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X vectorfield 7 4 U M Epoisibly nonglobal Lloo integrating X

m Etes Goes i Dect Idf Xect a

in M compact a global flow E R M 3 M exists

Geometric formula for the Leebracket of vectorfields X Y
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Wewant to define tensors on manifolds generalizingfunctions andvectorfields
We'll need a constructionfrom linearalgebra

TerserproductofirectorspaceSI
Let U U vectorspaces over IR Wewilldefine a new vsp V W

equipped with a map x W V W which isbilinear
Cu w 1 7 U w ui fuuz3oxw

XUiQWtfuUz0UUoxCdw.tyeU.zTU W 1 40 062
Universal propertyofthetenseproduct
If B V xW U is a bilinear map to a v sp U
thenthere is a unique linear map p W U suchthat B w2

x W V W

B get p

construction for V W finite dimensional

W dual space to thespaceof bilinearforms B VxW IR

for U EV crew we set u w B 1 7 B fo w E V W

It satisfies the Univ property if D xW U

cU't oB Ux w R is a la map
U Bilinearferns on VW

the dualmap is pi V W CU U aw
x 4 eman NouDi zi tooo gob's f g xy e x Fit Zob v.vY cries
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aid abstractgeneral construction

W i FCVxW equivrelgenby Now CU u Cotto O kow16,4740uxo
T Clu w cu w n v cu

freeveeterspace FCuxu FGCUnui finitesonson aset
u w Cuw



If Vi rum basis n V Wi Wn basis n U
then a b linear farm Tb is uniquely detained by values 13 ViWjThus dimCVoxW7aimV7CdinWI.veaters v Uj form a basis in V W

i I M
j L h

i.e elements of Vox6W have theform T.gg a j Vi Wj they are generallynot
assume2aijvixowjo.ie a vyou B oVDeDi pureproduct U W

Ea Dcu u all a o Viewsarelauded

We can formtensorpowers V 2
V V V

T

of V P
spacepfoldmultilinearferns on V

as
tensoralgebra TV k

k o

an element is a fail sum d It U 1 Ui Oj t poi Vip
ofproductsof vectors

V C U

multiplication on TV extension by linearity of theproduct
Vi Op U Ug U Up U Ug

it is associative but not commutative

Exterioralgebra
T V tensoralgebraof a vsp V Let ICV idealgeneratedbyelements U

for U E V
I e ICV f di

ioVi7PilYfYp.eTcv73DgdefTheexlerioralgebra_ofVi.s

the quotient ITV T VVLICv
If it TV All thequotient map
AP V IT P p fold exteriorpower of V

multilinear lens Mto up o V
whEgha Ish aedte

alternating multilinearferns m e anti symmetric in its p arguments
defy The exkaerproduct of 2 Ica CXPV and p Tcb E 119V
is Lap Tca b



Remi for Vi sup E V we definetheelement in Caltematag forms by
U a xOp M MCU Up

Htt Cx
Proposition2If de APV p e hav then Lnp fl P9p
Prod true U u VEIN UAV o

O Vi1027 aCU cUL Ot U a Uz au to U 902 02 a Ui

interchanging two entries from U in Un A Uk changes thesign

it suffices to check C for 2 0 a aUp p u a Aug
It then follows her general xp by linearity L andP
Via Up a via aWpg C1 P w a Lux aUp Kwun hug bring Us

If tothe left
C 1 P similarly

15444 02a fun AUpla Uga aWy afactorofcDP
C 1 P9 forbringingeachof WiCw a a wg

a via aUp in front

Lap C 1 P9 p a 2

Proposition If din U n ther din NV L
nonzeroProof for w une V consider Dcu y defth
a alternating
n linearfern

matrixwithcolumns on
Coordinatevectorsofw W

So B E V so d n NV z rel to some basis in V
X

i f U vn basis s V then anything in V is a Anacons oh Ui 0in
So by Prop ft anything in NV is a 1h comb of Vin A Un

so din N VEI ET

5.4
PIposition Let u ion be a basis for V Then the hp elements

Ui Vip is pen
b a basis for AP

Proof APU is spannedby faux Vip n A V Spa Vi Vip sipin
reordering Ii E ipEn changingsign



Linear independence suppose a u ip Vi a aVip D

p
i c Lip

a _xUjp I ai ipu n 0

where ti ip3U Ij ijn p 1,2 n 0

Callotherterns intheIhs of
fixedsubsetof I h vanishafter wedgingwith p
a

p
o for any i c c p Ex

5.5Proposition U is linearly dependent on thesetof In halepvectors V sup
iff u a aUp a 0 0

Prod if 0 2 a O In dependent on U S then

ra Vp Ja U qU a aUpn U 0

if N is En nalepa then U Op U ca beextended info a basisfor
theset

and bytheprevious Prop Ua Ap 0
ed

def if Ar V 7W is a entransformation thenthere is an inducedlinear
transformation XPA AP APW defaedfy via avp Aura a AUp

and extendedby linearity

Another construction ofAPA by miu property
xv VoxV Vx xv V P A PCICVD
viyd A 2 oui up A P C ICW

Eu th
AU Ariz Au AupW P

A P induces a map ofquotients XP'A V Pleas WHIO
APV APW



andA V V
Proposition 5.7 If din V n then thelinear transformation An A V

is givenby multiplicationby det A deee.nu of thematrixof A rel th
Proof A V is 1 dansional so 11 A A NV is amultiplication

by a real number 9 A For U on a basis in V
N ACU a aUn Au a a A Un d A U a A Un

Av Aji Vj Aj Uj a XAjnnUjn
j j n

permutations
Aa Van Asa n Usa

FeS B ga E n As a A 6h n U a AUn
Eldet A



EXTRAS.ubmanifoldsrev.si
Alternative definition see eg SStolz'snotes amdimensional inNC M is anrsusmana.to d if VaeN there is a chart U I Rw

n manifold n open
Nl

5t Q Unm Cx xm o cECU M
i R

cu.au.ua it nYnI9IaEYa.Is a
X Xm Ge cords on N

p
Recall the olddefnit A submanifold of M is N L TV C M

Smooth
where L N M is an injectivemap with DLee injective immersion

manifold subspace Vae ATand anthropology on IT being the reduced topology from M
ng e l is a homeomorphism between ITand Itsimage N

A submanifold d
gives a submanifold with N N L inclusionmap

p G is based on local immersion theorem Thon3.2 n APutman'snotes


