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@ Batalin-Vilkovisky formalism, effective actions

@ BV on manifolds with boundary (“BV-BFV")

© BF-like theories and configuration space integrals
© 2d Yang-Mills with corners

@ Chern-Simons on a cylinder and WZW



BV eff actions

Batalin-Vilkovisky formalism

Classical Batalin-Vilkovisky formalism

Data:
@ F space of fields

@ w odd symplectic form
@ S action

Condition: {S,S} = 0 (“classical master equation”).
= Q = {9, e} satisfies Q* = 0.

Quantization

i
Z = / en® where
LCF

L C F gauge-fixing Lagrangian;
S should satisfy the “quantum master equation”:
Aei® =0 & %{S, S} —4ihAS = 0.

Observables: (0) = [,_, Oe#S with (Q — ihA)O = 0.

N
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Effective BV actions

Assume
o F=V xF, V="slow (residual) fields";
e L C F’ Lagrangian.
Consider the fiber integral Z = er ST
Seff — the “effective BV action” on V.

Properties:
o AZ =0 (i.e. S° satisfies QME);
@ Under a deformation of £, Z — Z + A(---).
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Effective BV action and homotopy transfer of L., algebras:
example

Reference: P.M. “Notes on simplicial BF theory,” arXiv:hep-th/0610326;
“Discrete BF theory,” arXiv:0809.1160

Example: [ = [0, 1] interval, g a Lie algebra.

F=Q(1,9)[1 ]@Q'(I g°)[-1] 5 (A, B), w= [(6A,0B)
o S= [,(B,dA+ }[A, A]) (“BF theory on I")
V=Co(Lgt ]@C (Z,9")[—2]

Gauge-fixing corresponds to retraction Q°(I) (g ) c*(I).

o
o S°ff = (B, 2[A0,Ao]> (B1, 3[A1, A1)+ .
. ad g
<BOl, ( coth C‘dAm) o (A — A0)> — il log dety ="
Gz

— from Feynman diagram computation;
propagator= chain contraction K
Ay An A
By B By
o S+ S°f corresponds to the homotopy transfer of
(quantum) Lo, algebras Q°*(I,g),d,A — C*(I1,9), {In,qn}
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Example cont'd

Generalization: I — M — a manifold; X — triangulation.

F=Q%(M,g)[1] ® Q*(M,g")[n - 2] . Vx = C*(X,9)[1] © Co(X, ¢%)[-2]
S=[,(B,dA+ %A, A]) S

Poset of realizations of residual fields:
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Classical BV-BFV

BV integrals + cutting-gluing = BV-BFV formalism

Reference: A. S. Cattaneo, P.M., N. Reshetikhin, “Classical BV theories
on manifolds with boundary,” arXiv:1201.0290;

“Perturbative quantum gauge theories on manifolds with boundary,”
arXiv:1507.01221

Classical BV for manifolds with boundary
n-manifold M = (fM,QM,wM,SM,W:.FM—)fz)

(n — 1)-manifold ¥ = 0M (Fx,Qs,ws = dax, Sx)

Relations: Q? =0, m.Qn = Qx, Qs = {Sx, —}us,
QWM = 0SM + T ax ‘ = Lo, Su = 1%(28% — gy 0x)

Gluing M; Us My — fiber product Far, X £ Far,
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Classical BV-BFV: example

Example: abelian Chern-Simons
@ M = 3-manifold with boundary X
e Fy = Q.(M)[l] SA wy = %fM(SA/\(SA, Sy = %IMA/\CZA,
QuA=dA

e Fx ZQ'(E)[I] > Asx, ax :fz As; N 6Asx, Sy = %fEAz/\dAZ,
m: A= *Awith t: X — M.

Reduction (moduli spaces of dg manifolds):

Moy = M = H*(M)[1] deg = +1 Poisson

|~

My = 212@2) — Fro(2)[1]  deg = 0 symplectic

im(m,) C My — “evolution” Lagrangian.
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Quantum BV-BFV

Quantum BV for manifolds with boundary

(n — 1)-manifold ¥ — (Hx,Qs) space of states

. . _ (Var,wy)  residual fields
n-manifold M with OM =¥ — Zar € Hs, ® Fun(Vay)

(Modified) quantum master equation: (%Qg —ihAy) Zy = 0.

GIuing M1 U M2 — <ZM17 ZM2>7'[E

{ continuum theory '

Poset of realizations of Vy:

min. res. fields

Arrows Vi =V, > fiber BV integrals ZV2 = fBV AS!
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Quantization — rough idea

o Fix a Lagrangian polarization p: Fy, — B with ay vanishing along
fibers.

o Hy = Fun(B), Oy, = Ss,
o V= fiber of Fyy = Fx 5 B. Splititas Yy =V x V.

0 | Z(b, bres) = / Dy e 50dreest) | bEB, fres €V
LCY!
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Example: AKSZ theories

Example: “BF-like” AKSZ theories.
e F=Q0"(M)VaeQ* (M) V*n-1]>5 (4, B);
V' — a graded vector space of coefficients
ol / (B,dA) + f(A,B) |
M

f € Fun(T*[n — 1]V)) — AKSZ potential, satisfying {f, f}v = 0.
@ Boundary data: same formulas, replacing M — 3.
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Example: AKSZ theories — quantization

Quantization:
@ OM = X 4 UX g — with A-fixed and B-fixed polarizations.

o Hy, =Fun(A) = {3, fConfk(EA) U@y, zi)A(xy) - Alag) b,
Hs, — similar

V=0'(M,S4) 0V o (M) @ Vin—1]

y l

V=H*(M,24) V@ H*(M,Xg)V*n—1] > (a,b)
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Example: AKSZ theories — quantization, partition function

Zar(A,B|a,b) =
(M $a)~ —sdim V Z h=x(T) (A B | b)
A wr ) a,
[Aut(D)] Joontr ()
ZB EA
A
B J
B A
wr= A Toyvg™ N ma N\ BN wra eyl () Jacobin(f)
(vivg)EERE vEV 4 vEVR vEVing

n € Q"= (Confy(M)) — propagator, 7 — Ray-Singer torsion
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Example: AKSZ theories — quantization, propagator

Propagator 7 € Q" !(Confa(M)) — integral kernel of a chain contraction

K: QM%) — Q1M i)
@ — fMaxzn(:cl,xg)a(xg)

Properties:
o dn=>,Xa®X®*with {xq} — basis in H*(M,>4)

o lim n(z,y) =1
e—0 S?—l(y)aw

o n(z,y)=0ifz €Xy
o n(z,y) =0ify € Xp




Configuration space integrals

0O000e00

Example: AKSZ theories — quantization, cont'd

Differential 24 on Hy, is built from codim=1 strata of Conf (M)
corresponding to collapses of points near ¥ 4:

0 ihd
thy N5k

1) L
Qn = 1h dA — /
. / Sy

A A A
Qp on Hyx, — similar (arrows reversed).

Properties:
e 02 =0, Q2 =0 (from Stokes’ theorem on Conf)

o mQME: | (4 + Q5 + h*Ay) Zy = 0| (Stokes’ thm)
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Example: AKSZ theories — quantization, cont'd

@ Gluing holds: Zas,ugnr, = _
[DB1DAy Zps, (A1, Bysar, by)e” 7 IsBrb2) 7y (As Bo; ag, by)

—due to a 4\ /}/z

and Feynman graphs (and torsions)
Example: non-abelian BF' theory. V = g[1], f =1(B A)).

QA:/EA<dA+ IA, A], h§1> f )

o\ 1/ [.8 6 RV
QB = /ZB <dB,Zha]B> + 5 <B, |:Zh6]B7lh(SIB:|> /’ N 5
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Example: AKSZ theories — Poisson sigma model

Example: 2d Poisson sigma model.
@ M — surface with boundary
e V =W*[1], m — Poisson bivector on W
o S= [, BidA; + 377 (B)AiA;,
(A,B) € Q*(M,WH*)[1] ® Q*(M, W)
o 0%, - standard-ordering quantization A — ih<: of

_ _ 1
G = f{ BidA; + -1 (B)AA,
i 2

o atp et — a2l wy ot
where IT"Y =

ih
xp, — Kontsevich's star-product

e C=W)[[A]],

e (4, — quantization of Sg1 with B — ihd
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2d Yang-Mills

Action S:/ <B,dA+;[A,A]>+u(B,B)
M

(4,B) € Q*(M, g)[1] & Q*(M, g);
g = Lie(G) with Killing form (,); w — area form.

Boundary structure — same as in BF'.

Mo =Fun(@(SL o). % = LAO)°
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2d Yang-Mills, cont'd

Problem: obtain a closed formula for the partition function on a closed
surface M from a direct perturbative (Feynman diagram) computation.

Idea: Cut M into "building blocks" M; admitting a convenient
gauge-fixing, compute Zy, via Feynman diagrams, reassemble Z,; via
BV-BFV gluing formula.

Theorem, lraso-P.M.

For M a surface with OM = S*1U--- 1 St in A-polarization,
~——

n
ihArea(M)
[/ ZBV—BFV(M):| _ Z (dim RyXOD g~ 2 -Ca(®) pyen
res. fields R irrep of G

[--] = class in HY; {|R)} — basis of characters in L?(G)®.

R.h.s. = non-perturbative answer by Migdal-Witten.

Reference: R. Iraso, P.M., “Two-dimensional Yang—Mills theory on
surfaces with corners in Batalin—Vilkovisky formalism,” arXiv:1806.04172
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2d Yang-Mills: cutting into building blocks

Lorenz gauge Lorenz gauge

axial gauge axial gauge

0, 1-loop diagrams on pieces assemble into multi-loop diagrams on M

For genus > 2, need to cut into building blocks with corners:
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2d Yang-Mills: quantization with corners

Can extend BV-BFV quantization to a picture with arcs and corners
carrying polarizations.

a

@ arcs — A or B-polarization

@ corners (vertices) — « or B-polarization

o Hp, = Fun(a) = A®g* with Q = ihdcg;
Hy, = Fun(B) = Upg with =0 - dg algebras
— quantization of (Fp,; = g[1] @ g*, Spe = 2(B, [, a])) in two
polarizations

0951:29 + Z Q+ZQM

arcs a vertices v (’U a

Example: Q( ): Z] -0 ]; L(B, (Zh@g> ‘Ap>
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2d Yang-Mills: quantization with corners cont'd

One has Baez-Dolan-Lurie extended TQFT picture:
@ points — dg algebras
@ arcs — dg bimodules
@ 2-cells — (area-dependent) morphisms of dg bimodules

B
AN
« ' . «
B
A
One has:
@ mMQME for surfaces with corners
@ Gluing of arcs at vertices (arc bimod); ®Hs arc bimod)s

/

@ Gluing of regions over arcs

[DADB; Zy(- J}UBLAI 22 (By, --
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Chern-Simons theory on a cylinder

Reference: A. S. Cattaneo, P. M, K. Wernli, “Quantum Chern-Simons
theories on cylinders: BV-BFV partition functions,” arXiv:2012.13983
Chern-Simons theory on M =1 x X:
o S= [, tr(3ANdA+ LAN[A A)
e A=c+A+ A"+ e F=Q%M,g)[1]
=Q%(1,0%(%, 9))[1]
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Chern-Simons theory on a cylinder, cont'd

0,1] x X

// ;

o g, A:es ‘l
|
{
\

Cin, A?r;l Cout Aéft
e Polarizations: ¢, A%! fixed at t = 0, c, A0 fixed at t = 1.

(Using a complex structure on X)
o Fiber of F — B:

Y =Q%(I1,01;9%) & Q(1,{0}; Q3" @ Q°(1, {1}, 25") ® Q*(1;03)
def retractJr

V=H*(I,01;9%) & H*(;9%) = {(dt 0, A} )}



CS-WZW correspondence
[e]e] le]elele)

CS on a cylinder: effective action

cm,A?I;l C(M,A(l,(?f I\ A;:"’L”i”"iﬂ o (i
w el !
¢ A
—ad ad,
off —ad, _ 40,1 10 L—e @ 01 €* —1
S /<Aout7 oAin >+<Aout7 d Oa >+<Am 9 d 080>
by ady adqs
—ad
v 4+ ads, = . ad, ad,
00 e 00 e T o on — G g )
(o8
ad,
SlnhT
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CS on a cylinder: effective action as G/G WZW

Introduce the group parametrization for V:

* — * dio * —
(0, 4fs) = (g=e 7 9= (g o Ales) -9 1)

Darboux conjugate of g

In this parametrization:
S = Swzw(g) + / (Agi 94N g™") — (At 99 - g7 1) — (AR}, g1 dg)
b
+/ _<coutagg*> + <cin7g*g>
b
= Sa/q wzw + ghost term

Here
1 _ 1 e
Swzw(g):—5/2@9'9*1,899’1)—5/1 Z<dg~g Y ldgg ' dgg ')
X

— Wess-Zumino-Witten action



CS-WZW correspondence
[e]e]ele] lele)

CS on a cylinder: effective action as G/G WZW. Remarks.

o MQME: | (Qout + Quin + K2Ap)er 5™ =0
Wlth Qout =

5 ) 0 L /1 1)
L <Cout7 814;10‘5 —ih (a + [Acl)llom _]) W> —ih <§[Cout7 Cout]a E>y

out

5 _ 6
Ay = fz S0 SAL,
e mQME <« Polyakov-Wiegmann formula for I = Sg/q wzw:

I (A0, P (A5 howghiy )

out

=A% ALS: g) — 1A%

in ’» “tout» in

0; hin) — 1(0, AL%: ho L)

out’ "“out

o [ is a “generalized generating function” for the evolution Lagrangian

L= {(AinaAout) | Jflat A € Connjyux
s.b. Alt—o = Ain, Alt=1 = Aot} C Conn(X) x Conn(X)

le. L ={(AY?

m

1,0 1,0 0,1
AL = =B AL A% = ) | & =0}

TS A0 t t = 7,0
5Ain ou ou 6Aout
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G/G WZW, WZW and 2d BF

0,1] x = Sx %

Cin, A?r;l CS Cout; A(l)\g Cin; AiI;;U C Cout, Atln?t
l l Kaluza—Klein reductionl
G/G WIZIW Lghosts —— WZW —— “compact” 2d BF

gluing

lpairing with boundary states

WZwW

Sqaw = —Swzw(g™)+ / —(A,0g-9~ ")+ (Ag M) +(ALL g~ Ag+g " g)
>

+ {Couts —99" + IN" + [A, A7]) + (cin, 979)

(O', A -onl Al’o) symplectomorphism (979*7/\’ A*)

res? “ res’ “ Ires
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7d abelian CS — BCOV correspondence

Another example of effective CS on a cylinder.
7d abelian Chern-Simons S = § [ AAdA, A€ Q*(M)[3],
M =10,1] x X, X Calabi-Yau, dim¢ X = 3.

Pick linear chiral polarization at t = 0 and
non-linear Hitchin polarization of Q3(X) att =1

(Wont| Z| i) :/ Db e Jx 50 9b+5(0b,0b,0b)
QLI(X)

R.h.s. = BCOV path integral (a.k.a. Kodaira-Spencer gravity);

b — CS residual field

Reference: A. Gerasimov, S. Shatashvili, “Towards integrability of
topological strings |: three-forms on Calabi-Yau manifolds,”
arXiv:hep-th/0409238;

A. S. Cattaneo, P. M., K. Wernli, “Quantum Chern-Simons theories on
cylinders: BV-BFV partition functions,” arXiv:2012.13983
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