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Morse theory: toy setting

z = f(u, v) function on R2 with isolated nondegenerate extrema.

crit. point Morse index
local maximum 2

saddle point 1
local minimum 0

Gradient trajectories: ẋ(t) = −grad f(x(t))

(trajectory of a ball rolling downhill)

A grad. trajectory stops only at a crit. point
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Morse theory on a Riemannian manifold

Input:
a M Riemannian manifold, dim=n

b f a function on M with isolated nondegenerate crit. points

Morse lemma

Near a crit. point x0, one can find loc. coordinates (y1, . . . , yn) on M
such that

f(x) = f(x0) + y2
1 + · · ·+ y2

k − y2
k+1 − · · · − y2

n

# minuses = Morse index of x0

# pluses = Morse coindex of x0

E.g.:
loc. maximum of f index n

loc. minimum index 0
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Gradient trajectories

v = −grad f gradient vector field

gradient trajectories= integral curves of v

ẋ(t) = −grad f(x(t))

gradient flow Φt : M →M flow along v in time t.

Assume M compact. A grad. traj. through x runs asymptotically into
some crit. pt. as t→ +∞ and into some other one as t→ −∞.
Stable and unstable manifolds. For P ∈ crit(f),

StabP = {x ∈M | Φt(x) →
t→+∞

P}
UnstabP = {x ∈M | Φt(x) →

t→−∞
P}

StabP open disk in M dim=n− ind(P )
UnstabP open disk in M dim=ind(P )
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Morse chain complex

Moduli space of grad. trajectories from P to Q:

M(P,Q) =
UnstabP ∩ StabQ
x ∼ Φt(x) ∀t ∈ R

dimM = ind(P )− ind(Q)− 1

One has rigid grad. trajectories P → Q if ind(P ) = ind(Q) + 1.

Morse chain complex

MC0(M, f)
dMorse←−−−−MC1(M, f)

dMorse←−−−−MC2(M, f)
dMorse←−−−− · · · dMorse←−−−−MCn(M, f)

MCk(M,f) = SpanZ2
(critind=k(f))

dMorse : MCk → MCk−1

P 7→ ∑
Q∈critk−1(f) #M(P,Q) ·Q

Lemma

(dMorse)2 = 0
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Examples
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Morse homology

MC0(M, f)
dMorse←−−−−MC1(M, f)

dMorse←−−−−MC2(M, f)
dMorse←−−−− · · · dMorse←−−−−MCn(M, f)

MHk(M,f) : =
{α ∈MCk | dMorseα = 0}

α ∼ α+ dMorse(β) ∀β ∈MCk+1

Theorem

MCk(M,f) = Hk(M) for any Morse function f .

Idea: MCk(M,f) = CCWk (Ξf )
Ξf – cell decomposition of M ,
{cells} = {UnstabP }P∈crit(f)

Morse cochains:

MC0 →MC1 → · · · →MCn

with MCk(M,f) : = MCn−k(M,f) = spanZ2
(critcoind=k(f))
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Categories (reminder)

Recall: A (usual) category has

Objects Oi
Morphisms Mor(Oi, Oj)

OjOi

Composition of morphisms
◦ : Mor(Oi, Oj)×Mor(Oj , Ok)→ Mor(Oi, Ok)

m2 ◦m1

Oi
Oj Ok

m1 m2

which is associative: (m3 ◦m2) ◦m1 = m3 ◦ (m2 ◦m1)

Oi
m1−−→ Oj

m2−−→ Ok
m3−−→ Ol

Examples: Vect, Top, Groups,. . .



Morse theory Fukaya-Morse A∞ category Relation to QFT Summary Homotopy transfer HTQM

A∞ categories

An A∞ category has:

Objects Oi

Morphisms Mor•(Oi, Oj) – a cochain complex with differential µ1.

Composition

µ2 : Mor(Oi, Oj)×Mor(Oj , Ok)→ Mor(Oi, Ok)

– compatible with µ1 and associative “up to homotopy”:
µ2(µ2(x, y), z)− µ2(x, µ2(y, z)) =
µ1(µ3(x, y, z))− µ3(µ1(x), y, z)− µ3(x, µ1(y), z)− µ3(x, y, µ1(z))
where

µ3 : Mor(Oi, Oj)×Mor(Oj , Ok)×Mor(Ok, Ol)→ Mor(Oi, Ol)

– “higher composition”

Higher compositions:
µk : Mor(Oi0 , Oi1)× · · · ×Mor(Oip−1 , Oip)→ Mor(Oi0 , Oip)
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A∞ relations

A∞ relations: for p ≥ 1, given a composable sequence of morphisms

Oi0
x1−→ · · · xp−→ Oip , one has∑
r,s

µp−s(x1, . . . , xr, µs(xr+1, . . . , xr+s), xr+s+1, . . . , xp) = 0

Or pictorially:

∑ x2

µ
µ

x1

xr+1

xr+s

xp

= 0

p = 1 (µ1)2 = 0
p = 2 µ1(µ2(x, y)) = µ2(µ1(x, y))± µ2(x, µ1(y))
p = 3 homotopy associativity of µ2
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Fukaya-Morse A∞ category F

Reference: Fukaya ’93
Fix M compact Riemannian manifold

Objects: functions f1, . . . , fN on M .

Morphisms:
Mor(fa, fb) = spanZ2

(crit(fa − fb)) = MC•(M,fa − fb),
differential µ1 = dMorse.

Higher compositions:
µp : Mor(fa0 , fa1)× · · · ×Mor(fap−1

, fap)→ Mor(fa0 , fap)

µp(Pa0a1 , Pa1a2 , . . . , Pap−1ap) =
∑
Pa0ap

#M · Pa0ap

M= “moduli space of Morse trees”
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Morse trees

Points of M(Pa0a1 , . . . , Pap−1ap , Papa0) correspond to pictures in M :

M

a3
a2

a1

a0

Pa0a1

Pa2a3

Pa0a3

Pa1a2

edges labeled by pairs (a, b) – grad. traj. of fa − fb.
1-valent vertex at Pab emits an (a, b)-edge.

3-valent vertices (a, b) + (b, c)→ (a, c).

M is a smooth manifold,
dimM = −∑p

i=1 coind(Pai−1ai) + coindPa0ap + (p− 2)

#M =

{
0 if dimM 6= 0

#Morse trees (mod 2) if dimM = 0
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Theorem

A∞ relations hold.

⇒ interesting quadratic relations among numbers of Morse trees

What kind of topological information about M does the A∞ category F
encode?

µ1 encodes H•(M)

µ2 encodes cup-product

µ3 encodes “Massey operation”

µ>3 higher Massey operations

 
Quillen−Sullivan

F encodes “rational homotopy type” of M , Q⊗ πk(M)
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Aside: Morse trees vs. holomorphic disks

Fukaya-Morse A∞ category on M Fukaya A∞ category on T ∗M

Ob: f1, . . . , fN Lagrangians La = graph(ε dfa)

Mor: Mor(Fa, Fb) = Mor(La, Lb) =
span(crit(fa − fb)) span(intersection points of La, Lb)

◦: Pai−1ai ∈ crit(fai−1 − fai) pai−1ai ∈ Lai−1 ∩ Lai

µ(Pa0a1 , Pa1a2 , . . . , Pap−1ap) = µ(pa0a1 , pa1a2 , . . . , pap−1ap) =∑
pa0ap∈crit(fa0−fap )

#Mtrees · pa0ap

∑
pa0ap∈La0∩Lap

#Mhol.disks · pa0ap

Pa0a2

a0

a1

a2

Pa0a1

Pa1a2

holomorphic disk
a1

La0 La1

La2

a0

a2
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Enhancement of F by self-morphisms

Enhancement: Mor(fa, fa) = Csing
• (M)

Composition maps:

µ : Mor(fa0 , fa0 )
⊗k0⊗Mor(fa0 , fa1 )⊗· · ·Mor(fap−1

, fap )⊗Mor(fap , fap )
⊗kp → Mor(fa0 , fap )

µ({Za0,α}, Pa0a1 , {Za1,α}, . . . , Pap−1ap , {Zap,α}) =
∑
Pa0ap

#M · Pa0ap

a3
a2

a1

a0

M
Pa0a1

Pa1a2

Pa2a3

Pa0a3

Za0,1

Za0,2

Za3,1

differential: µ1(Z) = ∂Z

µ2(Z1, Z2) = Z1 ∩ Z2

µn(Z1, . . . , Zn) = 0, n ≥ 3
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A∞ relations – example

If x1, . . . , xp a composable sequence of morpisms:
target(xi) = source(xi+1), then∑
r,s µ(x1, . . . , xr, µ(xr+1, . . . , xr+s), xr+s+1, . . . , xp) = 0

Example: “heart-shaped sphere” M = S2, N = 2 functions,
f = f1 − f2.

Q

Z

P

S

R

f

A∞ relation: f1
P−→ f2

Z−→ f2 composable sequence.

µ(dMorse(P ), Z) + µ(P, ∂Z) + dMorseµ(P,Z) = 0
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Example: deformation of Morse differential by cycles

N = 2, f = f1 − f2. Fix {Cα} -cycles on M . {Pi} – crit. points of f .
Generating function for compositions
µ : Mor(f1, f2)⊗Mor(f2, f2)⊗k → Mor(f1, f2),

mj
i (T ) =

∑
k≥1

∑
α1,...,αk

#M(Pi, Cα1 , . . . , Cαk , Pj)︸ ︷︷ ︸
#grad traj Pi→Pj passing through cycles

Tα1
· · ·Tαk

Tα - generating parameters, |Tα| = 1− codim(Cα).

A∞ relations ⇒ (dMorse +m(T ))2 = 0 .

Explanation from HPT:

K y Ω•(M), d+
∑
α TαδCα

p

y xi
MC•(M,f) , dMorse +m(T )
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Morse contraction

How to see Morse cochains as a direct summand in differential forms?

i : P
crit. point

7→ δUnstabP

p : ω 7→
∑
P

(∫
M

ω ∧ δStabP

)
· P

K =

∫ ∞
0

dt ιv e
−tLv : Ω•(M)→ Ω•−1(M).

v – gradient vector field.
Integral kernel: δY ∈ Ωdistr(M ×M);
Y = {(x, y) | x = Flowt(v) ◦ y for some t > 0}
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“Physics”: perturbed Gaussian integrals

∫
Rn
e
i
~ (S0(φ)+Spert(φ)) =

∑
graphs Γ

~E−V ΦΓ

S0-quadratic in φ,

Spert – polynomial,

Γ – Feynman graphs
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BF theory

Action: S =

∫
M

〈B, dA+
1

2
[A,A]〉.

(in Batalin-Vilkovisky formalism)

Space of fields F = Ω•(M, g)[1]⊕ Ω•(M, g∗)[n− 2] 3 (A,B).

g = MatN×N coefficient Lie algebra.

F =

⊕
a,b

Ωab(M)

⊕
⊕

a,b

Ωab(M)
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Effective action for BF theory induced on Morse cochains

Let M =
⊕
a,b

Mab with Mab =

{
MC•(M,fa − fb) if a 6= b

Ω•(M) if a = b

Split F = F ′︸︷︷︸
M⊕M

⊕F ′′ = ”slow fields” ⊕ ”fast fields”

Effective action induced on slow fields:

e
i
~Seff (A

′,B′) =

∫
L⊂F ′′

DA′′DB′′ e i~Seff (A
′+A′′,B′+B′′)

L =
⊕
a 6=b

imKab ⊕ imKab – gauge-fixing Lagrangian in F ′′.

Put another way: we integrate out Aab, Bab fields with a 6= b, with
“axial” gauge-fixing

ιvabAab = 0, ιvabBab = 0

– We induce Seff on diagonal fields + “remainders” of off-diagonal fields.
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Effective action via Feynman graphs

Seff(A′, B′) =
∑

binary rooted treesT K

i(A′)

i(A′)

i(A′)

〈B′, p(· · · )〉

∧

∧

∧

K

=

=
∑
p≥1

N∑
a0,...,ap=1

〈B′apa0 , µp(A′a0a1 , . . . , A′ap−1ap)〉
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Master equation

As a gauge theory, Seff satisfies a PDE – the Batalin-Vilkovisky master
equation

{Seff , Seff} =
∑
a 6=b

∑
Pab

∂Seff

∂APab

∂Seff

∂BPba
+
∑
a

∫
M

δSeff

δAaa

δSeff

δBaa
= 0

⇔ A∞ relations on compositions µ in F.
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Summary

Gradient trajectories of a single Morse function remember the
cohomology H•(M).

Morse trees (using several functions fa) remember homological
operations (Massey products).

A∞ category F has a “generating function” – the effective action for
a topological gauge theory, computed in a special gauge. Morse
trees become Feynman diagrams.

Ways to prove A∞ relations:

From homotopy transfer of algebraic structures
Ω•(M)⊗MatN×N  M.
Via effective action and BV master equation.
Via topological quantum mechanics on metric trees (from Stokes’
theorem on the moduli space of trees).
By 2d→ 1d – from A∞ relations for the Fukaya category of
holomorphic disks, by ε→ 0 limit.
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Thank you!
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Picture 1a: homotopy transfer

K y V = Ω•(X)⊗MatN×N =
⊕N

a,b=1 Ω•ab(X) – dg algebra

p

y xi
M =

⊕
a,bMab, Mab =

{
MC(Fa − Fb), a 6= b
Ω•aa, a = b

i, p,K =

{
Morse contraction for Fa − Fb, a 6= b
trivial (i = p = id,K = 0), a = b

Induced A∞ algebra structure on M:

mn(x1, . . . , xn) =
∑

K

i(x1)

i(x2)

i(xn)

p

∧

∧

∧

K

inputs: xi ∈ Maibi
with bi=ai+1

=

{
Morse chain, ai 6= bi
form/sing. chain δZ , ai = bi
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Picture 2: HTQM

Topological quantum mechanics:

Space of states: Hab = Ω•(X)
(for a particle of (a, b)-type, a 6= b).

BRST operator Q = d.

Hamiltonian H = Lvab = [Q,G]+.

G = ιvab .

Evolution operator (superpropagator):
U(t, dt) = e−tH−dtG ∈ Ω•(R+)⊗ End(Hab)
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HTQM on metric trees

HTQM on metric trees:

3-valent vertex
c

a
b

c
a

b
∼ Hab ⊗Hbc ∧−→ Hac

2-valent vertex
a
b

a

Z
∼ operator Hab ∧δZ−−→ Hab

1-valent vertex a

bPab ∼ state δUnstabPab

(a, b)-edge of length t ∼ Uab(t, dt)
Out of these building blocks, we build a form on the space of metric trees:

I ∈ Ω•(MTN ;k1,...,kN )⊗Hom(Mor⊗k1
1,1 ⊗Mor1,2 ⊗ · · · ⊗MorN−1,N ⊗Mor⊗kN

N,N ,Mor1,N )

where Mora,b : = Mor(Fa, Fb).
Example: three top-cells in MT4;1,1,0,0

4

3

t

2
t′′

1

1
2

t′

root

1

4

3

1

2 t′

t
t′′

2

root

2

1

2 4

1

t′′

3

t

t′

root
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Example

I


4

3

1

Z ′ t′

t
t′′

2

P12

P23 P34

Z

root

 =
∑

P14∈crit(F1−F4)

I · [P14]

I =

∫
X

δStabP14
∧ U13(t′′, dt′′)

(
U12(t, dt)(δZ ∧ δUnstabP12

)∧

∧ U23(t′, dt′)(δZ′ ∧ δUnstabP23
)
)
∧ δUnstabP34
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Properties of I

1 (dMT +Q)I = 0

2 Factorization on IR boundary of MT :

I


T2

+∞
T1

 =
〈
I(T2) ∧, I(T1)

〉

3 Period

∫
MT

I = m – the composition map in Fukaya-Morse

category.
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A∞ relations from IR factorization of HTQM

(dMT +Q)I = 0 ⇒
∫
∂MT

I = −Q
∫
MT

I︸ ︷︷ ︸
m

L.h.s. (contributions of boundary strata of MT ):

a t → 0 +
t → 0

= 0

b
b t → 0

a ba
+

b t → 0

aba
= 0

c

a

a
t → 0

+

a

a
t → 0

= 0

d
b t → 0

aaa → terms m(· · ·m(Z,Z ′) · · · ) in A∞ relation.

e
t → +∞ → terms m(· · ·m( · · ·︸︷︷︸

≥2 colors

) · · · ) in A∞ relation.
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