CFT EXERCISES 7, 10/31/2022

1. VERTEX OPERATORS IN SCALAR FIELD THEORY

Let V, () =: €1@%(2) ; be the vertex operator in the free scalar field theory with
a € R a parameter (“charge”) and z € C\{0} a point.

1.1. Prove that one has OPEs

SVE) | Val2)

(1) RT(w) Vi (2) ~ A + reg.,

(w— 2) w—z

(Hint: use Wick’s lemma and explicit presentation of T and f}a in terms of the field
operator ¢.)
Jointly with the similar OPE T(w)f}a(z), (1) implies that V,, is a primary field
h

of conformal weight (h = 0‘727

1.2. Show that one has
(2) RVa(w)Vs(2) = |w — 2[**" : Vo (w)Vj(2) :

Hint: use explicit expansion of vertex operators in terms of creation/annihilation
operators and use the fact that for A, B two operators such that [A, B] commutes
with both A and B, one has (from Baker-Campbell-Hausdorff formula) e?e? =
eBeAelA Bl

From (2) show that for the 2-point correlation function of vertex operators one
has
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2. CORRELATORS OF PRIMARY FIELDS: CONSTRAINTS FROM GLOBAL
CONFORMAL INVARIANCE

Let ®y,...,®, € V be primary fields in some CFT with conformal weights
(hiy hi). We know from global conformal invariance (Ward identity) that for a
Mobius transformation f: CP* — CP' one has

n

(@) (@i(z1) Pulza)) = [[@OF )" @F )" (@1(F(21)); -+, Pulf (z0)))
i=1
2.1. n=1. Prove that the 1-point correlation function (®;(z1))
(i) vanishes unless h = h = 0, -
(ii) is a constant function of z; if h=h =0

Hint: for (i) consider (4) with f rotations and scalings centered at z;. For (ii),
consider (4) for f a translation.
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2.2. n=2. Prove that the 2-point correlation function (®;(z1)P2(22))
(i) vanishes unless hy = hy and hy = ha, B B
(ii) is equal to c with C a constant, if Ay = hy and hy = hs.

(21—22)2M1 (21— 22)%M

2.3. n=3. Prove that the 3-point correlation function has the form
(5) (1(21)Pa(22)@3(23)) = C [[ (20 — 7)) (5 — 7;)
1<i<5<3

with C' a constant and «;j, ov;; some exponents. Find these exponents in terms of

conformal weights h;, h;.

3. SZEGO KERNEL

Consider the following holomorphic 2-form on the open configuration of two
points on CP*:!
le AN dZQ
(6) p L1hdz

(21 — 22)

Prove that it is invariant under Mobius transformations, i.e.,
(7) fru=p
for f a Mdbius transformation (acting diagonally on Co(CP'), (21, 22) — (f(21), f(22))).

€ Q2(Cy(CPY))

4. CORRELATORS OF DESCENDANTS

Let ®y,...,®, be primary fields of conformal weights (h;, h;). Fix k > 1. Prove
that Ward identity implies

(8) (L-r®1)(21)Pa(22) - - P (2n)) = D(P1(21) - - Pru(2n))

with D some differential operators in variables zi,...,z,. Find the differential
operator D explicitly.
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IUsually the square root of expression (6), e € F(Cg((CIPl),K@% X K®%) is called

21 — 22
the Szego kernel.



