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SUMMARY 

The hydrodynamic equations describing the steady, one-
dimensional flow of a viscous, heat-conducting, compressible 
gas are treated. The equation of state for a perfect gas is as
sumed valid, and the coefficients of specific heat are assumed 
constant. A complete integral of the energy equation is found 
for a Prandtl Number of 3/4, which is a good approximation for 
the actual value of many gases over wide temperature ranges. 
A particular integral contained in this complete integral is (u2/2) 
+ cpT ~ a constant, which is a frequently used one-dimensional 
energy equation. The restrictions on its use are rigorously de
rived and stated. With the complete integral of the energy 
equation, three different types of solutions which depend on the 
boundary conditions are shown to be obtainable. The usual 
shock wave solution (satisfying the Rankine-Hugoniot relations) 
is only one of these three types. 

Several features of the shock wave solution are shown. For 
example, the entropy has a maximum value at the inflection point 
in the velocity distribution. The validity of the continuum 
hypothesis is examined, and i t is shown that the thickness of the 
wave as defined by Prandtl becomes infinite as the initial Mach 
Number of the flow becomes infinite provided that n, the expo
nent in the temperature-viscosity relation JU/JU0 = (T/To)n, is 
greater than V2. Furthermore, i t is concluded tha t the contin
uum theory may give reasonably correct results for flows with 
Mach Numbers up to 1.3. 

The other two cases of flows contained in the equations are 
terminating flows—i.e., flows tha t can be valid only in a finite 
region. Their mathematical nature is demonstrated by two 
numerical examples, which indicate compression shocks followed 
by expansion waves. However, the physical significance, if any 
exists, of such solutions remains open to question. 

INTRODUCTION 

THE PURPOSE OF THE PRESENT PAPER is t o g ive a 

concise, and yet general, theory of the one-dimen
sional flow of a real continuous fluid in order to derive 
all of the mathematical implications inherent in the 
equations governing such flows. Solutions with uni
form aud nonuniform conditions behind a shock front 
and the relationship between these two types of solu
tions are explicitly shown. 

As an approach to the mathematical description of 
the structure of a shock wave, an analysis may first 
be made of the one-dimensional steady flow of a con
tinuous medium. Such analyses have already been 
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conducted by several investigators, but these have, in 
one way or another, been limited in generality. In 
early investigations,1 for example, the flow of a (hypo
thetical) viscous fluid without heat conduction, and of a 
(hypothetical) nonviscous fluid with heat conduction 
were treated. Taylor and Maccoll2 later gave an ap
proximate solution for the flow of a fluid with both vis
cosity and heat conduction, valid only for a weak shock 
wave. In 1922, Becker3 obtained an exact solution of 
the one-dimensional equations of a real fluid with a 
Prandtl Number of V4, by assuming the expression for 
the temperature to be a quadratic in the velocity and 
then determining the coefficients by substitution into 
the differential equations. Thomas4 afterwards briefly 
extended Becker's investigation by using variable coef
ficients of viscosity (ju) and of heat conduction (k), as
suming fi and k to be proportional to T1/2. The latter 
investigation, which introduced directly the mean free 
path, showed the increase of Shockwave thickness due 
to variable values of JJL and k, although, as shown in the 
present paper, some of the mathematical conclusions 
that Thomas reached must be modified if a different 
law for the variation of 11 and k with T is assumed. 

All of the aforementioned investigations had been 
restricted to the case of uniform-flow conditions both 
ahead (x —» — °°) and behind (x —» + °°) a shock 
front. Reissner and Meyerhoff5 have recently pointed 
out, however, by means of a small-perturbation pro
cedure, the existence of solutions to the shock wave 
equations which do not represent uniform conditions 
behind the shock front. 

In this paper the one-dimensional flow equations are 
solved rigorously and completely for a constant Prandtl 
Number of z/±. The existence of solutions correspond
ing to flows with nonuniform conditions behind the 
wave is clearly proved and is demonstrated by two nu
merical examples. The thickness of a shock wave in 
terms, of the mean free path of the gas molecules is 
considered. 

SYMBOLS 

0 = subscript denoting values at x —> — 00 
1 = subscript denoting values at either x = X\ (or x — 0) 

or at x —> + 00 
Ci, C2, C3, d, CA , C4" = constants of integration 
cp, cv = specific heats a t constant pressure and a t constant 

volume, respectively 

674 

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
N

O
T

R
E

 D
A

M
E

 o
n 

A
ug

us
t 1

, 2
01

9 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/8
.1

18
82

 



F L O W E Q U A T I O N S O F A C O M P R E S S I B L E G A S 675 

H 
k 
M 
n 

P 
R 
S 
T 
h 

h' 
W 

V 

t\ 

u 
V 
X 

z 
a 

8 

7 
K 

A 

M 

P 
Tl 

k 

= the quant i ty (u2/2) + cpT 
= coefficient of heat conductivity 
= Mach Number 
= exponent in the viscosity-temperature relation ju == 

Mo(r/r0)
w 

= pressure 
= gas constant R = cp — cv 

= entropy • 
= absolute temperature 
= thickness of a shock wave, according to Prandtl defi

nition 
= value of h for n — 0 
— thickness of a shock wave, according to Taylor-

Maccoll definition for n = 0 
= thickness of a shock wave (Prandtl definition) for 

n y± 0 
= thickness of a shock wave in units of local mean free 

paths. 
= velocity of flow (in x direction) 
= dimensionless velocity u/u0 

= distance coordinate in direction of flow 
= exp [2 KyM0l;/{y + 1).] 
= parameter defined by (7 - l ) / ( y + 1) + 2 / ( 7 + 1) X 

= a constant, 0.35 
— rat io of specific heats cp/cv 

= constant defined by Eq. ( l i b ) and having the value 
1.36 for air (7 = 1 . 4 ) 

= mean free path of the gas molecules 
= coefficient of viscosity 
= mass density of the fluid 
= dimensionless temperature TI/TQ (at x = xi) 
= dimensionless distance coordinate x/Xo 

EQUATIONS FOR ONE-DIMENSIONAL FLOW 

The steady, one-dimensional flow, parallel to the x-
axis, of a viscous, heat-conducting, compressible fluid 
is described by the following hydrodynamic equations, 
which, in the kinetic theory of nonuniform gases, form 
a second approximation to the Boltzmann equation: 

Conservation of momentum : 

du dp 
Sdx\ dx/ 

(lb) 

dE du 
pu -1-+PJ-

dx dx 
\dxj dx\ dx / 

dx dx 

Conservation of mass: 

(d/dx)(pu) = 0 

Conservation of energy: 

Equation of state: 

P = P(P> T) (Id) 

where 

p = mass density 
u = velocity 
p = hydrostatic pressure 
ix = coefficient of viscosity 
E = internal energy 
T = absolute temperature 
k = coefficient of heat conductivity 

For the usual ranges of pressure, density, and tem
perature encountered in fluid flows, the coefficients of 
viscosity and heat conductivity may be assumed to be 
functions only of the temperature. The internal 
energy will be a function, in general, of p, p, T. The 
coefficients of specific heat at constant volume and 
pressure (cv and cp, respectively) are considered here as 
constants.* The four equations [Eqs. ( la)-(ld)] de
termine the flow variables u, p, p, and T as functions 
of x. 

For mathematical simplicity the particular equation 
of state which has been used here is that for a perfect 
gas—namely, 

p = PRT (le) 

where R = the gas constant, R = cv — cv. With this 
equation of state, 

dE = CfdT (if) 

The equations can be integrated as follows. The flow 
is assumed to be in the positive x direction, and three of 
the five constants of integration will be determined by 
conditions at minus infinity, which will be denoted by a 
subscript zero. Eq. (lb) can be integrated directly to 
give 

pu — poUo (2) 

Eq. (2) may be substituted in Eq. (le) to give 

p = poUoRT/u (3a) 

or upon differentiation 

dp poUoRdT pdu 

dx u dx udx 

With Eq. (3b), Eq. (la) gives 

p du 
POUQ dx 

du _ dT 4 u 
= u — + R— - - — J dx dx 3 poUo ax 

/ du\ 

\ dx) 

(3b) 

(4) 

Furthermore, Eqs. (2) and (4), with Eq. (If) and the 
relation cp = cv + R, can then be used to transform 
Eq. (1c) into 

du dT 
u-—{-Cp — 

dx dx 3 poUo 
d_ 

dx dx) \dx/ J 

1 d (dT\ n / c , 

T\k^~) = ° (5a) 

poUodx\ ax/ 
or 

du dT d zz ( du\ 1 d (hdT\ - 0 
p J.. o . „. j,„y ^%J p0uodx\ dx J dx P dx 3poUodx\ 

By a single quadrature, Eq. (5b) gives: 

(5b) 

* Reference (6) indicates a change of 16 per cent in cp for air 
for a range of temperatures from 0° to 1,600 °F. 
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*• (Afxcp du dT\ 
+ cpT ( —- u — + cp — ) = & (5c) 

CPPQUO\ 6k dx dx / 

where G is an arbitrary constant. 
If the Prandtl Number 

fJLCp/k = 3 A 

then Eq. (5c) becomes 

k d (u 
— + cPT - cppoUodx\2 

+ CpTJ = 

(5d) 

d (5e) 

Eq. (5e) can be integrated to give 

+ CpT = CV + C2 exp f Cppô o / T ) (6a) u* 
~2 

Eq. (6a) may be regarded as a complete integral of the 
one-dimensional energy equation for a fluid with a 
Prandtl Number equal to 3/V* A necessary (though, 
as will be seen later, not sufficient) condition that the 
flow be uniform at plus infinity is that C2 be equal to 
zero, In that case Eq. (6a) reduces to 

(u>/2) + cpT = d (6b) 

Thus it is seen that the well-known Eq. (6b) is an 
exact and complete integral of the general one-dimen
sional energy equation of a viscous, heat-conducting 
fluid under the following two conditions: (a) the 
Prandtl Number is z/\\ (b) the flow is uniform at plus 
as well as at minus infinity. Condition (a) is necessary 
so that Eq. (6b) be exact, while condition (b) is neces
sary so that Eq. (6b) be complete. Although Becker3 

essentially obtained Eq. (6b) for a Prandtl Number 
equal to V4 by assuming T as a general quadratic func
tion of u and by determining the coefficients in this 
function so as to satisfy the governing differential 
equations, it appears not to have been generally recog
nized that this quadratic was the familiar Eq. (6b).f 
Moreover, by the assumption of the temperature as a 
quadratic function of velocity, Becker's solution was 
implicitly restricted throughout to the case of uniform 
conditions at plus infinity. Therefore, his paper does 
not contain Eq. (6a)—the complete integral of the 
general one-dimensional energy equation. 

It must be noted that condition (a), requiring PT = 
3/4, is based mathematically on the factor 4/3 appearing 
in Eq. (5c) and, therefore, on the Navier-Stokes mo
mentum Eq. (la) and the energy Eq. (lc). Hence, 
condition (a) is based on the physical assumptions used 
in the derivation of the Navier-Stokes equations. 
These include: (i) The components of the stress tensor 
are related linearly to the components of the strain 
tensor: and (ii) the hydrostatic pressure is equal to the 
arithmetic average of the normal stresses. 

* I t may be pointed out here tha t Eq. (6a) is valid for variable 
values of M and k provided only tha t the Prandtl Number remains 
constant and equal to 3/4, k being an implicit function of x 
[k = k(T) = k[T (x)] = h{x)]. 

f This may have been due to the somewhat obscure notation 
used by Becker. 

The case of uniform conditions at plus and minus 
infinity appears to be the only one considered prior to 
the work of Reissner and Meyerhoff,5 who indicated 
the possibility of solutions with nonuniform conditions 
at plus infinity. With Eq. (6a) a first order, nonlinear, 
differential equation for u as a function of x can be ob
tained; solutions of this equation with C% negative, 
zero, and positive will be discussed. 

If Eq. (2) is substituted into Eq. (la), the latter may 
be integrated once to give 

PQUQU + p — (4 /3) ix(du/dx) = C3 (7a) 

where C3 is an arbitrary constant. Eqs. (3a) and (6a), 
combined with Eq. (7a), with 7 = cp/c0, lead to the 
following first-order differential equation for u: 

4 ix du 
u 7 - • 

3 potio dx 

7 + 1 2 , a 
u2 H u 

2y poUo 
7 - - C2 exp CppoUo / j N r Ci (7b) 

Ci and C% can be determined from given conditions at 
minus infinity, where all the flow variables are assumed 
to have finite values—that is, u = m, T = To, p — po> 
p = po, and d/dx = 0. Eqs. (6a) and (7a) then yield 

and 

d = (M0
2/2) + CpT0 (8a) 

Cz = poUo2 + po = po(u0
2 + RTQ) (8b) 

In treating Eq. (7b) it was found convenient to non-
dimensionalize u with respect to UQ and x with respect to 
Xo, the mean free path of the gas molecules at minus 
infinity. Thus, let 

V = u/uo; £ = x/Xo (9a) 

Moreover, certain relations from the kinetic theory of 
gases may be used; thus, one can write8 

where 

5 = 
c = 

X = 

ix = 8pc\ 

a constant = 0.35 { 
mean molecular velocity 

VSRT/TT 
mean free path of the molecules 

(9b) 

Furthermore, both theory and experiment indicate 
that (x = fx(T); in fact, it is usually satisfactory to as
sume for gases that 

ix = no(T/T0y (9c) 

where n is a positive constant depending only on the 

% Theoretical values of 5 vary from 1 /8 to 0.499, depending on 
the nature of the analysis. The value used here is tha t of Tai t . 
The effect of using a different value for 8 would be to change the 
scale of £ (and therefore the shock-wave thickness in terms of 
mean free paths) in direct proportion. 
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gas in question. With Eqs. (8a), (8b), and (9a)-(9c), 
Eq. (7b) becomes 

dV 
KM0(V - 1)(V - a) = 

2KM0\ 
7 + l/n< 

I—. exp 
'2nyMj 

L T T I /W«] (10) 

where 

Mo = Mach Number a t minus infinity 

= Uo/VyRTQ 

a parameter = 
7 + 1 7 + 1 Mo2 

a constant* = — (7 + 1) 
80 v^ 

(11a) 

( l i b ) 

F L O W W I T H UNIFORM CONDITIONS AT P L U S I N F I N I T Y 

General Solutions 

With C2 — 0, which is a necessary condition t h a t the 
flow be uniform a t plus and minus infinity, Eq. (10) 
can be integrated directly to give 

• ,= ± f (T/T°rVdV + Q (12a) 

where C4 is an arbi trary constant. I t may be pointed 
out t ha t one obvious solution satisfying Eq. (10) with 
C2 = 0 and the boundary conditions is F == 1. This 
corresponds to a uniform flow throughout, and, while 
it is a valid solution, it is not of particular interest 
here and, hence, is disregarded. From Eqs. (6b), 
(8a), and (9a), it follows t ha t 

To 
1 + 

7 1 
Mo2 (1 - F2) 

Hence, Eq. (12a) can be writ ten in the form: 

{. , ft*7-1' l 

KMQ 

-Mo2(l - F2) VdV ] n 

1 

(V- 1)(V- a) + a 
(12b) 

For general values of n this integral must be evaluated 
numerically to give £ = £( F ) . 

To complete the description of the flow given by this 
solution, it is convenient to determine the other flow 
variables as explicit functions of F. Thus , from Eqs. 
(2) and (9a), 

p/po = UQ/U = 1 / F (13a) 

As before, 

~ = 1 + —^ MoKi - n 
10 ^ 

(13b) 

Hence, from the gas law equation [Eq. ( le ) ] , 

%' lvV + 7~irMoK1 ~ V2)] (13c) 

Furthermore, i t will be of interest to determine the en
tropy S and Mach Number M as functions of F. In 
general, for a perfect gas, 

S - So = cv In (T/T0) - R In (p/p0) 

Substi tut ing Eqs. (13b) and (13c) in the above, one 
finds 

S - So 
In { [ -

1. 
-Mo2(l - V2) 

cv IL 2 

If the sonic velocity be denoted by a} then 

M_ 

Mo 

"} 7 ^ . 7 (13d) 

UQ \a / \To/ 

- V t 

or 

Mo 
1 + 

1 
Mo2(l - F2) (13e) 

: K = 1.36 for air with 7 = 1.40. 

The solution given by Eq. (12b) is essentially the one 
obtained in a restricted manner by Becker3 for n = 0 
and by Thomas 4 for n = xli. For completeness the 
solutions for n = 0 and n = 0.768, the experimentally 
determined value for air, will be given explicitly. 

Constant Coefficients of Viscosity and Conductivity 

If the coefficients of viscosity and conductivity are 
assumed constant, then n — 0 and Eq. (12b) becomes 

* ~ l)a = C/.exp [*(1 - *)M£] (14a) 

where CV is an arbitrary constant. Since by definition 
F = 1 as £ —-> — 00, i t is necessary from Eq. (14a) t ha t 
a < 1. This, in turn, implies t h a t Mo > 1—that is, 
t ha t the flow, in order to be other than the trivial com
pletely uniform flow, must be initially supersonic. 
Thus, in this formulation the necessary condition of an 
initial supersonic Mach Number for the existence of a 
shock wave is mathematically obtained without the 
use of the second law of thermodynamics. 

For CV negative, Eq. (14a) yields a monotonically 
increasing velocity, with F becoming infinite and T 
becoming negatively infinite as £ —» + po. Such a flow, 
the mathematical existence of which, to the authors ' 
knowledge, has not been previously established, would 
be completely supersonic and would correspond to an 
expansion wave. However, i t evidently can be valid 
only in a finite region wherein the temperature is posi
tive. Moreover, it will be shown tha t such a flow would 
involve a continuous decrease in entropy and, there
fore, would not be obtained physically even in a finite 
region. I t is interesting to note t h a t such a solution 
would give nonuniform conditions a t plus infinity, 
where both F and d/d% would become infinite. Thus, 
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even when C2 = 0 and Eq. (6b) is valid, mathemati
cally possible solutions with nonuniform conditions at 
plus infinity can be obtained. 

If C4' is determined such that the origin of the coor
dinate system is located where the velocity profile has 
an inflection point—that is £ = 0 where d2V/d£2 = 0— 
then C\ is positive and Eq. (14a) becomes 

1 - V 1 - V « p W l _ a)M^ ( u b ) 

(V - a)a (Va ~ a)e 

or, in another form, 

1 
* (1 - a) Mi 

In 
-\/a — 

V 
_fAj_ 
a )l -

V 

V«J 
(14c) 

From Eq. (14c) and Eqs. (13a)-(13e) the entire 
characteristics of the flow can be determined. Exami
nation of the variation of V, p, p, T, S, and M with £ 
indicates that the flow described by this solution is the 
well-known compression or shock wave, which satis
fies the Rankine-Hugoniot values at plus and minus 
infinity.9 Figs. 1 to 3 show the distribution of V, p, 
and S with £ for MQ = 1.1 and for M0 = 2. 

The entropy distribution given by this solution may 
warrant a brief discussion. I t will be observed from 
Fig. 3 that the entropy increases from zero at minus in
finity to a maximum at the center of the wave (g = 0) 
and then decreases to a positive value at plus infinity 

i.o 
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This maximum in the entropy a t the center of the wave 
can be demonstrated analytically as follows. In gen
eral, 

dS 

dx 

/ 1 1 dT ldu\ 

\y — ITdx u dx) 

From Eqs. (9a), (10), and (13b) with n = 0 and C2 = 
0, one finds t h a t Eq. (15a) may be wri t ten as 

1 dS 1 (V - l)(V - a)(V2 - a) 

y + lKRM0
zd% V2 T/To 

Eq. (15b) indicates t h a t the entropy has stat ionary 
values a t three values of V—viz., V = 1, -\Za, a. I t is 
clear t h a t the s tat ionary value of 5 a t the center of the 
wave, where V = V ' a [cf. Eq. (14b)], is a maximum, 
since Eq. (15b) shows t h a t dS/d£ is negative for a < V 

< s/a—i.e., for V downstream of the center. I t may 
a t first sight appear t h a t the recovery of mechanical 
energy on the downstream side of the center of the wave 
thus indicated by this solution would violate the second 
law of thermodynamics and thereby invalidate the 
solution. However, the second law applies to an entire 
sys tem—that is, to the end points of the flow—and 
permits energy recovery in ..separate sections thereof. 
The negative entropy gradient here might also be in
terpreted as indicating physical effects t h a t are not 
taken into account by the governing Eqs. ( l a ) - ( l e ) . 
For example, the gas molecules in some regions may not 
be in thermal equilibrium.7 

I t is clear from Eq. (15b) t ha t the expansion-wave 
solution discussed above must be discarded on the basis 
of entropy considerations. For this solution the veloc
i ty increases monotonically with £—that is, V > 1. 
I t therefore follows from Eq. (15b) t h a t dS/d£ < 0 
everywhere, which is physically impossible. 

T h e solutions given by Et[S. (14a)-(14c) are valid 
solutions of the integral in Eq. (12b) provided t ha t a 
< 1 and n — 0. I t is of interest to consider the case of 
n = 0 bu t a = 1—that is, Mo = 1. In t ha t case Eq. 
(12b) gives 

z = l n C V ( 7 - 1) + rb] (16) 

where C± is an arbi trary constant. In order t ha t V = 
1 a t minus infinity, it is necessary tha t C/ > 0, for, if 
C± < 0, then it would be necessary t ha t V < 1 for § 
real, and it would then follow from Eq. (16) t ha t as 
V —> 1, £ —> + °° instead of £ —> — oo. For a positive 
value of C / , Eq. (16) represents a flow in which the 
velocity increases monotonically as £ increases* This 
is evidently a special case of the expansion-wave'flow 
discussed above and must be discarded on the same 
grounds (entropy) as t ha t solution. Thus , the only 
physically possible solution for the case Mo = 1 is the 
solution F = 1 everywhere. 

I t is thus shown tha t a flow tha t is sonic a t minus 
infinity will remain sonic without change. More gen
erally, i t has been proved here tha t , if a one-dimensional 
flow is subsonic or sonic a t minus infinity, then the flow 
will be uniform throughout the entire range of x. This 
is t rue for the cases of bo th uniform and nonuniform 
conditions a t plus infinity, since in the lat ter case, the 
additional term (proportional to Co) in Eq. (6a) van
ishes a t minus infinity, so t h a t the mathematical argu
ment upon which the above s ta tement is based remains 
valid. 

(15b) Variable Coefficients of Viscosity and Conductivity 

For n 9^ 0, the integral in Eq. (12b) can be evaluated 
numerically for any given n and Mo. The arbi trary 
constant G may be determined, as in the case n = 0, 
by placing the origin (£ = 0) a t the inflection point 
(d2V/d%2 = 0) in the velocity-distribution curve. From 
this numerical solution for £ = £(F) , it is possible to 
determine the variation of the other flow variables by 
using Eqs. (13a)-(13c). 

The experimental value of n for air is 0.768. The 
numerical evaluation of the integral in Eq. (12b) has 
been carried out for this value of n and for Mo = 1.1 
and 2.0. T h e results are shown in Figs. 1-3, along 
with the results for n = 0 for ready comparison. As 
might perhaps have been expected, the increase in vis
cosity and conductivity through the shock wave de
creases somewhat the absolute value of the gradients 
of the flow variables in these two numerical examples. 

SHOCK W A V E T H I C K N E S S 

Mathematically, the changes in the flow variables 
through a compression shock occur over the infinite 
distance from minus to plus infinity. Inspection of 
Figs. 1-3 will indicate, however, t ha t in reality the 
major portion of the changes occur in a small region a t 
the center of the wave. This small region is called the 
shock-wave thickness. The question which mus t be 
considered is whether the shock-wave thickness is of 
the order of magnitude of the mean free pa th of the gas 
molecules. If it is, then the ability of the above equa
tions, which are based on the continuum hypothesis, 
to describe the structure of the shock wave is doubtful. 
Previous a u t h o r s 2 - 4 have indicated t h a t only for weak 
shocks (Mo < 1.3) is the continuum theory valid. 
However, because of the ra ther arbi trary manner in 
which shock-wave thickness has been defined, i t was 
thought advisable to compare the results given by the 
above analysis according to the various definitions. 

Nondimensionalizing the space variable x by means 
of the mean free pa th (X0)* of the gas molecules a t 
minus infinity is convenient for the consideration of 
shock-wave thickness [cf. Eq. (9a)]. The thickness is 
then given as a pure number—namely, the number of 

* For air with T0 = 519 °R.f po = 0.002378 slugs per cu.ft.; 
that is, for standard sea-level conditions, X0 = 3.46 X 10 _ 6 i n . 
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mean free paths at minus infinity. If this number is 
large in comparison with unity, then the continuum 
hypothesis is valid; if this number is of the order of 
unity, then the continuum hypothesis is no longer a 
sufficiently accurate basis of determining the flow char
acteristics. For purposes of a more refined appraisal, 
the thickness may be calculated as a multiple of the 
local mean free path of the gas molecules at the shock 
wave rather than of the mean free path at minus infin
ity. 

The point of view that may be taken here regarding 
the mean free path is that this quantity can be deter
mined experimentally from the measurable quantities 
viscosity, density, and temperature. Thus, X, in gen
eral, may be consistently defined by the equation 
[cf. Eq. (9b)] 

X = 0>/8)(fl\fe/pV8RT) (17a) 

In particular, Xo will be 

X0 = ( 1 / 5 ) ( M O V ^ / P O V § ^ T O ) (17b) 

This point of view is consistent with Eqs. (9b) and (9c) 
regardless of the value of w.* 

The various definitions of shock wave thickness will 
now be discussed and compared. Prandtl10 has given 
a definition of shock-wave thickness h shown in Fig. 
4a. I t may be stated mathematically as 

Ao*i = — (wo — ux^co)/(du/dx)max. (18a) 

Since the origin of the space variables x and £ has been 
placed at the inflection point in the velocity distribution 
and since V = a at plus infinity, this becomes, in terms 
of V and £, 

k - ( 1 - a)/(dV/dO,= (18b) 

Taylor and Maccoll2 have given another definition of 
shock-wave thickness fe—namely, the distance in which 
a certain portion P of the total velocity change through 
the wave takes place (see Fig. 4b). They selected P = 
0.80 and, according to this definition, gave a simple 
approximate formula for the thickness of a weak wave. 

Constant Coefficients of Viscosity and Conductivity 

The shock-wave thickness i\ for n = 0 according to 
Prandtl's definition will be calculated first. Eq. (14b) 
gives V = \/a for £ = 0, and thus, from Eq. (10) with 
n = 0 and C2 = 0, Eq. (18b) becomes 

ti = (1 - a)/jcM0(l - Va)2 (19) 

If the molecules of a gas are assumed to be spheres of diame= 
ter <r and mass m, then the mean free path can, by kinetic theory, 
be shown to be X = m/^/2irpa2. Hence, if <r were constant, then 
X would be a function only of the density p at any point, and ac
cording to Eq. (17a), ;u would be proportional to T1^2 implying 
n — xl%. Thus, by choosing n ^ l/i, one is implicitly taking into 
account the variation of molecular diameter with temperature. 
In fact, with the equations used here, a ~ T (1 ~ 2W^4. More
over, if n ?£ V2, then X is implicitly considered to be a function of 
T as well as of p. 

(a)THICKNESS ACCORDING TO PRANDTL ( b ) THICKNESS ACCORDING TO TAYLOR-MACCOLL 

FIG. 4 DEFINITIONS OF SHOCK WAVE THICKNESS 
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FIG. 5 SHOCK WAVE THICKNESS ACCORDING TO PRANDTL 
DEFINITION 

Values of t\ for a range of values of Mo are shown in 
Fig. 5. 

The thickness t2' according to the Taylor-Maccoll 
definition for n = 0 is calculated for any value of P as 
follows: Eq. (14c) gives (cf. Fig. 4b) 

W -Si + & -

1 
K(1 - a)MQ 

In 
1 - VJVi - a 
.1 - VAV2 ~ J J 

(20a) 

where 

V, = a + l-~^ (1 - a) = I (1 + a) + £ (1 - a) 

V,= a + ^ - (1 - a) = - (1 + «) - - (1 - «) 

or, finally, 
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ti = 
1 + a 

In 
1 + P 

K{1 -• a)M0 1 - P 
(20b) 

Values of h' have been determined for P = 0.80, 0.90, 
0.95 for a range of MQ and are shown in Fig. 6. 

Examination of the values of / / and Uf shown in 
Figs. 5 and 6, respectively, indicate that the Taylor-
Maccoll definition imposes a somewhat less severe re
striction of the continuum hypothesis than does the 
Prandtl definition. However, if one rather arbitrarily, 
but reasonably, requires that t > 7 for the above govern
ing equations to describe a normal shock wave ade
quately, then according to any definition it would be 
required that MQ < 1.3. Thus, only for weak waves 
would these equations describe the actual conditions 
in a shock wave. 

Two refinements in the calculation of these thick
nesses may be made: consideration of the variability 
of the coefficients of viscosity and conductivity, and 
determination of the thickness in terms of the local 
mean free path at the wave. 

Variable Coefficients of Viscosity and Conductivity 

For determining shock wave thickness t" when the 
coefficients of viscosity and conductivity of the gas are 
considered variable, only the Prandtl definition will be 
used, since it is easier to apply here than the Taylor-
Maccoll definition and since, as has been seen above, 
the two definitions lead to similar results. 

In order to apply the Prandtl definition in this case, 
it is necessary to calculate the value of V at the origin 
of the axis. By differentiating Eq. (10) (C2 = 0) with 

respect to £, setting d2 V/d%2 = 0, and eliminating d V/-
d%, one obtains the following equation for the value of 
Vc—that is, for the value of V at £ = 0, 

(21) 

n - -J Fc
4 - n (1 + a)Ve* + 

+ n) a Vc2 — — = 0 
1 2 7 - 1 

The value of Vc may be determined from this quartic 
equation for any given n and a (or -Mo) by Newton's11 

(approximate) or Ferrari's (exact) method.12* From 
this value and from Eq. (10) (C2 = 0), (dV/dfy = 0 

may be determined, and then h" can be calculate^ from 
Eq. (18b). 

The calculations outlined above were carried out for 
n = V2 and n = 0.768 for a range of MQ values. The 
results are shown in Fig. 5. As might be expected, 
the wave thickens as n increases. Moreover, as was 
pointed out by Thomas,4 for n = V2, the thickness 
reaches a minimum finite value as MQ —> 00 . However, 
for n > y2, the thickness decreases to a minimum 
(about 1.5 mean free paths at MQ = 5 when n = 0.768) 
and then increases without limit as MQ -> 00. This 
can be demonstrated analytically in the following man
ner: Eq. (10) (C2 = 0) can be written, with the aid of 
Eq. (13b), as 

dV K(V - 1 ) ( 7 - a) 

r 1 y — 1 
V — + (1 - V2) 

LMQ2 2 K \ 

(22a) 

MQ' 
In • 

From Eq. (12a), it is clear that as MQ —> o°, a -> 
(7 - 1 ) / ( Y + 1). Moreover, from Eq. (21), Vc ap
proaches a finite value, depending on n, as MQ —> °°. 

Thus, 

lim 
Mo -

h 

vc 

iVc - 1)(VC - a) 

^y- (1 - V/) 
'A 

if n = V2 

- 0, if n > y2 ; 
if n < V2 

(22b) 

It follows then from Eq. (18b) that, as MQ -> 00, 
the shock-wave thickness given by this analysis de
pends strongly on the value of n; it will have a finite 
value if n = 1/^ will approach zero if n < V2, and will 
approach infinity if n > y2 . Thus it is seen that, if 
n > V2 (as is actually the case for air) it may not be 
quite true that the stronger a normal shock wave, the 
thinner it will be. However, the thickness increases 
slowly for n = 0.768 as M0 increases beyond the value 
(Mo = 5) at which the thickness is a minimum, while 
phenomena such as dissociation, ionization, and con-

* One must, of course, find the (real) root that is between V • 

1 and V — a. 
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densation not considered here may then become signifi
cant. 

Examination of Fig. 5 indicates, therefore, t h a t con
sideration of the variability of the coefficients of vis
cosity and conductivity does not appreciably change 
the Mach Number a t which the continuum hypothesis 
must be considered of doubtful validity. If n = 
0.768 and W is required to be greater than 7, then Mo 
must be less than 1.3. 

Thickness in Terms of Local Mean Free Paths 

If one is interested in the actual dimensions (say in 
inches) of the shock wave as given by the two defini
tions,* the previous results are adequate. Thus , for 
particular conditions a t minus infinity (Mo, po, and To), 
the thickness of the wave can be determined by calcu
lating Xo from Eq. (17b) and by multiplying the ap
propriate value of / from Figs. 5 or 6 by this value of 
Xo. However, to examine the validity of the contin
uum hypothesis, a more suitable appraisal of the shock-
wave thickness may be obtained by determining this 
thickness as a multiple of the (local) mean free paths 
in the wave. 

A good approximation to this local value may be 
found by taking the ari thmetic mean of the mean free 
pa ths of the gas molecules a t minus and plus infinity. 
Thus , 

/x = 2t/[l + (VXo)] (23a) 

where tx is the thickness of the wave in multiples of the 
mean free pa th in the wave, t is the thickness in multi
ples of the mean free pa th a t minus infinity, and Xi is 
the mean free pa th of the gas molecules a t plus infin
ity. From Eqs. (9c), (17a), and (17b), it can be shown 
t h a t 

Xi/x0= vmToV-
(1/2)] (23b) 

Observing t ha t Vi = a [cf. Eq. (12b)], Eqs. (13b) and 
(23b) m a y be used to write Eq. (23a) in the form 

2t 

a\ 1 1 + d 1 + 

K(Mo, n)t 

'• M 0
2 ( l - a2) 

[n- (1/2)] 
(23c) 

where K (Mo, n) is a multiplicative parameter depend
ent only on Mo and n. Obviously, /x as defined by 
Eq. (23a) will, in general, have a value between t and 
2t. Applying this parameter to the thickness / / ' for n = 
0.768 results in the thickness shown in Fig. 5. 

F rom a consideration of Fig. 5 the conclusion may be 
drawn t h a t for t > 7, Mo mus t be less than approxi
mately 1.3. Thus , considering the variation of mean 
free pa th through the wave does not significantly af
fect the conclusions based on the analysis in terms of 
the mean free pa ths a t minus infinity. 

TERMINATING SOLUTIONS 

If C2 ?* 0, then it can be seen from Eq. (6a) that , a t 
x —> o°, a t least either u or T becomes indefinitely large. 
Thus, the region of the flow mus t in this case be finite 
in the direction of the positive x axis. In other words, 
the flow must be terminated a t some point (denoted by 
£i in the £ plane), a t which certain conditions deter
mining C2 are prescribed. If, on the other hand, physi
cally significant conditions are to be prescribed a t 
plus infinity, then these mus t be the Rankine-Hugoniot 
conditions, and C2 will be zero. This implies t h a t a 
necessary and sufficient condition for uniform flow be
hind a shock wave is t h a t the Rankine-Hugoniot rela
tions between the thermodynamic variables before 
(— oo) and behind (+<») the wave be satisfied. 

For the purpose of illustrating the nature of solutions 
of the flow equations for which C2 ^ 0, the coefficients 
JU and k will henceforth be assumed constant, implying 
n = 0. 

Let 

z = exp { 2 K T M O £ / ( Y + 1)} 

Then Eq. (10) can be writ ten in t h e form: 

(24a) 

dz 2y 7 Uo 

(24b) 

A complete numerical solution of Eq. (24b) can be ob
tained by prescribing the Mach Number M0 a t £ - » 
— oo and by prescribing the values of two variables* 
(say, 7\ /To = n and Ui/uQ = Vi) a t some finite point 
to be chosen as the origin £ = 0. In the z system, the 
range — oo < £ < 0 corresponds to the range 0 < z < 1. 
The values of the dimensionless constant C2/uo2 can be 
obtained in terms of M0, T1} and Vi from Eqs. (6a) and 
(8a). One thus finds 

C2 

Uo' 
I (VS - 1) + - 1 

1 M 0 ' 
(Tl - 1) (24c) 

Three types of flows can be mathematical ly ob
tained, depending on whether C2/uo2 is zero, positive, or 
negative. If C2/uo2 = 0, then the quant i ty H E= • 
(u2/2) + cpT, which in adiabatic flow represents the 
enthalpy a t the stagnation point, will be constant . 
Moreover, i t follows from Eq. (24c) tha t , if the Ran
kine-Hugoniot relations are satisfied a t point " 1 " for 
two of the thermodynamic variables (e.g., for V and 
for T/To), then C 2 / W = 0- If C2/u0

2 > 0, then H in
creases in the direction of flow, while if C2/^o2 < 0, then 
H decreases. I t is interesting to note, in fact, t h a t in 
the one-dimensional theory an increasing H downstream 
is mathematically consistent with the law of the conser
vation of energy as s ta ted b y Eq. ( lc) , as well as with 

* If p/po and p/po are given, then T/TYand u/u0 can be de
termined by means of the continuity equation and the equation 
of s tate . 
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FIG. 7 VELOCITY DISTRIBUTION 
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the second law of thermodynamics (cf. discussion of 
results below). 

With the numerical value of C2/u0
2 determined, the 

first-order differential Eq. (24b) can be solved numeri
cally, without much difficulty, by standard methods,* 
starting from the point {z = 1, V = Vi) and proceeding 
backwards to z = 0 and forward to some finite value 
of z > 1. (As a check it should automatically be found 
that V = 1 at z = 0.) 

The case C2/U02 = 0, leading to compression shocks 
satisfying the Rankine-Hugoniot relations before and 
behind a front, has already been treated here in detail. 

To indicate the nature of solutions in the case C2/UQ2 9^ 
0, two numerical examples will be discussed here: one 
in which C2/W > 0 and one in which C2/U02 < 0. 
In both cases the values Vi and TI will be chosen so that 
the second law of thermodynamics will not be violated 
at least with respect to the points £ -> — 00 and £ = 0 
-—i.e., so that S± > So.f 

Numerical Examples 

Example I.—Suppose pi/po = 4 and TX/TQ = n = 2. 
Also suppose Mo = 2.J Then from Eqs. (le) and 
(2), it follows thattti/wo = Fi = V2. Eq. (24c), with 
7 = 1.4, then gives 

C2/U02 74 

From Eq. (6a), it will be found that this implies that H 
will increase, at £ = 0, to 1.222 times its original value 
a t £ —> — 00 . 

Eq. (24b) was solved numerically by starting from 
the given values of V and its derivatives at z = 1 and 
expanding about this point in a Taylor series. This 
expansion was carried out for the limited region 0.5 < 
z < 1, so that only a few terms in the series were needed 
for sufficiently rapid convergence. For the next region, 
0.2 < z < 0.5, another Taylor series was used, this time 
about the point z = 0.5. This procedure was continued 
to z = 0. Near z = 0, however, it was necessary to 
use much smaller intervals of z in order to obtain satis
factory convergence. The expansion was similarly 
carried out forward for £ > 0, or z > 1. The final 
results are shown in Figs. 7 and 8. 

Example IL—Suppose V\ = 0.6, rx = 1.5, and Mo = 
2 (y = 1.4). 

Proceeding as above, one finds 

C2/uo2 -0.0075 

* Cf., for example, reference 11. 
series described below. 

Also cf. method of Taylor 

indicating a decrease in H, at £ = 0, to 0.993 times its 
value at £ —> — °°. Eq. (24b) was solved numerically 
by the Taylor series method described above, and the 
results are shown in Figs. 9 and 10. 

The entropy (S — S0)/cv was calculated for both 
examples, and it was found that for the region investi
gated the quantity S — S0 was everywhere positive, 
so that the second law of thermodynamics was not 
violated. 

I t can be seen from Figs. 8 and 10 that the solutions 
with C2 9^ 0 yield compression waves followed by large 
expansions.** These compressions and expansions all 

t This condition is imposed so tha t the boundary conditions 
correspond to physically realizable flows. 

J I t may be objected that , as seen previously, the case M0 = 2 
may give unreliable results when treated by the continuum the
ory. The purpose of the present examples, however, is only to 
indicate the nature of the solutions obtainable, so that the par
ticular value of Mo chosen does no t matter . 

** Some rough calculations have indicated tha t the pressures 
in Figs. 8 and 10 must continue to drop considerably before any 
compression can occur. Moreover, it can be shown that dp/d£ —> 
— 00 as £ —> °° . 
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occur in a small region—namely, a region of the order 
of magnitude of several mean free paths—although for 
a smaller initial Mach Number the extent of this region 
increases. The physical significance, if any, of these 
types of solutions remains open to question. 

CONCLUSIONS 

Based on the one-dimensional analysis of a continu
ous, viscous, heat-conducting fluid given here, the fol
lowing conclusions can be stated: 

(1) The Eq. (u2/2) + cvT = constant is valid, only 
if the Prandtl Number has a constant value of 3/4e 

Moreover, this equation is a complete integral of the 
energy differential equation only under the condition 
of uniform flow at plus, as well as at minus, infinity. 
The particular value Pr = 3/4 here is based on the 
Navier-Stokes equations and is therefore subject to the 
physical limitations of these equations. 

(2) Mathematical solutions representing monotonic 
expansion waves can be obtained. These solutions 
violate, however, the second law of thermodynamics, 
even in the, limited region in which the temperature 
would be positive. 

(3) Under conditions of uniform flow at =«= oo and for 
a Prandtl Number of 3/4, simple closed-form solutions 
of the flow equations, which represent monotonic com
pression shocks satisfying the Rankine-Hugoniot con
ditions at the end points, can be obtained. The thick
ness of such waves, which, in general, are of the order 
of magnitude of several mean free paths, will decrease 
as the Mach Number Mo increases, provided that n < 
V2. If, however, n > 1/2 (as for air), then the thickness 
will diminish with Mo until it reaches a minimum (about 
two local mean free paths when Mo = 5 if n = 0.768), 
beyond which the thickness slowly increases to infinity 
as Mo increases to infinity. The continuum hypothesis 
probably gives inaccurate results for those cases in 
which the thickness is small in comparison with the 
mean free path (cf. Fig. 3.) 

(4) The Rankine-Hugoniot conditions are necessary 
and sufficient conditions for the flow to be uniform at 
both plus and minus infinity, 

(5) A flow that is either subsonic or-sonic at minus 
infinity will remain uniform throughout the entire 
field of flow. 

(6) Mathematical solutions of the flow equations 
can be obtained for which the quantity (u2/2) + cvT 
varies. Such solutions are applicable only to semi-
infinite regions, since the flow variables become infinite 
as £ —> + °°. These solutions indicate compression 
waves followed by expansion waves in small regions of 
the order of several mean free paths. The physical 
significance, if any, of such solutions remains, however, 
open to question. 

(7) Phenomena observed in actual steady normal 
shock waves which cannot be explained by any of the 
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types of solutions given here must be due to either multi
dimensional effects or to effects not contained in the 
hydrodynamic continuum hypothesis of a gas with 
constant coefficients of specific heat and following the 
ideal gas law. 
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lim 
I - > 0 

[b(w/U)/bX] = ba/bX (6) 

The order of differentiating and taking the limit has been inter
changed, which is permissible provided w has a derivative. 
Applying Eq. (6) to Eq. (4), there is obtained, finally, 

ba 

bX Ml 
ACP(XU Y1)dXldYl (7) 

This equation is the basic one rather than Eq. (5) of the paper. 
One can now proceed with the derivation of Eq. (10) by modifying 
each of Eqs. (6) through (10) as follows: 

Drop the operation „ 
ZJ > U bZ 

each of the double integrals, and substitute ba/bx for a. The 
derivations of Eqs. (34) and (43) should be modified in a similar 
manner. 
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I t is interesting to note t ha t the same final Mach 
Number is obtained with any combination of initial 

area ratios and total pressures that satisfy the above 
specified condition in regions (1) and (2). 
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