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Abstract — In this paper we discuss an upper bound
on the free distance for a rate k/n convolutional code
with complexity §. Using this bound we introduce
the notion of a MDS convolutional code. We also
give an algebraic way of constructing binary codes of
rate 1/2 and large complexity. The obtained distances
compare favorably to the distances found by computer
searches and probabilistic methods.

I. INTRODUCTION

Let C be a rate k/n convolutional code defined over a finite
field F. Let G(z) € F[z]**™ be a minimal basic encoder. Fol-
lowing 3], we can assume that the row degrees v1 > ... > i
are ordered in decreasing manner. We call v; the memory and
§:= }:;“:1 v; the complexity of the convolutional code. The
complexity is on the side of the rate probably the single most
important invariant of a convolutional code. In systems the-
ory this notion corresponds to the notion of McMillan degree
and we refer to [4, 5] for more details.

It arises the question to determine the maximum value of
the free distance among all rate k/n convolutional codes of
complexity 4. In general this value depends on the base field.
Independent on the base field we can describe a natural upper
bound. For this we define:

= k(l6/k] +1) =8 1)

Then one establishes:
Theorem 1 For every base field F and every rate k/n con-
volutional code C of complezity & the free distance is bounded

by:
d[rez Sn(l_&/k_]+l)—l+1 (2)

In the next section we show that the upper bound (2) is
achieved in many instances and based on this we define:

Definition 2 A rate k/n code of complexity § whose free
distance achieves the upper bound (2) will be called a MDS
convolutional code.

II. MDS CoNVOLUTIONAL CODES

MDS convolutional codes generalize MDS block codes and
this is made clear through the following Lemma:

Lemma 8 If G is a k X n generator of a MDS block code
then G also generates a MDS convolutional codes of rate k/n,
complezity § = 0 and free distance n —k + 1. In particular if
|F] > n MDS convolutional codes of rate k/n and complezity
0 do exist.

The next result is due to Justesen [2] and it implies that rate
1/n MDS codes do exist for every value of §. A systems the-
oretic proof of this result was given in {6].

Theorem 4 If k =1 and |{F| > 38 MDS convolutional codes
of complezity & do exist.
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On the side of above two cases we can establish the existence
of MDS codes in the following situation:

Lemma 5 Ifé <k, |F] > 2n and 2k < n then MDS codes do
estst.

The above result mainly consider low rate codes. The follow-
ing general result shows that for very high rate codes there
exist convolutional codes of rate k/n and complexity § whose
distance is at least £100% of the upper bound (2):
Theorem 6 ([4]) Let r := max{n — k,k}, let € = max{n —
2k+1,0} and assume that [F} > ér I-"—iz] Then there ezists a

rate k/n convolutional code of complexity & with free distance
dfree 25+1+6

Based on above cases it is our conjecture that MDS convolu-
tional code do exist for any rate and any complexity 4.

III. DISTANCE BOUNDS FOR BINARY CODES
If the field size is limited then MDS convolutional codes do
in general not exist. Over the binary field there are known
upper and lower bounds for the free distance for codes having
rate 1/n and we refer to the survey {1]. E.g. for rate 1/2 one
has the general lower bound:

0226 < dyree- 3)

In general these bounds were obtained by probabilistic
methods. Some constructions of rate 1/n binary codes have
been done for small values of § and we refer to [2]. The fol-
lowing result has been obtained by constructive means:

Theorem 7 Let a be a primitive root of unity from GF(2°).
Let N = 21%/21 _ 2, Let m; be the minimal polynomial of o
and let

G:=(lem{mili=1,...,N},lem{m_;li=1,...,N}).

Then G defines a binary rate 1/2 convolutional code of com-
plezity at most [%ij and free distance at least 2(N + 1).

Remark 8 If s = 12 then we obtain a code with complexity
at most 372 and distance df,... at least 126. If s = 200 then we
obtain a code with complexity less than 2'°° and with distance
dfree > 0.014.
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