the system described in (2.1), the uncontrollable (un-

observable) modes from u (y) correspond to the roots of the de-
terminant of a g.c.l.d. of (’Pz;),Q(s)) g.c.r.d. of (A(s),P(s))) [17, -
18], where g.c.1.(r.)d. denotes greatest common left (right) divi-
sor. To derive the desired characterizations, a better way to
express these known conditions is given in Lemma 2.1.
LemMA 2.1. The system described by {7(s), 9(s), X(s), ¥(s)} is
controllable from u (observable from y) if and only if the
McMillan degree of the transfer matrix from u to z (¢(s)u(s) to
y) is the same as the degree of | ?(s)|.o

Lemma 2.1 specifies the products of transfer matrices in
which a cancellation may result in a hidden mode; the
uncontrollable (unobservable) modes are associated with
cancellations in P(s)719(s) (R(s)?(s)}). In the following,
appropriate transformations are used to map these products into
products of transfer matrices of the interconnected subsystems.
Transformations which yield equivalent polynomial matrix
descriptions are used. In particular, we apply transformations
that maintain system equivalence in the Rosenbrock sense [17].

It is well known that cancellations in products of transfer
matrices are not simple extensions of scalar pole—zero cancella-
tions. For example, it is possible to have a cancellation where a
pole of one transfer matrix does not cancel with a zero of
another transfer matrix (the zeros of transfer matrices are the
transmission zeros of the Tstem) as in

25+3 1 j¢__1

TI(S)T2(S) = [1, —1] W, m]r =51 (2.‘2)
In (2.2), Ty(s) has no zeros and the pole of T2 at —2 cancels in
Ty(s)Ta(s). Let 8Ti(s) denote the McMillan degree of Ti(s),
i=1,2. Notice that 6Ty(s)=0 and §Ta(s)=2, while §T1To(s)=1.
This reduction in the McMillan degree confirms the fact that a
pole was canceled in Ty(s)Ty(s); the pole of Ty at —2. This pole
corresponds to a hidden mode from the input and/or the output,
for example, when Ty(s)T5(s) denotes the transfer matrix of the

cascade connection of To(s) followed by T1(s).
It is now clear that cancellations in products of transfer
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matrices should be taken as pole cancellations rather than pole-
zero cancellations. Notice that a pole of a transfer matrix Ta(s)
cancels with a zero of a not necessarily square transfer matrix

Tl(sg in Ty(s)To(s) only if rank(Ny(s)) is full where Ty=D;1N; is
a left coprime polynomial factorization (l.c.). Moreover, the
canceled poles in a product of transfer matrices correspond to
hidden modes from the input and/or the output if and only if
these poles are eigenvalues of the interconnected system. Addi-
tional observations on "multivariable cancellations" can be
found in [16,19-23,30].
The following result will be used in the characterization
of hidden modes [16]. Consider
Tyg = [Tyt, In)tTe E2.3g
T34 = T3[T4, In] 2.4
where T;, T, T3, and T4 are pxm, mxr, pxm, and mxr,
respectively. Note that, T2 can be considered to be the transfer
matrix of the cascade connection of system S followed by S,
where each system is completely characterized by their transfer
matrices Ty and [Tyt, Int, respectively. It is of interest to
characterize the cancellations that result in a reduction in the
McMillan degree of the resulting transfer matrix, that is, 6Tz <
Tyt, In)t + OT9 and T34 < 6T3 + O[Ty, In]. This is done in the
following lemma.
LEMMA 2.2. The cancellations that result in a reduction in the
McMillan degree of the transfer matrices in (2.3) (((12.4)) are
iven )by the poles of Ty (T4) which cancel in the product TiTs
T3T4).0
In view of Lemma 2.2, §Tp=4Tyt, Ipt+6T2 and

31‘34:6'1‘31—(5['1‘4, Im] if and only if (Dl,Nz) is l.c. and (N3,D4) is
right coprime (r.c.), where Ty=N;Dy1, To=N;Dy1, Ts=D31R3,

and T4=041N, are coprime factorizations.

We now apply the method described above to character-
ize the hidden modes of the cascade, parallel, and feedback sys-
tems shown in Figure 2.1. If the systems, S;, i=1,2, are assumed
to be completely described by their proper transfer matrices Tj,
then the hidden modes have been characterized in the literature
before (for example, see [1—4,17—23,31-33]). Let S; be com-
pletely characterized by Ty and consider the case when Sy is not
completely described by T,. Assume that the feedback system
is well defined, that is, |I+T;T2|#0, and that every input- -
output map is proper.

s, |2 Mg
by 2

(a) Cascade

(c) Feedback
Figure 2.1. Basic interconnected systems.
A polynomial matrix description for Sy is
So: Paze = Goug, y2 = Taza, 2.5
where the uncontrollable (unobservable) modes from uy (ya
correspond to the roots of the determinant of a g.c.l.d. of (72,0
g.cr.d. 20% (R2,72)).

CASCADE: The uncontrollable modes from up correspond to
the uncontrollable modes of S and to the poles of
T, that cancel in TyT2. The unobservable modes
eigenvalues of S from y, that cancel in Ty(ZP27Y).
PARALLEL: The uncontrollable modes from u correspond to
the uncontrollable modes of Sy from ug and to the

controllable eigenvalues of Sy that cancel with
poles of Ty in (%2‘1Q2)D1. The unobservable modes
from y correspond to the unobservable modes of S,
from y, and to the observable eigenvalues of Sp
from yo which cancel with poles of Ty in

Dy(%P2). -

FEEDBACK: The uncontrollable modes from ry correspond to
the uncontrollable modes of S; and to the
controllable eigenvalues of S; from up that cancel
in (P21g)T;. The unobservable modes from y;
correspond to the unobservable modes of Sz and to
the observable eigenvalues of S; from yz that
cancel in Ty(%721).0 ‘

Lemma 2.3 demonstrates that when S is not completely
described by T,, the interconnected systems considered here
maintain the hidden modes of Sy only from appropriate inputs
and outputs. Furthermore, because of the interconnection
additional hidden modes could be introduced.

III. STABILITY THEOREM. PARAMETERIZATION:
The two degrees of freedom linear controller
u=C yt7 rt]t = _CY7 CT][yt'v r‘]tv (3'1)
where C = {-Cy, r] proper, generates the plant input u by
independently processing the plant output y and the external
reference input r as seen in Figure 3.1;

Figure 3.1. The controlled system.

Sp is the linear plant described by y=Pu with P its proper trans-
fer matrix and S is the controller described in (3.1). It is as-
sumed that |I+PCy|=|I+CyP|#0 and that every input-output
map is proper. Under these assumptions, the controlled system
is said to be internally stable if the inverse of the denominator
matrix in a polynomial matrix description is stable. If the con-
trolled system is internally stable, we say that S¢ is an internally
stabilizing controller for Sp.

A significant step towards better understanding the role
of C in plant compensation was recently accomplished by para-
metrically characterizing all internally stabilizing two degrees of
freedom controllers C; thus extending the results on parametric
characterization of all feedback controllers Cy [24——28,1,2,14—161
which have greatly contributed to control design methods. Al
internally stabilizing controllers C can be parametrically charac-
terized using two independent stable parameters K and X as

C = (1~ KN)1[(x; + KD), X], (32)

where N, §, x4, x2 are polynomial matrices, and they are derived
from coprime fractional representations of the plant

P = ND1= DR, (3.3)
and the associated Bezout—Diophantine equation
x1D 4+ x9N = . (3.4)

In (3.2), K must be such that |{x;—KN| #0, and for C proper

need D(xo+K1) proper and D(x;—KN) biproper (D(x;~KN) and
its inverse propelr\g. In [6], x4 and x» satisfy the Diophantine
equation x;D+xsN = Do, with Dy a polynomial matrix (|Do|

Hurwitz). In [9,10], (3.2) involves proper and stable rhatrices N,

B, x4, x2, K, and X. The parameter K in (12) is the well known
parameter used in the characterization of all stabilizing feedback
controllers Cy in [24,27]. The parameter X is actually the res-
ponse parameter used by Antsaklis and Sain [1] (and Liu and
Sung [29]1) to parametrically characterize feedback controllers in
an error feedback setting. If Dz = u, y = Nz is an internal poly-
nomial matrix representation of the plant P, then it can be
shown that
z = Xr, (3.5)

that is, X is the transfer matrix between the input r and the
partial state z of the plant.

It is advantageous to study internal stability of the
system in Figure 3.1 in a novel alternative way [21].
TueoreM 3.1. The compensated system is internally stable if
and only if
(i)  u=—Cyy internally stabilizes the system y = Pu, and
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(i) C:is such that M := (I + CyP)"IC; satisfies D''M =X, a
stable rational, where Cy satisfies (i) and P =ND! a
right coprime polynomial factorization.o
Theorem 3.1 separates the role of Cy, the feedback part

of C, from C; in achieving internal stability. Clearly if only

feedback action is considered, only (i) is of interest; and if open
loop control is desired, Cy=0, (i) implies that P must be stable,
and Cr=M must satisfy (ii). In (ii) the parameter M (=DX)
appears rather naturally and in (i) the way is open to use any

desired feedback parameterization, not necessarily K of [6,9-10].
From Theorem 3.1 we can directly characterize the input-

output maps attainable from r with internal stability. In

particular, consider the two maps described by y=Tr and u=Mr

which are characterized in Theorem 3.2.

THEOREM 3.2. A pair &T,M) is realizable with internal stability

via a two degrees of freedom configuration if and only if

(T, M) = (NX,DX) with X stable.o
There are many choices in parametrically characterizing

all feedback stabilizing controllers Cy and these are extensively

discussed by Antsaklis and Sain ‘in {2]. The stabilizing
controllers C can therefore be expressed, in addition to (3.2) as

(for example):

C = (1-QP)1-Q, DX] = ((1-LN)D 1L, X], (36)
where =DL, DX=M with L, X stable and
DYI-QP) = (I-LN)D"1 stable (}I—QP| #0 or |I-LN| #0).
Parametric characterizations of all internally stabilizin
controllers C, proper and nonproper are given in (3.6). For
proper, M and Q are chosen proper and such that (I-QP) is
biproper; note that if P is strictly proper, Q proper always
implies that (I-QP)! is proper. Notice that L or Q in (3.6)
must satisfy certain conditions, in addition to being stable, in
contrast to K in (3.2); however, alternative to
parameterizations, such as in (3.6), are very useful, since they do
have certain additional desirable properties (see [2]).

The relations between the parameters are

L =x+KD = D1Q, Q= DL = Cy(I+PCy)=(I+C,P)1Cy

X = (x—KN)Cr = D''M, M = DX = (I+CyP)1Cr. (3.7)
These relations will be useful in Section 4.2 where the hidden
modes of two degrees of freedom systems are characterized in
terms of these parameters.

IV. HIDDEN MODES IN TWQ DEGREES OF FREEDOM
CONTROLLED SYSTEMS

In this section, the hidden modes of two degrees of free-
dom controlled systems as depicted in Figure 4.1.1, will be stud-
ied. In Section 4.1, the hidden modes from given inputs and
outputs will be characterized in terms of transfer matrices. This
characterization is done when Sy and S. are completely de-
scribed by their transfer matrices, and when Sp is completely
described by its transfer matrix, but Sc is not. In Section 4.2,
the hidden modes are characterized in terms of the design pa-
rameters: K, X, and L. when Sp and S, are completely described
by their transfer matrices. Using these characterizations we
then give conditions in terms of the parameters of interest to
avoid the introduction of hidden modes. These conditions can
be incorporated in the control system design.

4.1  Hidden Modes in Terms of I/O Maps

Consider

Fi%:xre 4.1.1. A two degrees of freedom control system.
where the vector of fictitious inputs 7 is introduced to help with
the interpretation of the uncontrollable hidden modes; the other
variables were described in Section III.

First, consider S¢ to be completely described by its
transfer matrix, that is, S¢ is controllable from [u't, rt]t and
cbservable from u. A polynomial matrix description for Sg is

Se: Deze = Nyy+Ner—Nym, u=z¢ (4.1.1)

where C = D¢ 1[Ny, N] is left coprime and u' = 7p+y. Two
possible polynomial matrix descriptions for Sp are

ot Dz=u, y=Nz (4.1.2)

Sp: Di=RNu, y=2 (4.1.3)

where P = ND-1 = D-1N are coprime factorizations. Combining
(4.1.1) and (4.1.2) gives a polynomial matrix description for the
two degrees of freedom controlled system

Doz = Nir—Rym, [yt, ut]t = [Nt, Dtjtz (4.1.4)

where Dy = D:D+NyN. Since S, and S are assumed to be
completely characterized by their transfer matrices the hidden
modes are due exclusively to the interconnection.

A preliminary characterization of the hidden modes fol-
lows directly from (4.1.4): The uncontrollable modes from r (1)

correspond to the poles of Dyt that cancel in Dy N, (Dg1Ny).
The unobservable modes from y (u) correspond to the poles of
Dqo1 that cancel in NDgyt (DDgyt). This characterization gives
insight into the controllability and observability properties of
two degrees of freedom systems. For example, notice that the
controlled system is observable from }yt, ut]t, that is, the unob-
servable modes from y are observable from u and vice versa.
Notice that even though S¢ is completely characterized
by C, there could be uncontrollable modes from r or from y.
However, the uncontrollable modes from r of S; are controllable

from y and vice versa. Let Gy be a g.c.L.d. of (¢,Ny) and let G,
be a g.c.l.d. of (B¢,N;) then
[Dci NY] = Gy[ﬁcyy Ncy] (4.1.5)
[Be, N = Ge[Der, Neo (4.1.6)

where (Dcy,Nc)g and (Ber,Ner) are coprime polynomial pairs.
The roots of |G| (|Gy|) correspond to uncontrollable modes
from r (y) of S¢. Furthermore, the roots of {Gy| are closed-loo
eigenvalues, but the roots of G, are not (|Dol=a[Gy’i

| BeyD+N, Nl, a€R). This implies that no uncontrollable
modes of §c rom r will be uncontrollable from r of the two
degrees of freedom controlled system.

Before giving the main result in Theorem 4.1.1 it is useful
to characterize the poles of (I4+PCy)1 and of (I+CyP)Y; the
characterization is used to determine when a cancellation of
poles of (I+PCy)! and of (I+CyP) ! can correspond to a hidden
mode from an input and/or output.

LeMMA 4.1.1. The following relations are true.

(i) {poles of (I+PCy)1} = f{closed-loop eigenvals.} —
uncontrollable eigenvals. from 17} — {uncbservable
eigenvals. from y} + {eigenvals. that are uncontrollable

from 7, and unobservable from y}}.

(ii) poles  of SI+CyP)'l} C {{closeddoop eigenvals.) —
unobservable eigenva.ls. from u} — {roots of |Gy| that
0 not correspond to unobservable modes from u}}o

The hidden modes are determined by considering
cancellations in the products of transfer matrices given in
Lemma 4.1.2.

LEmMA 4.1.2. The hidden modes are characterized by considering
cancellations in the following products of transfer matrices.

Unobservable modes from y: (I+PCy)1P[D¢1, 1. (4.1.7)
Unobservable modes from u: (I+CyP) B¢, 1. (4.1.8)
Uncontrollable modes from r: [I, P‘gt(I-J-CyP)'lﬁc'lN..u (4.1.9)

The main result when Sp and S, are completely

characterized by their transfer matrices is given next.
THEOREM 4.1.1. The hidden modes are characterized as follows.
(i)  The unobservable modes from y (u) correspond to the

poles of C (P) that cancel in PC (NyP).
(i)  The uncontrollable modes from r correspond to the poles
of (I+CyP)1 that cancel in (I+CyP)-1C, and to the poles
of P that cancel in both PM and C,P.n
The next two corollaries specialize the conditions in
Theorem 4.1.1 for two single degree of freedom configurations.
First, we consider the error feedback configuration where
u=~Cyy+Cyr~Cymp (Cr=Cy), and then the feedback
configuration where u = —Cyy+1—Cyme (Cr = I).
CoROLLARY 4.1.1. In the error feedback configuration, the
unobservable modes from y (u) correspond to poles of Cy (P)
that cancel in PCy (CyP). The uncontrollable modes from r
correspond to the poles of P that cancel in PCy.0
COROLLARY 4.1.2. In the second feedback configuration the
unobservable modes from y (u) correspond to the poles of Cy (P)
that cancel in PCy (CyP). The uncontrollable modes from r
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correspond to the poles of Cy that cancel in CyP.o

Theorem 4.1.1 characterizes the hidden modes introduced
by the interconnection of systems in Figure 4.1.1. It is also of
interest to characterize the hidden modes when the controller is
not completely characterized by its transfer matrix. The
conditions for the general case of uncontrollability and
unobservability, which requires another internal description of
Se, are given in Theorem 4.1.2.

0 .1.2. The uncontrollable modes of S¢ from [u't, rgt
will be uncontrollable from r, and the unobservable modes of S¢
from u will be unobservable from y.o

The conditions in Theorem 4.1.1 are illustrated in
Example 4.1.1.
Example 4.1.1. Consider the plant

-1
P=r—2 (4.1.10)
is-ZHsHi
and let the compensator be §iven y

_ [B(s+1 s+1)?%(s+2/3

C= 8-13/3)" (s-13/3)(s+a)(s+p)]" (4.1.11)
The resulting transfer function is T = (s~1)/((s+a)(s+8)). The
closed-loop characteristic polynomial is given by 1 =
(s+a)(s+B)(s+1)2(s+2/3). Comparing ¢ to the resulting
transfer function T gives the hidden modes to be {-1,-1,-2/3}.
The nature of the hidden modes is directly characterized via
Theorem 4.1.1. The three hidden modes are uncontrollable from
r, one of the closed-loop eigenvalues at —1 is unobservable from
u, and there are no unobservable eigenvalues from y.o

4.2. Hidden Modes in Terms of Design Parameters

The results in the last section could be used to give
conditions to avoid the introduction of hidden modes, but they
would not be simple to implement in control design. In this
section the hidden modes will be characterized in terms of the
parameters utilized in the design of a control system, leading
directly to design conditions to avoid unnecessary hidden modes.
In particular, the hidden modes will be characterized in terms of
K, X, and L, which were used in Section III to parameterize the
internally stabilizing controllers.

The results in the following two lemmas are used to
characterize the hidden modes in terms of the design
parameters. In Lemma 4.2.1, the poles of the parameters of
interest are characterized. In Lemma 4.2.2, the uncontrollable
modes from 7 are characterized.

First, let Gp be a g.c.l.d. of (Dx,Ney), where K = D1y
i8 Lc. Then it can be shown that there exist polynomial

matrices D) and Ny such that
[Dh NCY] = GP[Dh Nl]v

where L = 811N is a coprime factorization.
LEMmMA 4.2.1. The following relations are true.

Ei) ipoles of K}= é%lclosed—loop eigenvals.} — {roots of
(i) {poles of L} = { close Hoop eigenvals.} — {uncontrollable
eigenvals. from 72}}

(iii) {poles of X} = {{closed-loop eigenvals.} — {uncontrollable
eigenvals. from r}}o
LEMMA 4.2.2. The uncontrollable modes from 7, correspond to
the roots of |G§|C|GP , where the poles of Gp1 are poles of P
y.

(4.2.1)

that cancel in he poles of Gp1 are also given by the
poles of P that do not cancel in (I-LN)D1.o
The characterization of hidden modes in terms of the
design parameters is given next.
H M 4.2.1. The unobservable modes from y correspond to
the poles of [X, L] that cancel in N[X, LJ. The poles of [X, L]
that cancel in D[X, L] and the poles of P (in Gp1) that cancel in

Do 1Ny, N,] correspond to unobservable modes from u. The
uncontrollable modes from r correspond to the poles of P in Gpt
and to the poles of L that are not poles of X.o

The next corollary specializes the conditions in Theorem
4.2.1 to the error feedback configuration.

ARY 4.2.1. In the error feedback configuration, the
unobservable modes from u correspond to the poles of L (L=X)
which cancel in NL. The uncontrollable modes from r
correspond to the poles of P that do not cancel in (I-LN)D1,
that is, the poles of Gplo :

The conditions in Corollary 4.2.1 agree with known

results for the error feedback configuration in [2].

Remark 4.2.1. A characterization of ‘the closed-loop
characteristic polynomial in terms of the parameters used in this
section is given by

% =k|Gy| |Gp1| |Gp2| |Du| [Drof, k €R (4.2.2)
Gp = GpiGpz and Dy = By By,. The 1oots of
|Gyl |Gp1] |Bu| correspond to the controllable eigenvalues

from r; hence, they are poles of X. The roots of |Gpa| |Dyg|
correspond to the uncontrollable eigenvalues from r. e
controllable eigenvalues from r that are unobservable from y
correspond to the poles of X which cancel in NX, and these
eigenvalues can correspond only to some of the roots of

|Gy| |Bul. The uncontrollable eigenvalues from r that are

unobservable from y correspond to the roots of | B, since none
?f the plant poles can correspond to unobservable eigenvalues
Tom y.

The final result of this section gives the design conditions
that can be used to avoid unnecessary hidden modes. Notice
that these conditions could be used the other way around when
it is desirable to introduce a cancellation that does not affect
internal stability.  These conditions follow directly from
Theorem 4.2.1.

DESIGN CONDITIONS FOR NO HIDDEN MODES: To avoid
unobservable modes from y do not choose poles of [X, L] that can-
cel in NfX, L] To avoid unconirollable modes from r make all

the poles of L and the poles of P in Gp! poles of X. To avoid un-
}J:‘bservable modes from u don't choose poles of [X, L] as poles of

where

. These conditions are interpreted below for single-input,
single-output feedback systems. Consider

4= Tigprgm 3}’ X = 0= Ggpd (423)
where gp = gpigp2 and dj = didis ami’ the variables are the
same a3 before except that the factorizations are given in lower

.case. The conditions in Theorem 4.2.1 for single-input, single-

output systems can be given as follows.
COROLLARY 4.2.2. The uncontrollable modes from r correspond
to the zeros of gpz and dj2. The unobservable modes from y cor-
respond to the zeros of both gy and d) that are zeros of the
plant. The unobservable modes from u correspond to all the ze-
ros of gpy, and to zeros of gy and d; that are poles of the plant.o
In order to avoid Kﬂdsm modes from r and y, choose
diz = 1 and gp2 = 1, and choose gy and di to have no zeros equal
to zeros of the plant, respectively. To avoid hidden modes from
u, choose gp = 1, and gy and d to have no zeros equal to the
poles of the plant. In terms of these desired values for the
parameters, the expressions for Cy and Cy are given by

C, = Belll _ ggln] _ dggz n __D
Vo dey cy ’ Cr cy EyBp1dil Eygcy’
and if C=dcny,ng, then d¢=gydey, Ny = gygpim, and
nr = ny. These results are illustrated in the following examples.
In Example 4.2.1 the hidden modes of the feedback
system considered in Example 4.1.1 are characterized in terms of
the design parameters.
Example 4.2.1. For the plant and compensator defined in
(4.1.7) and (4.1.8) we have the following parameters

(4.2.4)

8(s—2) ¢ _ 1
Q=5rg73 L és+lg(s+2/3)’ X=srajery (429
Gy = (s+a)(s+8), Gp =s+1 = Gy, (4.2.6)
Gpr =1, D) = Dyp, and By = 1. YLM)
The unobservable modes from y correspond to the cancellations
1n:

1 8
(s 1)[(s+a)(s+ﬂ)’ [OEFIR) (4.2.8)
Since there are no cancellations in (4.2.8), there are no
unobservable modes from y. The unobservable modes from u
correspond to cancellations in:

!
D64 ey FrGT) (4.2.9)

From (4.2.9), one of the poles of the plant at s=—1 corresponds
to an unobservable mode from u. The uncontrollable modes
from r correspond to the poles of Gp! and of L that are not
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;{)oles of X./ S}o the uncontrollable modes from r correspond to
-1, -1, -2/3}.

In Example 4.2.2 the conditions given in this section are
used to redesign C so that the number of hidden modes is a
minimum.

Example 4.2.2. The controller considered in Example 4.1.1
introduces at least three hidden modes. If less hidden modes are
desired, a new compensator C needs to be designed that attains
the desired transfer function T = (s—1)/((s+a)(s+/4)). Since T
is the same and T = NX = (s-1)X, X is the same as in (4.2.6),
we need to design L.

At this time it should be noted that no internally stabili-
zing single degree of freedom controller can attain the desired T.
Therefore, the two degree of freedom design will yield at least
one hidden mode. If no hidden modes are desired, the choice for
T should be reconsidered.

In order to minimize the number of hidden modes, the
poles of L should be the same as the poles of X and no poles of L
should be zeros of the plant. Then a possible choice for L is

K

L= m, (4.2.10)
where « is a constant. The conditions for the compensator to be
internally stabilizing and proper are X, L, and (1~LN)D-! must
be stable (see Section III). Only the latter one needs further
checking:

(1-LN)D1 = ((:jzg))((::g)(; a()s(“;)l% . (a211)
The transfer function in (4.2.11) is stable if and only if
(2+a)(2+P)=k, i.e., a=(s—4-20)/(2+0). Then, for a>0 need

0<p<i?t (4.2.12)

or choose &> 0, 8> 0 and & = (2+a)(2+f). By choosing & in
this way, a controller C=[-Cy, C;] that attains the desired
closed-loop transfer function is
C= —k(s-2) (s+1) (5-2) (s+1) (4.2.13)
= [ (s+a) (s+f)-(s-1)k> (s+a)(s+f)-(s-1)x)’ e
where there is a polezero cancellation at s=-2 in the
expressions for Cy and C;. Suppose a=1, =3, then x=15 and
c=|-Blsll s (4.2.14)
For C in (4.2.142 there is only one hidden mode due to the
interconnection of the controller and the plant; the pole of P at
8=—1 corresponds to an uncontrollable mode from r and to an
unobservable mode from u.o

V. HIDDEN MODES IN INTERCONNECTED SYSTEMS

The characterization of hidden modes in terms of transfer
matrices of a system interconnection can be done starting with
the results in Section 4.1. For a complex interconnection of sys-
tems it may be simpler to apply Lemma 2.1 to a polynomial ma-
trix description of the interconnected system. A systematic me-
thod to do this is explained in this section. For illustration con-
sider the {R;G,H} controlled system in Figure 5.1,

¥y u
r—{ Fﬂ? G‘l_l"’ —{* ] 'Yp
yH H K
{ v ]

Figure 5.1. An {R;G,H} controlled system.
where the interconnected subsystems are completely described
by their transfer matrices P, R, H, and G. The {R;G,H}
controller is an implementation of a two degrees of freedom
compensator, where Cy = GH and C; = GR.

The interconnected systems will be represented as in [4,
Chapter 4], where a systematic study of internal stability of
system interconnections is presented. The aggregate system
representation of the {R;G,H}) controlled system is given in

Figure 5.2,
+ u
71— T )}—H Ti Y
4
7).
Y

Figure 5.2. Aggregate system representation.

where T; = block diag {P, G, H, R}; y = [ypt, yg', ynt, yt]t and

u = [up, Ug, Up, U] are the vectors of outputs and inputs of each
subsystem, respectively; 5 is a vector of exogenous inputs
entering at the input of each subsystem (for example, the
exogenous input of R is r, the other ones are fictitious); and

01
00-I1
F= (5.1)
I0 00
00 00
is a constant matrix representing the constant gain

interconnections between subsystems. The equations governing
the input-output behavior of the aggregate of subsystems in
Figure 5.2 are

u=n+Fy, y=Tu (5.2)
Assume that (I-FT;)™! exists, then every input-output map is
proper and well-defined..

In order to obtain a polynomial matrix description of the
{R;G,H} controlled system, consider the following polynomial
matrix descriptions of the subsystems completely described by
their transfer matrices P, G, H, and R:

Dzp = Nug, yp=2p, Dgzg = Ngug, Ye=1Zg,
Dunzn = Noun, ya=zn, Dz = Neue, ye=zr. (5.3)
Let D = block diag{D, Dg, Dy, By}, Ni = block diag {N, Ny,

Nu, Mo}, and z; = [zt zgt, zat, z,ﬂt. A polynomial matrix
description of the {R;G,H} controlled system is:

Dizi = Niny = z3u = Fzy + 7, (5.4)
where
b % o0 o
B; = D-NiP= O T N . (5.5)
—NH 0 UH 0
0 00 D

In Lemma 5.1, ﬁi"l is found, making it possible to use
Lemma 2.1 directly to characterize the hidden modes of the
controlled system.

Lemya 5.1. The inverse of 3; is given by
(epem) 0 repemyIe, T —(xepem)~pe,
—6u(+pal) 0 (rem) T —(zeop) Tlopy
— = = ey —
R(L+P6H) 6 H(T+POR) IR (T+PG) TN,
0 0 0
(1+poR) Tpop
(1+6up) Loy, !
1 -
H(1+PGH) 'pell,
-1
t‘R
The characterization of the hidden modes is given in
Theorem 5.1. The a%gregate representation of the intercon—

nected system has helped by simplifying the derivation of a
polynomial matrix description, the characteristic polynomial,

and the inverse of f3;.
THEoREM 5.1.  The hidden modes are characterized as follows.

1) The unobservable modes from y correspond to the
poles of G, H and R that cancel in PG, (PG)H,
and (I4+PGH)(PG)R, respectively.

(ii) The unobservable modes from u correspond to the
poles of H, P, and R that cancel in GH, (GH)P,
and (I+GHP)1GR, respectively.

(ii) The uncontrollable modes from r correspond to
the poles of G that cancel in G[HP, R]; the poles
of P that cancel in HPG and in PM; the poles of

(5.6)
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H that cancel in HPG; and the poles of (I+GHP)!
that cancel in (I+GHP)'GR.o
The characterizations in Theorem 5.1 extend and
simplify the results originally presented in [5].

Example 5.1. Consider the following implementation of the
controller in (4.2.14):
G=% H=15adR=1. (5.7)

In view of Theorem 5.1, this choice for {R;G,H} does not
introduce any additional hidden modes, so there is still only one,
corresponding to the pole of P at s = —l.0
Example 5.2. Astrom and Wittenmark in [11, p. 232] show how
a stable hidden mode can degrade performance. They consider
the plant K(ob

7

P =240 (5.8)

where b<0 and the two degrees of freedom controller C=[-Cy,
Cy]. It can be shown that their control law can be implemented

via

G = A p(rts) “81), and R=1 (5.9)
in the {R;G,H} controller configuration. Note that sy and s; are
chosen so that the controlled system is internally stable, and to,
K, and @ are real constants defined in [11]. The particular
implementation of the controller does not affect the following
remarks in [11]: A simulation shows that the step response of
the system contains an undesirable "ripple" or "ringing" in the
control signal u while the output signal is well behaved at the
sampling instants. It is pointed out in [11] that the "ringing" is
caused by the cancellation of the (z—b) factor. From Theorem
5.1 it is seen that the reason for ringing is that the pole of G at
z=b, which cancels in PG, corresponds to an unobservable mode
from y that is observable from u. Moreover, from Theorem 4.1.1
it is seen that the mode that corresponds to the pole of the
controller that cancels with a plant zero will be unobservable
from the output, but it will be observable from the plant input
in any implementation of the two degrees of freedom controller.

VI. CONCLUSIONS
The results presented here on the hidden modes of inter-
connected systems in terms of transfer matrices and parameters
extend and unify the results in the literature. The emphasis

[10]
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2]

[13]

[14] ©

[15]
[16]

(17)
18]

&
(21]
(22]

(23]
(24]

(25]

here was in control design. The results and the methodology

presented are not limited to the applications shown, but they
can be applied to any interconnected system where the study of
the hidden modes introduced by the interconnections is of inter-
est. A direct extension of the results would be in the area of
decentralized control. :
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