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@ Bits of Morse theory
@ Morse trees: Fukaya-Morse A, category

© Connection to QFT,

based on a joint work with O. Chekeres, A. Losev and D. Youmans,
arXiv:2112.12756.
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Morse theory: toy setting

z = f(u,v) function on R? with isolated nondegenerate extrema.

crit. point | Morse index
local maximum 2
saddle point 1
local minimum 0

Gradient trajectories: @(t) = —grad f(z(t))
(trajectory of a ball rolling downbhill)
@ A grad. trajectory stops only at a crit. point
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Morse theory on a Riemannian manifold

Input:
@ M Riemannian manifold, dim=n

@ f a function on M with isolated nondegenerate crit. points

Morse lemma

Near a crit. point xg, one can find loc. coordinates (y1,...,¥y,) on M
such that
fl@)=f(@o) + 91+ + Vi — Yot — - — ¥a
# minuses = Morse index of xg
# pluses = Morse coindex of x(

loc. maximum of f | index n

Eg: loc. minimum index 0
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Gradient trajectories

o v = —grad f gradient vector field
@ gradient trajectories= integral curves of v

i(t) = —grad f(x(t))

o gradient flow ®,: M — M flow along v in time ¢.

Assume M compact. A grad. traj. through = runs asymptotically into
some crit. pt. as t — 400 and into some other one as t — —oc.
Stable and unstable manifolds. For P € crit(f),

Stabp = {ze M| P (x) e P}

Unstabp = {z€ M | q)t(x)t — P}
——00

Stabp open disk in M dim=n — ind(P)
Unstabp | open disk in M dim=ind(P)
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Morse chain complex

Moduli space of grad. trajectories from P to Q:
Unstabp N Stabg
P =
° M(P.Q) z~ ®(x)Vt ER
e dimM = ind(P) —ind(Q) — 1
@ One has rigid grad. trajectories P — @ if ind(P) = ind(Q) + 1.
Morse chain complex

MCO(M, f) dMorse MCl(M, f) dMorse MOQ(M, f) dMorse dMorse MOn(M7 f)
o MCy(M, f) = Spang, (critina=r(f))

dMorse : MC, — MC_1
P = ZQECritk_l(f) #M(P’ Q) -Q

(dMorse)2 =0
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Morse homology

MCO(M, f) dMorse MCl(M, f) dMorse MCQ(M, f) dMorse dMorse Mcn(M7 f)

{a € MC | dyorsex = 0}

MH, (M, f): =
k( ’f) OéNOé+dMorse(ﬂ) vﬂ S MCk+l

MCy (M, f) = Hi(M) for any Morse function f.

Idea: MCy(M, f) = CEW(Zy)
Es — cell decomposition of M,
{cells} = {Unstabp} pecrit(f)

Morse cochains:
MC® - MC' — .. — MC™

with Mck (M7 f) L= Mcn—k(Ma f) = Spalg, (Critcoind:k(f))
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Categories (reminder)

Recall: A (usual) category has
@ Objects O;
@ Morphisms Mor(O;, O;)

ol = o,
NS

@ Composition of morphisms
o: Mor(0;, O;) x Mor(0Oj, Ox) — Mor(O;, Ox)

my ma

S
RS
S

77£207ﬂ1
which is associative: (15 0 mso) o my = msz o (1ms omy)
m m m
0; = 0, 22 08 = 0

Examples: Vect, Top, Groups,...
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A, categories

An A, category has:
o Objects O;
@ Morphisms Mor®(O;, 0;) — a cochain complex with differential 1.

e Composition
Ko MOI"(Oi, Oj) X MOI"(Oj, Ok) — MOI“(OZ‘, Ok)

— compatible with 1 and associative “up to homotopy”:
po(pa(x,y), 2) — pa(z, u2(y, 2)) =

pa (3w, y, 2)) — pa(pa (), y, 2) — pa(@, pa(y), 2) — ps(x,y, pi(2))
where

w3 Mor(0;,0;) x Mor(O;, O) x Mor(Oy, O;) — Mor(O;, Oy)

— "higher composition”

@ Higher compositions:
Mkt 1\/_[Or(0i07 O“> X X MOI‘(O@VUO%) — 1\/_[OI(OZ‘07 in)
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A relations

A, relations: for p > 1, given a composable sequence of morphisms
x
Oiy 25 - 5 O;,, one has

Z/(,,,E(,m ...... Cry s (T 1y ey Urts)s Lrgstls -y Lp) =0

Or pictorially:

Z ?H\o/of =0

(u1)*=0
pa(p2 (2, y)) = p2(p (2, y)) £ p2(z, p1(y))
homotopy associativity of i

T
I
W DN =
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Fukaya-Morse A, category FF

Reference: Fukaya '93
Fix M compact Riemannian manifold

@ Objects: functions f1,..., fy on M.

@ Morphisms:
Mor(fa, fo) = spang, (crit(fo — fo)) = MC*(M, fo — fo),
differential 1 = dyjorse-

@ Higher compositions:
Hp: Mor(faovfal) X X Mor(fapfu fap) - Mor(famfap)

,U/p(PaoalaPalazaH-7Pap,1ap) = Z #M'Paoap
P,

apgap

M= “moduli space of Morse trees”
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Morse trees

Points of M(Pyyay,- - -

o edges labeled by pairs (a,b) — grad. traj. of f, — f5.
o l-valent vertex at P, emits an (a, b)-edge.
@ 3-valent vertices (a,b) + (b,¢) — (a,c).

M is a smooth manifold,

dimM = =37 | coind(P,,_,4,) + coindPyya, + (p — 2)

v 0 if dim M # 0
| #Morse trees (mod 2) if dimM =0
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A relations hold.

= interesting quadratic relations among numbers of Morse trees

What kind of topological information about M does the A, category F
encode?

@ u1 encodes H*(M)
@ 12 encodes cup-product
@ u3 encodes “Massey operation”
@ 1i~3 higher Massey operations
~ F encodes “rational homotopy type” of M, Q ® my (M)

Quillen—Sullivan
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Aside: Morse trees vs. holomorphic disks

Fukaya-Morse Ao, category on M

Fukaya A, category on T*M

Ob: fi,oo o fN

Lagrangians L, = graph(edfs)

Mor: Mor(F,, Fp) =

span(crit(fa — f3))

Mot (La, Ly) =
span(intersection points of Lq, Ly)

o: Pai—laz‘ € Crit(faq‘,—l - fm)

#(Pagar, Pajass -« Pap—lap) =
#Mtrees 'paoa,,

Pagap ECfit(fag*fu;,)

Pa;_1a; € La;_y N La,
M(paoalyprnaw cee apap,lap) =

hol.disks
#M ° paoap

Pagap €LagNlay

ag

o
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Enhancement of I by self-morphisms

Enhancement: Mor(f,, f,) = Cfi“g(M)
Composition maps:

11 Mot (fag, fag) ¥ @Mor(fag, fay )@+ Mor(fa,_, fa,)OMOr(fay,, fa, )" — Mor(faq, fay,)

({Zao Ot} Paoala{Zal a} . ap 1ap7{lep a} Z #M’Paoap

Paoap

o differential: u1(2) =907
[ ,U,Q(Zl, Zg) = Zl N Z2
o un(Z1,...,2,)=0,n>3
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A relations — example

If £1,...,2, a composable sequence of morpisms:
target(x;) = source(x;11), then
Zr,s N(xla cee ,$T,/L(£Er+1, s 7$r+s)7xr+s+1a v ax;D) =0

Example: “heart-shaped sphere” M = S2?, N = 2 functions,
f=h-re.

f P Q

S

. P z
A relation: f; — fo = fo composable sequence.

’,U/(dMorse(P)7 Z) + M(P7 aZ) + dMorseM<Pa Z) = O‘
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Example: deformation of Morse differential by cycles

N =2, f = fi1 — fa. Fix {C4} -cycles on M. {P;} — crit. points of f.
Generating function for compositions
(2 Mor(f1, f2) @ Mor(fa, fa)®* — Mor(f1, f2),

= > H#M(P;,Cory...,Cors Py) Ty T,

k>1ag,...,op

#grad traj P;— P; passing through cycles

T, - generating parameters, |T,| = 1 — codim(Cy).
Ao relations :>‘ (dtorse + m(T))? =0 ‘

Explanation from HPT:
K ¢ Q.( ) d+ Za TQ(SC(l

LT

MC*(M, f) ,dmorse + m(T)
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Morse contraction

How to see Morse cochains as a direct summand in differential forms?
@1 P — 6Unstabp

crit. point
° p:wHZ(/ wAéStabP> -P
P M

oo
o K = / dt 1, e tEv Q (M) — Q* 1 (M).
0
v — gradient vector field.
Integral kernel: oy € Qqistr (M X M);
Y ={(x,y) | = = Flow;(v) o y for some ¢ > 0}
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“Physics”: perturbed Gaussian integrals

/ SO+ Shn ) = 3 BV,
" graphs T’

@ Sp-quadratic in ¢,
@ Spert — polynomial,

e I' — Feynman graphs



BF theory

o Action: S:/ (B,dA + 1[A,A]).
M 2

@ Space of fields F = Q°*(M, g)[1] & Q*(M,g*)[n — 2] > (4, B).
o g = Matxn coefficient Lie algebra.

F = (G?Qab(M)) D (@Qab(M))



Relation to QFT
[e]e] le]e}

Effective action for BF" theory induced on Morse cochains

MC*(M, f, — fy) ifa#b

Let M= DMy with Moy = { Q* (M) ifa=1b

a,b

Split F = F' ®F" = "slow fields" @ "fast fields"

M@M
Effective action induced on slow fields:

e%seff(Al,B/) :/ DAI/DB// B%Seff(A/+A”,B/+B”)
LCF

L= @imKab @ imK,;, — gauge-fixing Lagrangian in 7.
a#b

Put another way: we integrate out Ay, By fields with a # b, with
“axial” gauge-fixing

LvabAab =0, Lv,,,bBab =0

— We induce Scg on diagonal fields + “remainders” of off-diagonal fields.
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Effective action via Feynman graphs

Se(A', B) = > (49

binary rooted trees T'

N
= Z <B;pa0?MP(A:10a1’ e 7A:zp,1ap)>
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Master equation

As a gauge theory, Sqg satisfies a PDE — the Batalin-Vilkovisky master
equation

_ aSeﬁf aSeff 6Seff 6Seﬁ o
{Seﬂvsef‘f} - 2; 8APab aBPba + Z/M 5Aaa (SBaa =0
a ab a

& Ao relations on compositions (i in F.
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Summary

o Gradient trajectories of a single Morse function remember the
cohomology H*(M).

o Morse trees (using several functions f,) remember homological
operations (Massey products).

o A category F has a “generating function” — the effective action for
a topological gauge theory, computed in a special gauge. Morse
trees become Feynman diagrams.

@ Ways to prove A relations:

o From homotopy transfer of algebraic structures
Q.(M) ® Matnxn ~ M.

o Via effective action and BV master equation.

e Via topological quantum mechanics on metric trees (from Stokes’
theorem on the moduli space of trees).

e By 2d — 1d - from A relations for the Fukaya category of
holomorphic disks, by ¢ — 0 limit.



Thank you!



Summary
ooe

References

e K. Fukaya, “Morse homotopy, A°°-category and Floer homologies.”
In Proceeding of Garc Workshop on Geometry and Topology. Seoul
National Univ, 1993

e K. Fukaya, Y. G. Oh, "Zero-loop open strings in the cotangent
bundle and Morse homotopy,” Asian Journal of Mathematics 1, no.
1 (1997): 96-180.

e M. Kontsevich, Y. Soibelman, “Homological mirror symmetry and
torus fibrations.” arXiv preprint math/0011041 (2000).

@ O. Chekeres, A. Losev, P. Mnev, D. Youmans, “Two field-theoretic
viewpoints on the Fukaya-Morse A, category,” arXiv:2112.12756.



Homotopy transfer
[ ]

Picture 1a: homotopy transfer

K¢ V=0%X)®Matyxy =@, ,_; 25(X) - dg algebra

MZ@a,bMabv Mab: { MC(FG_FIJ)7 a?’éb

Q° a=b

aa’

K- Morse contraction for F;, — F,, a #b
LP 2 trivial (i = p = id, K = 0), a=b
Induced A, algebra structure on M:
i(21)

mn(l'l, .. .,.'En) = Z iz

inputs: z; € M,

with b;=a;41

| Morse chain, a; # b;
~ | form/sing.chaindz, a; =b;



Picture 2: HTQM

Topological quantum mechanics:

@ Space of states: Hqp, = Q°(X)
(for a particle of (a,b)-type, a # b).
BRST operator Q = d.
Hamiltonian H = £,,,, = [Q, G]+.
G = by,

Evolution operator (superpropagator):
Ut,dt) =e tH=4G ¢ Q*(R,) ® End(Hap)



HTQM on metric trees

HTQM on metric trees:

a

b A
@ 3-valent vertex ? : ~  Hap @ Hpe = Hae
)C
NS
o 2-valent vertex ;—3“— ~ operator Hap — Hap

@ l-valent vertex 1:,1,-;” ~  state 5Unstabp .
a

o (a,b)-edge of length t ~  Uyy(t,dt)
Out of these building blocks, we build a form on the space of metric trees:

I€Q° (MTNky....ky) ® Hom(Mor?}! @ Mor1 2 ® -+ ® Mory—1,x ® Mory"%, Mor, n)

where Mor, 5: = Mor(Fy, Fp).
Example: three top-cells in MTy.1.1,0,0




Example

! /i \ = ) I[P
1/t \ ‘
Z// 3 AN Piy€crit(Fy—Fy)
J \
Pos Py

I= / 5Stabp14 A U13(t”7 dt/,) <U12 (ta dt) (6Z A 6Unstabp12 )/\
X

A U23 (t/’ dt,)(ézl A 5Unstabp23 )) AN 5Unstabp34



Properties of [

o (dMT + Q)I =0
@ Factorization on IR boundary of MT:

© Period / I =m - the composition map in Fukaya-Morse

MT
category.



A relations from IR factorization of HTQM

(dur + QI =0 = AMsz—QMTI

m

L.h.s. (contributions of boundary strata of MT):

aaﬁ +ahf :O

b t—0 b t—=0

Q@ =+ —termsm(---m(Z,2')--)in Ay relation.

Q @m@ — terms m(---m( .- )---)in A relation.

>2 colors
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