



































































































































Bundles and connections Ref Madsen.Tornehave
Milnor Stashelf

def A fiberbundle is a tripleoftopspaces E M F and a continuous

surjectivemap it E M suchthat
V PEM F opennbhd UCM and a homeo e I U 7 UxF

u

pique u f
PT trivializingneighborhood

i ago.fmsuchthat commutes www.etf etYEiYIti

FIEE total space
M base f section

et's ff
Ff

So gfbdqg familyof top spaces
EEF indexedbyXEM it U

If E M F are smoothmfds I smoothmap
y's are diffeomorphisms then we have section Si M E sita smooth fiber bundle

Tos ide
EI trivial bundle E lY F

I proj EinfoldoveringspaceofMTµ Taiberbundle withfiber a setwithn elements

Transitionfunctions
Given a local tr v 402,67 on eachoverlap VanUp one has

4295 UanUp xF UmUp xF where tapUanUp G
Xyz 1 7 X tap Z transitionfunction

Onehas G structuregroup acting F by diff
tag L morphisms

t.apcxttpacx510gtapcxitps.CH
tracx L

for XEUanUpn Us






































































































































and vice versa given an atlas Ua on Mandtransitionfunctionssatisfying
one can glue a fiberbundle
E LI Vax fogged

VanUs
n x tpa2 pN aUn F Upx F

Def a vectorbundle over 1k f IR Cc is a fiber bundle
with F V K vectorspace and transitionfunctionstap linear.fr atofV
putanotherway F is linear Fx's are linear Ci e G GUVanddiffeos 6 induce linear isos betweenFx and F S
dimV rank of the vector bundle
rank 1 recto bundles are alsocalled line bundles

EI Mobiusband M Sd V IR
define E via transition functions

tzg ribbonsare identified
with atoast on theoverlaprn

to 1

A morphism offiberbundles Fit Effy is a pair ofmaps Em Yy

t Esuchthat thediagram I ft commutes Cinparticularfibers aresenttofibers
A M

Exercise show that Mobiusband above is notisomorphictothetrivialbundle xlR

Ex the tangent bundle I M Csections vectorfields
S

Exercise givena atlasof
e egas

HE'Ingentreat m EEE Effuescribe






































































































































fiber
Remy bundles E E are isomorphic with iso coveringidentity M M

t t
M M L one has a collection of mapsha UMG

s t t'apC Laka tap47 lipCxV x C VanUp
In particular E

1 is iso to thetrivialbundle if tap x _hahah Cx
m for some functions La baeG






































































































































EI MCR normalbundle NM has fiber MYembedded submanifold I
din M k µ

over EM

Imf rank NM n k

M

EI RP exo xn ER 6331 fifteen
Xo Xin TX dXn

real projectivespace V d40

tautological linebundle fiber over a line Xo X X

IRP's

4 y

ter

Similarly one has atautological complex InebundleoverEP

1
Moregenerally over theGrassmanian Gr K n of
k dimensionalsubspaces in LR n

one has1thetaut vectorbundle of rank k

There are lotsofwaysto cookup new vectorbundlesfromoldones
Whitney Sunn E Ez CE Er E ED
tensor product E Ez CE En CE ez

especially interest'Stour

dual E CE't x E with were transpose transitionfunctions
ex CTM T M cotangentbundle

boxtensor product YI is a bundle E Er one
tudiniotduct manifold

I
Mr M x Mn Ei E FED 2 x

quotientby a subbundle Ex NM 14 112 f M quotientT tr v bundle
normal bundle

symmetric exteriorpowers
Ex AP 1 M thebundle of p forms on M
Ex metric C f Sym M











































































https://web.ma.utexas.edu/users/dafr/M392C-2015/Notes/lecture2.pdf

pullback of a fiber bundle given tf Fabundle and a map f M M
M

one can form thebundle f E where f E ex e em'xE I f x Tle 44 E
Fl projs bundleprojection f E M

prog givesthemap f E E
hs t f E E

ti't ft commutes

fiber of f E over e M
M t M

fiberofEoverf
Theorem Thun15.21from MT p 155

for Ey a vector bundle and fo f r X M twohomotopicmaps
W

compact
then the pullbacks f

yE are isomorphic as bundles over X

Corollary everyvectorbundle over a contractiblebase is trivial
Rein infactThmworksfor X paracompact see DanFreed'slecture

transition
complex linebundles over PL 6 function

tic
classifiedby a transitionmap
t S XE e e a Lce E

iso classesofbundles homotopy classesofmaps t
classifiedby the windingnumber C I



def A principal G bundle with Gatordoigalroup is a fiberbundle
I P M with a continuousrightaction Px G P preservingfibersoftotal base
space freachX
i e for p cTf pigER Hg and suchthat G acts onRTfreely transitively
sothat up cPx themap G Px is a homeo

g pigG orbitsof P
are thefibers of it
fibers of it are G torsors copies of G without a markedunit

smooth setti g G Leegroup all maps in CA

EI framebundleof a manifold M FM
fiber over X frames orderedbases in Tx M TFMD GLcn R 7TI dinM
M

Hopfbundle Hopffibration

teo 2,3 CQ2 Hof112,12 1 D S1
linethrough Go271 7 e zo e Z
20,21 V

differg2Pd

Sectionalize grouiff

given a trivialization T U E Ux G one hastheassociated fi onSlu X 6 exet
conversely given 5 one builds anequivarianttrivialization 4 Xg Sixg

i.e Upg Kp g
F aglobalsection S principalbundle is trivial this isspecialtoprincipalbundles

is nottrue forgeneral fiberbundles
transitionfunctions Ua Sa batriv Spex Sfx tap x XEUanUpbe sections tap Uanup G transitionfunction

O



Associatedbundleconstruction

if P G G principal bundle and G is linearly represented on V vsp
1
M then E P EV Psv EPNKp.gis cp.g.is

theassociatedvectorbundle kgE G
TApv2 rep is well defined

more generally if
Eq
F fiberbundlewithtransitionfunctionstap UahVp's

group
GIIe

and F anothertopspace onwhich C acts
one can construct an assoc.hu E F withthesametransitionfunctions tap

I Tevfiber
M

Connections

def An Ehresman connection in a fiberbundle EE is a subbundle HCTE
Msuchthat H V TE

Eld'TTE TM
I e it is a choiceof a splittingof VIE IM

Lq.TKfEnot IaiiEai iLEi e'ditI i

projection di TE V along H
IT canbeseen as a 1 form de si CEMX ICP satisfying A is identity on V Inaction 1 form

curvatureoftheconnection sometimesdefinedasaform

F c ICE defined by F X y Xu y tdhdifiohtigtyzstjgfy.mg

X Y tw vector
fields on E

q ty
curvestayshorizontal

paralleltransportlholonomy p N 8af ri EoIT M a curve on thehouse y
Holy Fsu Fye re HD Jct eFret

JET c Hfctg ODEp Jay whereJct is thehorie i e the Soloflift of rct startingafp Flo p initand



curvature measures how far is Fai fron p fur r a smallclosedGop
connectionhas zero cu nature is flat iff H is Frobenius integrat
andthusintegratesinto a foliation of E

Ii a trivial bundle
lynx

has
an

nation F
E

T
Fer E a vectorbundle one considers Ehresmann connections

t inducin linear holonomymaps Cm inotherwords Ha depends linearlyon CEx

i is L E fsectorofEVector Ex EretzfieldonM T o t M a curvestartingat
with init velocity X

differential17 T E ICE one can extendthisoperatorbyLeibniz rulesections
of E 1715.23 175.2 S d2

sectionTp for
to an operator rice I aye ICE ICE

T E
locally in a trivializingnbhd.ua or easacxlta2ealdsac.it
one has 17 sex d Aa Sa basest

EA's SbI U een d seckens

ST VaxV T
Is 6cal matrixvaluedconnector 1 form

172 F Aa Ert Cy EndV
Ehresmancurvature2formwith Fe ICM E d E curvature
Festa is fmCXY FddtCXldHYDoV

Exercise showthat locally e e has F IA t z A A
showthat on an overlap UanUp one has
Ap tipAa tap tip dtap with tap the transitionfunction



Connection n a principalbundle
an Ehresman connection on PDG which is Gequerariant i.e ftp.gdRgptlpL

M T
Rg P p

connection 1form A c R'CP g y yg
satisfies e9 variance Adg Rfd A

normalization L zd z with c g andXzthe corespfund v f
on p

curvature f old EdATERYPg G equivariant horizontal 2 form
it corresponds to an element FERTAL ad P

X

in a trivializingnbhdU2 wifesections Pf g adjoint bundle

F E SE F E Silva g
on UanVp Fp ad tpa Fa

correcttransitionfunctionfor46bundle ad P
Anotherwayto compare F and F
Fx DICK daily Cp Fp X Y 1g for P CPx X YETsP

horizontali In fact onehas a general
LemmaiskCp JGequivariant Rk M PEVJrectSpace

Er thespaceof
carrying arepof G

connections is anaffine
space modeled on et M ad P

proofi adifference of twoconnectionforms I do is equivar andhorizontal

A do corresponds to an element of ICM ad p
see above


