CHARACTERISTIC CYCLES FOR THE LOOP GRASSMANNIAN AND NILPOTENT ORBITS

Sam Evens and Ivan Mirković

0. Introduction

Let F be a perverse sheaf on a complex manifold X, constructible with respect to a Whitney stratification S. A basic problem in microlocal geometry is to compute the characteristic cycle, CC(F) = ∑ α∈S c_α(F) · T^∗_α(X),

a linear combination of closures of conormal bundles to submanifolds of X. Intuitively, the microlocal multiplicities c_α(F) measure the singularity of F at α. In settings related to representation theory, a group G acts on X, F is G-equivariant and the microlocal multiplicities play a significant but only partially understood role in representation theory (see [Ro],[SV],[ABV], [KaSa] e.g.).

In this paper, we compute microlocal multiplicities in certain cases of interest in representation theory. Let G be a connected reductive group with loop group LG and let P be the subgroup of LG consisting of loops with positive Fourier coefficients. Then P -orbits G_λ on the loop Grassmannian LG/P = G correspond to the irreducible representations L(λ) of the dual reductive group Ǧ. For dominant weights μ and λ of a torus of Ǧ, let m_μ (L(λ)) denote the multiplicity of μ in L(λ). Let us embed the orbit closure G_λ into a finite dimensional manifold Z.

0.1. Theorem.

(a) Let i : G_λ → Z be the inclusion and let i_!(C_λ ) be the extension by 0 of the constant sheaf on O_λ. Then CC(i_!(C_λ )[dim G_λ]) = T^∗_{Gλ} Z.

(b) The characteristic cycle of the intersection cohomology sheaf of G_λ is given by the character of L(λ), CC(IC_λ) = ∑ G_μ⊆G_λ m_μ(L(λ))·T^∗_{Gμ} Z.

We also consider the nilpotent cone in a semisimple Lie algebra.

The first author was partially supported by a NSF postdoctoral fellowship and by a NSF grant. The second author was partially supported by a NSF grant.

Typeset by AMS-TEX 1

0.2. Theorem. Let g = sl(n) and let α and β be distinct nilpotent orbits and i : α → g. Then (a) CC(i_!(C_β )) = T^∗_β (g).

(b) The microlocal multiplicity c_α (IC(β)) of the intesection homology sheaf of β̄ along the orbit α is the multiplicity of the Springer representation V (β) of the permutation group S_n in the cohomology H^∗(B_e) of the Springer fiber B_e at e ∈ α (B is the flag variety of g and B_e is the zero set of the vector field given by e).

We also restate this result in terms of character sheaves on GL_n. Theorem 0.2 was later proved independently by Grinberg by a different method from ours [Gr]. On the other hand, our description of the microlocal fundamental group of P -orbits in G (as quotients of certain braid groups) is inspired by the analogous result of Grinberg for nilpotent cones. The analogue of theorem 0.2 is false for other simple Lie algebras. In general we reduce the computation of characteristic cycles to the case of distinguished orbits. We observe various consequences of this and we also consider subregular distinguished orbits.

We consider these results as a step towards microlocal descriptions of the categories of character sheaves on G and P -equivariant sheaves on G (for an arbitrary coefficient ring, see [MV2]). Our approach is based on the study of the Euler obstruction, a local invariant of singularities introduced in different forms by MacPherson, Dubson, and Kashiwara. The Euler obstruction is the Euler characteristic of the complex link. Our method is to construct an action of a torus on the complex link. This is possible in the cases when the conormal space to an orbit can be identified with the Lie algebra of the algebraic group which stabilizes a point in the orbit, provided that the stabilizer contains a nontrivial torus. We note that other approaches to the computation of characteristic cycles are different-either they exploit the existence of a small resolution [BFL], an elaborate inductive argument [BF] or a special form of the defining equation in the case of toric varieties ([GKZ], [Br]).

The structure of our paper is as follows. In the first section, we recall the definition of the Euler obstruction, the Dubson-Kashiwara index formula which relates the Euler obstruction to microlocal multiplicities, and recall some standard results concerning torus actions. In the second section, we prove Theorem 0.1 and in the third section, we prove Theorem 0.2. We apply the results of the third section in the fourth section to compute characteristic cycles of character sheaves.

We would like to thank Misha Grinberg for informing us of his very interesting work and for several interesting conversations. John Stembridge gave us some useful help with symmetric functions. We would also like to thank the University of Michigan, the University of California at San Diego, and Cornell University for their hospitality while some of this work was completed. We have announced these results in several talks since 1993.

1. Index formula and reduction to fixed points

In this section, we review the index formula of Dubson and Kashiwara and observe that it permits the calculation of characteristic cycles via localization to the fixed points.

1.1. Euler obstructions. Let S be a Whitney stratification of a complex manifold X ([KaSc]). Let D_S (X) denote the derived category of constructible sheaves 2

on X and let F be an object in D_S (X). Any stratum α ∈ S defines two numerical invariants of F, the Euler characteristic χ_α(F) of the stalk of F at any point in α , and the microlocal multiplicity c_α(F) of F along α, which appears in the characteristic cycle CC(F) = ∑ α∈S c_α(F) · T^∗_α(X)

of F (see [KaSc]). Here T^∗_α(X) denotes the conormal bundle to the stratum α.

For any pair of strata α and β in S, the Euler obstruction e_{α,β} is defined by e_{α,β} = c_α(C_β ), where we denote by C_β the constant sheaf on β extended by zero to X.

A covector ξ ∈ T^∗_α(X) is called S-generic (or S-regular) if it lies in T^∗_α(X)^{r def}= T^∗_α(X) − ∪_{α≠β∈S}T^∗_β (X). The set of generic elements T^∗_α(X)^r is open and dense in

T^∗_α(X) and its fundamental group is called the microlocal fundamental group of the stratum α.

1.2 Theorem (see [Du],[Ka1], or [Gi1, 8.2]). (a) On the the Grothendieck group of S-contructible complexes

c_α = ∑ α⊂β e_{α,β} ·χ_β , α ∈ S.

(b) One has e_{α,α} = (−1)^{dim(α)} and e_{α,β} = 0 if α ⊄ β. If α ⊂ ∂β, we choose (i) a normal slice N in (X, S) to α at a point x ∈ α, (ii) a holomorphic function ϕ on N vanishing at x and such that d_xϕ ∈ T^∗_x (N) is S-generic, (iii) a small ball B around x in X and lastly, (iv) a small enough t ∈ C . Then e_{α,β} = (−1)^{dim(α)+1}χ_c ( β ∩ ϕ^{−1}(t) ∩ B ) , is up to sign the Euler characteristic of compactly supported cohomology of the intersection of β with a nearby hyperplane ϕ^{−1}(t), near α and normally to α (we call the space β ∩ ϕ^{−1}(t) ∩ B the complex link of the strata α and β).

1.3. Euler characteristics and localization to the fixed points. We recall the following well-known fact which will be exploited throughout the paper.

1.4. Proposition. Let X be a paracompact space with finite cohomological dimension with the action of a compact torus T. Then

χ_c(X) = χ_c(X^T ),

where X^T is the fixed point set. In particular, if X^T is empty, then χ_c(X) = 0.

This may be proved via the localization formula of Borel for equivariant cohomology, H_{T,c}(X) ∼= H_{T,c}(X^T ) after localizing (see [Hs], IV.1 for the case of ordinary cohomology. The proof for compactly supported cohomology is similar, or one may find a reference adequate for this paper in [EM], appendix B among others ).

1.5. Proposition [St, 2.13]. Let H be an algebraic group with Lie algebra h. The subset h_s ⊆ h, consisting of all elements x for which there is a maximal torus of H stabilizing x, contains an open dense set.

2. Vanishing of Euler obstructions for the loop Grassmannian

In this section we will prove that all nontrivial Euler obstructions are zero for the loop Grassmannian.

2.0. The loop Grassmannian G (see [Lu2]). Let K = C ((t)) denote formal Laurent series with ring of integers O = C [[t]], the ring of formal Taylor series. For G a complex connected reductive group, then LG = G(K) is the associated loop group with parabolic subgroup P = G(O). The loop Grassmannian of G is the homogeneous space G = LG/P . We denote by g the Lie algebra of G and by g_K and p = g_O the Lie algebras given by extending scalars.

For convenience we choose a maximal torus and a Borel subgroup T ⊆ B ⊆ G. Denote by X_∗(T )^{def}= Hom(G_m, T ) the cocharacters of T . An element λ ∈ X_∗(T ) defines a homomorphism λ : K^∗ → T (K) and therefore also an element λ(z) ∈ T (K) ⊆ LG. Let L_λ be its image in G and G_λ^{def}= P ·L_λ, the corresponding P –orbit in G. In this way, P -orbits in G are parametrized by B-dominant cocharacters X_∗(T )_+ ⊆ X_∗(T ) and more generally, for λ, μ ∈ X_∗(T ), G_λ = G_μ if and only if λ and μ lie in the same orbit of the Weyl group of G with respect to T. The fixed point set G^T for the T -action on G is a bijective image of X_∗(T ) under the map λ → L_λ. The loop Grassmannian G is an ind-variety, an increasing union of the finite dimensional projective varieties given by the closures of P -orbits. For dominant λ and μ, G_λ ⊂ G_μ if and only if μ ≥ λ, i.e., λ − μ is a sum of positive coroots.

2.1. Formal computation of conormals to P -orbits. Consider the “g_Kstabilizer bundle over G” LG ×_P p with the fiber at gL_0 (g ∈ LG) equal^gp. We

will denote T G^{def}= (g_K × G)/LG ×_P p and T^∗G^{def}= LG ×_P p. Let Λ ⊆ T^∗G be the

p-stabilizer subscheme over G, i.e., Λ_{g·L0} =^gp ∩ p, g ∈ LG, and denote by Λ_λ the restriction to the P -orbit G_λ. If LG = G(K) were an algebraic group these would be the actual tangent and cotangent bundles over G and Λ_λ would be the conormal bundle T^∗_{Gλ} G (we identify the dual of the ind-pro vector space g_K with g_K by a bilinear form, B(x, y) = Res_{t=0} χ(x, y)dt, x, y ∈ g_K, where χ is the K-linear extension of an invariant nondegenerate symmetric bilinear form on g). Moreover, since we are only interested in finitely many P -orbits at a time, we should be able to pass to a finite dimensional situation by taking quotients with respect to some congruence subgroup of P . Though G is not smooth a precise version of these remarks is formulated in the next lemma which is explained in (2.3) and (2.4).

2.2. Lemma [KT,GG]. For any finite closed union X of P -orbits in G there is a canonical projective system of embeddings X → U(n), n >> 0, into finite dimensional manifolds U(n) such that at any point L = g·L_0 in X, T^∗_LU(n) = gp/t^np and T^∗_{Gν} (U(n))_L =^gp ∩ p/t^np if L ∈ G_ν ⊆ X.

2.3. Embedding into an infinite dimensional manifold (see [Ka2,KT]). Consider formal Laurent series in t^{−1}, K_−^{def}= C ((t^{−1} )) and the subring of polynomials A^{def}= C [t]. Now G embeds by G = G(K)/G(O) ∼= G([t, t^{−1}])/G(A) → G(K_−)/G(A)^{def}= Ĝ into the “completed loop Grassmannian” Ĝ. The congruence subgroups U_k = G(t^{−k}C [[t^{−1} ]])^{def}= Ker[G(C [[t^{−1} ]]) → G(C [[t^{−1} ]]/t^k), k ≥ 1, are pro-algebraic unipotent groups isomorphic to their Lie algebras u_k. Now Ĝ is a 4

separated scheme with an open cover U_λ = λ(z)·U_0, λ ∈ X_∗(T ), where U_0^{def}= U_1·L_0 is isomorphic to U_1. So Ĝ is a (pro)algebraic manifold modelled on A^∞ , the product of a countable number of copies of A^1 . Each G_μ is a closed algebraic subvariety.

The tangent space at L_0 ∈ Ĝ can be identified with u_1 ∼= g_{K−} /g_A. We use a bilinear form on g_{K−} , B(x, y) = −Res_{t=∞} χ(x, y)dt, where χ is the K_−-linear extension of an invariant nondegenerate symmetric bilinear form on g. It makes g_{K−} self-dual and identifies g_A with its own annihilator so that T^∗_{L0}Ĝ ∼= g_A. In this way the bundle T^∗Ĝ is identified with the “g_{K−} -stabilizer bundle over Ĝ”, i.e., T^∗_{g·L0} (Ĝ) =^gg_A, g ∈ G(K_−).

Now ∪_{Gλ}T^∗_{Gλ}Ĝ is the “g_A-stabilizer scheme over G”, i.e., T^∗_{Gλ} (Ĝ)_{g·L0} =^gg_A ∩ g_A

for g ∈ G(C [t, t^{−1} ]) and g·L_0 ∈ G_λ. Since P = G(O) does not act on Ĝ one needs to check this formula for each T^∗_{Gλ}Ĝ near L_λ. The formula follows from the isomorphism^{λ(z)}U_1 ∩P ×^{λ(z)}U_1 ∩U_1 →^{λ(z)} U_1 → U_λ which restricts to^{λ(z)}U_1 ∩P → U_λ ∩ G_λ.

2.4. Finite dimensional embeddings. Recall the finite union of orbits X ⊆ G and fix a neighborhood U^{def}= ∪_{Lλ∈X}U_λ of X in Ĝ. For n >> 0, the congruence

subgroup U_{n+1} acts locally freely on U, U(n)^{def}= U_{n+1}\U is a finite dimensional manifold and the composition X ⊆ U^p−→ U_{n+1}\U = U(n), is an embedding.

For L ∈ U, one has T^∗_{p(L)}U(n) = T^∗_L(U) ∩ t^nu_1, since (u_n)^⊥ = (t^{1−n}·u_1)^⊥ = t^{n−1}·(u_1)^⊥ = t^{n−1}·u_1. So for G_ν ⊆ X, the fiber of the conormal T^∗_{Gν} U(n) at L = g·L_0 ∈ G_ν (g ∈ G(C [t, t^{−1} ]), equals^gg_A ∩ g_A ∩ t^n·u_1. Now, since^gg_A ∩ g_A contains a complement t^n·g_A to t^n·u_1 in g_{K−} , we get identifications

T^∗_{Gν} (U(n))_L =^gg_A ∩ g_A ∩ t^n·u_1^{∼=}−→ (^gg_A ∩ g_A)/t^n·g_A^{∼=}−→ (^gp ∩ p)/t^n·p.

2.5. Theorem. For different orbits G_μ ≠ G_λ, e_{Gλ,Gμ} = 0.

Proof. We can suppose that G_λ ⊆ G_μ. For X = G_μ we will use one of the embeddings X → U(n) from lemma 2.2. Let P_n denote the n^{th} congruence subgroup G(t^n·O) of P . The group Q_n^{def}= (^{λ(z)}P ∩ P )/P_n acts on its Lie algebra q_n^{def}=^{λ(z)}p ∩ p/t^n·p which lemma 2.2 identifies with the fiber at L_λ of T^∗_{Gλ} U(n). By proposition 1.5, the open subset of q_n consisting of covectors generic for the stratification of X by P -orbits contains a covector ξ fixed by a maximal torus H of Q_n. Observe that the algebraic variety ∪_{Gν ⊆X}T^∗_{Gν} U(n)|X has an obvious P -action because of its description in lemma 2.2. Therefore the set of generic covectors is P -invariant and after Q_n-conjugation we can suppose that ξ is fixed by T .

Next, recall from the end of (2.3) that (^{λ(z)}U_1 ∩ U_1)·L_λ is a normal slice at L_λ to G_λ ∩ U_λ in U_λ and it is isomorphic to^{λ(z)}U_1 ∩ U_1 ∼=^{λ(z)}u_1 ∩ u_1. Therefore, its image N in U(n) is a normal slice at L_λ to G_λ in U(n) isomorphic to^{λ(z)}U_1 ∩ U_1/U_n and then also to the vector space^{λ(z)}u_1 ∩u_1/t^nu_1. Moreover, the identification (^{λ(z)}u_1 ∩ u_1/t^nu_1)^∗ ∼= q_n given by the form B is precisely the identification T^∗_{Gλ} (U(n))_{Lλ} ∼= q_n from (2.2) and it is T -equivariant. In this way ξ becomes a T -invariant linear function ϕ on the normal slice N with d_{Lλ} ϕ = ξ. So for t ∈ C^∗ , the hyperplane ϕ^{−1}(t) ⊆ N has a T action. 5

Finally, choose a small ball B as in 1.2 which is invariant under the compact form T_c of T . Then T_c acts on the complex link L = G_μ ∩ ϕ^{−1}(t) ∩ B. However L^T is empty since the T -fixed points in G are discrete, in fact U^T_λ = {L_λ}. So e_{Gλ,Gμ} = ±χ_c(L) is zero by proposition 1.4. □

2.6. Proof of the theorem 0.1. Due to the vanishing of Euler obstructions (theorem 2.5), the index theorem gives c_{Gλ} = (−1)^{dim Gμ} ·χ_{Gλ} . Now part (a) is obvious while (b) reduces to the claim χ_{Gμ} [IC(G_λ)] = (−1)^{dim Gμ} ·m_μ(L(λ)) which was proved by Lusztig in [Lu2]. □

2.7. The regular part of the Lagrangian. In the setting of lemma 2.2 we denote Λ_{λ,n}^{def}= T^∗_{Gλ} U(n) for G_λ ⊆ X. The regular part of Λ_{λ,n} is Λ^r_{λ,n}^{def}= Λ_{λ,n} − ∪ G_λ≠G_ν ⊆X Λ_{ν,n}. We also define Λ^{rs}_{λ,n} as the inverse of the regular semisimple part

g^{rs} of g under the composition Λ_{λ,n} ⊆ p/t^np × G → p/t^np → g (the last map is evaluation at 0).

2.8. Lemma. Let L ∈ G and let Q = P_L be the stabilizer of L in P . Denote by g^{rs} the regular semisimple part of g and let q^{rs} ⊆ q be the inverse of g^{rs} under the evaluation at 0 map q ⊆ p → g.

(a) q^{rs} ⊆ q is open and dense.

(b) Any maximal torus H in Q is also maximal in P and its image e(H) ⊆ G is maximal in G. If we use h ∼= e(h) ⊆ g to define the regular part h^r of h, then q^{rs} equals^Q(h^r ⊕ tO·h).

(c) Any x ∈ q^{rs} is centralized by precisely one maximal torus H in Q and Z_q(x) = O·h = Z_p(x).

(d) Let L ∈ G_λ ⊆ X ⊆ U(m) as in lemma 2.2 and suppose that λ is dominant. Let x ∈ q^{rs} and h_{x,n} be the image of Z_p(x) = Z_q(x) in p/t^n·p. For n >> m ≥ 0, the commutative Lie algebra h_{x,n} acts on T^∗_LU(m) and the eigenfunctionals are in bijection with Δ ∪ {0} (Δ = t-roots in g). The dimension of the generalized eigenspace corresponding to α ∈ Δ ∪ 0 is m− < α, λ >.

Proof. Using the P -action on G we can suppose that L = L_λ for some λ ∈ X_∗(T ). Now Q = P ∩^{λ(z)}P = LV ·(Q ∩ G(tO)) where L·V is a Levi decomposition of a parabolic subgroup of G, L is the centralizer of λ(z) in G and v is the sum of root spaces g_α for roots α with < α, λ > negative.

Now q = (l⊕v)⊕q∩t·p and q^{rs} = (l⊕v)∩g^{rs} ⊕q∩t·p = (l∩g^{rs})⊕(v⊕q∩t·p), so (a) is obvious. Up to Q-conjugation, we can choose H to be our fixed Cartan subgroup T , so T (O) ⊆ Q and t_O ⊆ q. Since^{LV} (t^r) = l ∩ g^{rs} ⊕ v and^{Q∩G(t·O)}(t^r) ⊕ t·t_O = t^r ⊕ q ∩ t·p, claim (b) follows.

In (c), by Q-conjugation we can suppose that x is in t^r ⊕ t·t_O and then the claim is clear. In (d) we can again suppose that L = L_λ and x ∈ t^r ⊕ t·t_O. Then Z_p(x) = t_O and T^∗_LU(m) is by (2.2) the quotient of^{λ(z)}p = ⊕_{α∈Δ∪0}^{λ(z)}(O ⊗

g_α) = ⊕_{α∈Δ∪0}t^{<α,λ>}O ⊗ g_α by t^m·p. Now h_{x,n} = t_O/t^nt_O acts on T^∗_LU(m) if n+ <

α, λ >≥ m, α ∈ Δ ∪ {0}, so it certainly acts whenever n >> m ≥ 0. Then t^{<α,λ>}O ⊗ g_α/t^mO ⊗ g_α is the generalized h_{x,n}-eigenspace for the eigenfunctional t_O/t^n·t_O^{t→0}−−→ t^α−→ C . □ 2.9. Theorem. If G_λ ⊆ X ⊆ U(n) as in lemma 2.2, then Λ^{rs}_{λ,n} ⊆ Λ^r_{λ,n} is open and dense. 6

Proof. The idea is that the fibers of Λ_n^{def}= ∪_{Gμ⊆X}Λ_{μ,n} → X are Lie algebras and

we study Λ_n through its action on the vector bundles T^∗U(m)|X for n >> m ≥ 0 (it suffices to prove the theorem for one n!).

The theorem claims that it is impossible to have a sequence (L_k, x_k) ∈ Λ_λ that converges to (L, x) ∈ Λ^{rs}_μ for G_μ ⊆ ∂G_λ. If this happens, then by lemma (2.8.a) we can then suppose that (L_k, x_k) ∈ Λ^{rs}. Denote by h_{y,n} the image of Z_p(y) in p/t^n·p. Then h_{xk,n} converges to h_{x,n} in Gr(p/t^np) since both have the same dimension n· dim t by (2.8d). Now, for n >> m ≥ 0, the action of h_{xk,n} on T^∗_{Lk} U(m) (see 2.8d) converges to the action of h_{x,n} on T^∗_LU(m). Moreover, this is still true after we take quotients by the generalized eigenspaces corresponding to the zero eigenfunctionals since the dimension of these eigenspaces does not change by (2.8d). Therefore, the comparison of the dimensions of the largest generalized eigenspaces - see (2.8d) again - gives n+ < α_0, μ > ≥ n+ < α_0, λ > for the B-highest root α_0. However, since G_μ ⊆ ∂G_λ, λ − μ is a non-zero sum of positive roots and < α_0, λ − μ > is strictly positive since α_0 is dominant.

2.10. Theorem. The microlocal fundamental group correspoding to the stratum G_λ in G is a quotient of the “relative braid group” B_{G,L}^{def}= π_1(l ∩ g^{rs}) corresponding to the Levi factor L = Z_G (λ(z)) of G.

More precisely, whenever G_λ ⊆ X ⊆ U(n) as in lemma 2.2, then π_1(Λ^r_{λ,n}) is a quotient of π_1(Λ^{rs}_{λ,n}) ∼= B_{G,L}.

Proof. Since the complement of Λ^{rs}_{λ,n} in Λ^r_{λ,n} is a proper algebraic subvariety, the map π_1(Λ^{rs}_{λ,n}) → π_1(Λ^r_{λ,n}) is surjective. Next, consider the projection Λ^{rs}_{λ,n} → G_λ with the fiber at L_λ isomorphic to a product of F = l ∩ g^{rs} with a vector space (see the proof of the lemma 2.8). So it remains to show that the inclusion of the fiber at L_λ gives an isomorphism of the fundamental groups. Moreover, this will reduce to the same claim on the inclusion of the fiber F → G ×_{LV} F for a bundle over G/LV .

The action of C^∗ on K by rotations (s ∘ f)(z) = f(c^{−1}·z), s ∈ C^∗ , produces an action of C^∗ on G_λ which contracts it to the G-orbit G·L_λ ⊆ G_λ. Therefore we can replace Λ^{rs}_{λ,n} with its restriction to G·L_λ ∼= G/LV , and this restriction retracts to the subbundle G ×_{LV} F .

Recall that for a group G, one has a covering ~g^{rs} of g^{rs} such that the fiber at h ∈ g^{rs} consists of the Borel subalgebras of g that contain h. The projection of ~g^{rs} to the flag variety G/B of G is the associated bundle G ×_B b ∩ g^{rs}. Since F ⊆ l^{rs},

restriction of the similiar cover associated to L gives a covering F̃ = L ×_{BL} b_L ∩ g^{rs} of

F . If we extend it to a covering G ×_{LV} F̃ of G ×_{LV} F , we can again replace F → G ×_{LV} F

with F̃ → G ×_{LV} F̃ , as one sees from the map of the long exact sequence of homotopy groups associated to the inclusion of coverings. For any Borel subgroup B_L of L, B_L·V is a Borel subgroup of G. The inclusion of F̃ ∼= L ×_{BL} b_L ∩ g^{rs} into

G ×_{LV} F̃ ∼= G ×_{BL·V} b_L ∩ g^{rs} gives an isomorphism of fundamental groups since the

same is true for the inclusions of b_L ∩g^{rs} into both associated bundles. To prove the last claim we pass to homotopic object by replacing b_L ∩ g^{rs} with b_L ∩ g^{rs}/[b_L, b_L] and observe that the new associated bundles are trivial since say b/[b, b] is a trivial B-module. □ 7

2.11. Remark. One calls B_G^{def}= π_1(g^{rs}) the braid group and B^0_G^{def}= π_1(t^r) the pure braid group of G. In general B_{G,L}^{def}= π_1(l ∩ g^{rs}) is isomorphic to π_1(W (L)\t^r) and one has an extension 0 → B^0_G → B_{G,L} → W (L) → 0.

3. Nilpotent orbits

In this section, we reduce the computation of Euler obstructions for nilpotent orbits to the case when the smaller orbit is distinguished and we derive a number of consequences.

3.1. Centralizers of nilpotent elements. Let N be the nilpotent cone in the Lie algebra g of a reductive group G. For e ∈ N , choose a sl_2 triple (e, h, f) and let s be the corresponding three dimensional subalgebra in g. Let Z_G(s) and Z_g(s) be the centralizers of s in G and g respectively. Z_G(s) is a maximal reductive subgroup in Z_G(e). It follows that a Cartan subgroup C of Z_G(s) is also a Cartan subgroup of Z_G(e). Finally, our choice of C gives a Levi factor M^{def}= Z_G(C) of G.

A nilpotent element e is called distinguished if the only tori A ⊆ G that centralize e are in the center of G. This is equivalent to (i) C is the connected component of the center of G, and to (ii) M = G. Note that e is always a distinguished element of m = Lie(M). Indeed, if a torus A in M centralizes e, then A is a torus in Z_G(e) commuting with the Cartan subgroup C, so A ⊆ C ⊆ Z(M). The regular nilpotent element is always distinguished. For sl(n), the only distinguished orbit is the regular nilpotent orbit but for classical algebras so(n) or sp(2n) distinguished orbits are characterized by having distinct partitions in their Jordan forms.

3.2. Theorem. Assume G · e is contained in the closure of the nilpotent orbit β. Then e_{G·e,β} = e_{M·e,β∩m}, so that it suffices to compute Euler obstructions when e is distinguished.

Proof. We consider the normal slice to G·e in g, S = e+Z_g(f). Then T^∗_e S = Z_g(f)^∗ can be identified with Z_g(e). Indeed, the Killing form induces a map Z_g(e) → Z_g(f)^∗ and it follows from sl_2 theory that the map is an isomorphism. By proposition 1.5, we see that a generic covector is centralized by a maximal torus in Z_G(e), so after a Z_G(e)-conjugation we can choose a generic covector ξ ∈ Z_g(e) so that ξ is fixed by C. Now, ξ defines a linear function ϕ on S, ϕ(u) = B(ξ, u), u ∈ S. One has ϕ(e) = 0 since e and ξ are commuting nilpotent elements and the differential d_eϕ = ξ ∈ T^∗_e (S) ∼= T^∗_{G·e}(g)_e is generic. Therefore, e_{G·e,β} = χ_c ( β ∩ ϕ^{−1}(t) ∩ B ) for a small ball B around e and appropriate t. Observe that C preserves e, S and ξ. The compact form T of C acts on the complex link L^{def}= β ∩ ϕ^{−1}(t) ∩ B provided the ball B is obtained from a T -invariant inner product on g. Now the fixed point set L^T gives the space which computes e_{M·e,β∩m} and hence χ_c(L) = χ_c(L^T ).

3.3. Lemma. Let α ⊆ ∂β be nilpotent orbits. In the following cases, β ∩ m is empty, so the Euler obstruction e_{α,β} = 0.

(a) g = sl(n). (b) α = {0}.

(c) β is distinguished and α is not.

Proof. Let e ∈ α. For (c), a Cartan C in Z_G(e)_0 is a nontrivial torus, so it fixes no point in β, i.e., β does not meet m = Z_g(C). For (b), the centralizer of e = 0 is G 8

and m = t does not meet β. For (a), m is a centralizer of a torus, hence modulo the center it is a product of sl(k)’s. Now, since e is distinguished in m, it is a regular nilpotent in m. □

Remark. Part (a) is actually equivalent to the vanishing of the Euler obstruction for the loop Grassmannians of type A. The reason is the equivalence between local geometry of P -orbits in the loop Grassmannians of type A and the geometry of nilpotent orbits for type A (this is an extension of Lusztig’s embedding of the nilpotent cone into the Grassmannian from [Lu1]). □

3.4. Corollary. Let g = sl(n) and let α and β be distinct nilpotent orbits and i : α → g. Then (a) CC(i_!(C_β )) = T^∗_β (g).

(c) The microlocal multiplicity c_α (IC(β)) of the intesection homology sheaf of β̄ along the orbit α, is the multiplicity of the Springer representation V (β) of the permutation group S_n in the cohomology H^∗(B_e) of the Springer fiber at e ∈ α (B is the flag variety of g and B_e is the zero set of the vector field given by e).

Proof. The statements follow from (3.3a) and the index formula since the stalk of IC(β) at α equals Hom_{Sn} [V (β), H^∗(B_e)] (see [Lu1],[BM]).

3.5. Corollary (cf. [HK, 5.4.1]). For any reductive algebra g, the multiplicity of T^∗_0 (g) = 0 × g^∗ in CC(IC(β)) is the dimension of the Springer representation V (β). Proof. The Euler obstruction statement (3.3b) implies that the multiplicity of 0×g^∗ is the dimension of the stalk at 0. The isomorphism IC(β)_0 ∼= V (β) follows from [BM].

3.6. Subregular singularities.

In the remainder of the section we compute the Euler obstruction for the subregular nilpotent orbit O_{sr} and the regular nilpotent orbit O_r for a simple Lie algebra g. The Euler obstruction is either 0 or −1, depending on whether a certain variety is rational. We hope to relate this observation with results of Bernstein-Kazhdan and Hales [BK, Ha] in the future.

3.7. Theorem. e_{Osr ,Or} = 0 if g = A_n or B_n and e_{Osr ,Or} = 1 otherwise.

3.8. Remark. In other words, in this case the Euler obstruction is non-trivial precisely if the smaller orbit is distinguished. The result may be known, at least in an equivalent form. We include a proof for completeness and to emphasize the appearance of nonrational varieties.

Proof. Let e ∈ O_{sr} and let S = e + Z_g(f) be the normal slice. Then the germ (e, S ∩ N ) is analytically isomorphic to the germ ({0}, X), where X is one of the following surfaces (see [Sl], e.g.). (A_n) X = {(x, y, z)|x^{n+1} + yz = 0}, n ≥ 1 (D_n) X = {(x, y, z)|x^{n−1} + xy^2 + z^2 = 0}, n ≥ 4 (E_6) X = {(x, y, z)|x^4 + y^3 + z^2 = 0} (E_7) X = {(x, y, z)|x^3y + y^3 + z^2 = 0} (E_8) X = {(x, y, z)|x^5 + y^3 + z^2 = 0}

The labels given for the surfaces correspond to the subregular singularity for the corresponding simple Lie algebra and the cases of B_n, C_n, G_2, and F_4 coincide respectively with A_{2n−1}, D_{n+1}, D_4, and E_6. The subregular orbit is not distinguished 9

precisely in the A_n and B_n cases. So these cases follow from lemma 3.3c. Moreover, the curve ϕ^{−1}(t) is rational since it carries a nontrivial action of C ∼= C^∗ . It remains to consider the surfaces D_n and E_n.

The main difficulty is to identify a generic function ϕ. However, Teissier has shown that for a hypersurface X with isolated singularity at 0 in affine space, a linear function ϕ is generic if its orthogonal hyperplane H minimizes the Milnor number μ(X ∩ H, 0) among all hyperplanes [Te, chap. 2, Rem. 1.6] or [Lé, 1.2.3]. Recall that the Milnor number for an analytic hypersurface germ Y = Z(f) in C^m with isolated singularity at 0 is μ(Y, 0) = dim C [z_1 , . . . , z_m]/(f_{z1} , . . . , f_{zn} ) (f_{zi} is the partial derivative of f with respect to z_i).

It is routine to check that we may take ϕ(x, y, z) = x for E_n, and ϕ(x, y, z) = x+y for D_n. In the case of E_n, the affine curve ϕ^{−1}(t) ∩ X is of the form y^3 + z^2 = ε for E_6 and E_8 and y^3 + z^2 = εy for E_7 (for some small ε). In any case we get a smooth elliptic curve with a point missing. After intersecting with a small ball, instead of a point we are removing a contractible closed ball. So χ_c = −1.

The case of D_n is only slightly more complicated. The affine curve we obtain is hyperelliptic, but almost all topology is concentrated near the singular point at infinity. After intersecting with a small ball we get topologically the same space as in E_n-cases.

4. Character sheaves

In this section we consider microlocal aspects of Lusztig’s theory of character sheaves on a reductive complex algebraic group G from [Lu3,Lu4]. In [MV1], various equivalent definitions are given. In particular, character sheaves are precisely the irreducible G-equivariant perverse sheaves L on G with nilpotent characteristic variety, i.e., Ch(L) ⊆ T^∗G lies in G×N ⊆ G×g ∼= G×g^∗ ∼= T^∗G. Here we identify g^∗ with g by a fixed nondegenerate invariant symmetric form on g. Similiarly, we will often identify the unipotent cone U ⊆ G with the nilpotent cone N ⊆ g by the exponential map. This section has some intersection with work of Ginzburg, especially [Gi3].

4.1. Lusztig stratification. Character sheaves are known to be constructible with respect to Lusztig’s stratification of G. The stratum through an element with a Jordan decomposition g = s·u consists of all G-orbits through u·Z_r(L) where L = Z_G(s)_0 is the connected part of the centralizer of s and the regular part of the center of L is Z_r(L) = {z ∈ Z(L), Z_G(z) = L}. To the stratum S we associate the unipotent orbit through u and the corresponding nilpotent orbit.

We will call such a stratum S distinguished if u is a distinguished unipotent element of Z_G(s)_0. For instance all Lusztig strata S lying in the regular set G^r are distinguished since for g = us ∈ S, u is regular in Z_G(s)_0. For G = GL_n these are all the distinguished strata - if u is distinguished in Z_G(s) ∼= ∏ GL(n_i), then u is regular in Z_G(s).

4.2. Lemma. (a) For a character sheaf L on G, and a Lusztig stratum S ⊆ G, c_S (L) = 0, unless S is distinguished. (b) For any distinguished stratum S ⊆ G, the closure of the image of T^∗_S G under the moment map T^∗G → g^∗ ∼= g is the closure of the nilpotent orbit associated to the Lusztig stratum S.

Proof. Let g = us ∈ S, L = Z_G(s)_0 and let s = [l, l] be the semisimple part of its Lie algebra. T^∗_S (G)_g is the part of T^∗_g (G) ∼= g orthogonal to T_g(S) = T_g (Z(L)) + 10

T_g(^Gg) = Z(l) + (Ad g − 1)g, i.e.,

T^∗_S (G)_g = Z(l)^⊥ ∩ Z_g(g) = Z(l)^⊥ ∩ Z_l(u) = Z_s(u).

It lies in the nilpotent cone iff u is distinguished in L, and this is the claim (a). Part (b) reduces to the claim that Z_s(u) ∩ O is dense in Z_s(u) found in the next lemma. □

4.3. Lemma. For a semisimple Lie algebra g we define an involution on the Lagrangian subvarieties of T^∗g by F(x, y) = (y, −x) (we identify T^∗g = g ⊕ g^∗ with g ⊕ g).

For a nilpotent orbit O ⊆ N , F(T^∗_Og) lies above the nilpotent cone N iff O is distinguished. If O is distinguished then F(T^∗_Og) = T^∗_Og. In particular, for an element e of a distinguished nilpotent orbit O, Z_g(e) ∩ O is dense in Z_g(e).

Proof. Since T^∗_O(g) consists of all pairs (e, x) with e ∈ O and x ∈ Z_g(e), pr_1(F T^∗_Og) lies in N if and only if Z_g(e) ⊆ N , i.e., precisely when O is distinguished.

Then T^∗_Og = T^∗_O′ g for some nilpotent orbit O^′. Indeed, F ( T^∗_Og ) is an irreducible Lagrangian subvariety of T^∗g, hence of the form T^∗_αg for some connected submanifold α ⊆ g. Since α ⊆ N and T^∗_Og is G-invariant, α contains a dense orbit O^′ and then T^∗_αg = T^∗_O′ g.

Now, since for e ∈ O, e lies in Z_g(e), so we have O ⊆ pr_2T^∗_Og = pr_1T^∗_O′ g = O^′. By symmetry we have O^′ = O.

4.4. Character sheaves on g. We define these as the irreducible summands L^g_τ of the induced sheaf Ind^g_t C_t [dim t] = ⊕_τ τ ⊗ L^g_τ , indexed by the irreducible representations τ of the Weyl group W of the pair T ⊆ G according to the geometric Springer construction ([BM]). These are constructible with respect to the Lusztig stratification on g (the stratum through x = s + n is^G(n + Z_r[Z_g(s)]).

We will denote by Ŵ the set of irreducible representations of W and by sgn ∈ Ŵ the sign representation. As in [BM], we associate to a nilpotent orbit O irreducible representations V (O) of W . Let F_g be the Fourier transform on perverse sheaves on g, then (4.4a) L^g_{V (O)}|N = IC(O)[dim t] (see [BM]), (4.4b) F_g IC(O) ∼= L^g_{V (O)⊗sgn} ([HK, 5.2).

(4.4c) If O is a nilpotent orbit associated to a Lusztig stratum S ⊆ g then χ_S = χ_O on each of the sheaves L^g_τ ([BM]).

(4.4d) The stalk of IC(O) at the orbit O_L that contains a regular nilpotent element in a Levi factor l is isomorphic to Hom_W [V (O), Ind^W_{(L)}C ] ([BM]).

(4.4e) If S ⊆ g is a distinguished stratum, (i.e., the associated nilpotent orbit O is distinguished), then F T^∗_S g = T^∗_Og (the left hand side is a Lagrangian in T^∗g and the analogue of (4.2b) for Lie algebras shows that its projection to g is O).

4.5. The case G = GL(n). Let us recall the parametrization from [Lu4] of character sheaves on G by conjugacy classes of elements ǧ = ǔš of the dual group Ǧ ∼= GL(n). If we fix dual Cartan subgroups T ⊆ G and Ť ⊆ Ǧ so that the semisimple part š of ǧ lies in Ť , then š defines a character sheaf L^T_š on T - the local system with monodromy š. Moreover, š determines a Levi factor Ľ = Zˇ_Gs ⊆ Ǧ and therefore a Levi factor L ⊇ T in G. Since the Weyl group W (L) of L with respect to 11

T stabilizes L_š, it acts on the induced character sheaf Ind^L_T L^T_š on L as in the Borho- MacPherson version of the Springer construction. So we have a decomposition according to the irreducible representations π of W (L): Ind^L_T L^T_š = ⊕π ⊗L^L_{š,π}, with the irreducible constituents L^L_{š,π}^{def}= Hom_{W (L)}(π, Ind^L_T L^T_š ). Finally, the character sheaf on G associated to ǧ is L^G_ǧ^{def}= Ind^G_L L^L_{š,π(ǔ)}, where π(ǔ) is the representation of W (Ľ) = W (L) associated to the unipotent orbit^Ľǔ ⊆ Ľ by the geometric Springer correspondence.

Regular Lusztig strata S_λ ⊆ G^r and S^g_λ ⊆ g^r are both parametrized by the partitions λ of n. Strata S_λ and S^g_λ both consist of regular elements with Jordan blocks of size λ and the associated nilpotent orbit O_λ consists of nilpotent operators with Jordan blocks of size λ.

4.6. Theorem. Let G = GL(n). Denote by D the duality operation on character sheaves ([Lu4]).

(a) For any character sheaf L on G and any distinguished stratum S ⊆ G with the associated unipotent orbit O

c_S (L) = χ_O [D(L)] = χ_S [D(L)].

(b) Let τ ∈ Ŵ , and let O be the nilpotent orbit such that V (O) ∼= τ ⊗ sgn. Then

c_Sg_λ (L^g_τ ) = χ_{Oλ} [IC(O)] = (−1)^{dim t}χ_{Oλ} (L^g_{τ⊗sgn}) = (−1)^{dim t}χ_Sg_λ (L^g_{τ⊗sgn})

and this is the dimension of the anti-invariants in the restriction of τ to the parabolic subgroup W_λ ⊆ W = S_n of type λ.

(c) For ǧ = šǔ ∈ Ǧ, the characteristic cycle of the character sheaf L^G_ǧ is given by the maps between standard S_n-modules. If L is the Levi factor associated to š as in (4.5), we have a sum over partitions λ of n

CC(L^G_ǧ ) = ⊕_λ dim ( Hom_W [Ind^W_{(L)}π(ǔ), Ind^W_λ sgn] ) ·T^∗_{Sλ} G. Proof. For any G-equivariant perverse sheaf A on N , the characteristic cycle CC(F_gA) of the Fourier transform of A equals F[CC(A)] for the operation F from (4.3) ([KaSc]). We know by (4.4e) that F(T^∗_Sg_λ g) = T^∗_{Oλ} g. So we get the first equality in (4.6.1) c_Sg_λ [F_g(A)] = c_{Oλ} (A) = χ_{Oλ} (A),

and lemma 3.3a gives the second.

To prove (b) let A = IC(O). Since F_gA ∼= L^g_τ by (4.4b), we get c_Sg_λ (L^g_τ ) = χ_{Oλ} [IC(O)]. Because of (4.4a) this is the same as (−1)^{dim t}·χ_{Oλ} (L^g_{τ⊗sgn}) and by (4.4c) we can replace χ_{Oλ} by χ_Sg_λ . Finally, since the stalk at O_λ of IC(O) is concentrated in even degrees, by (4.4d), χ_{Oλ} [IC(O)] is the dimension of Hom_W (τ ⊗ sgn, Ind^W_λ C ) ∼= Hom_{Wλ} [τ|W_λ, sgn|W_λ], i.e., of the W_λ-anti-invariants in τ.

In order to prove (a), we will move everything from the group G to its Lie algebra g. So let us fix neighborhoods U of 1 ∈ G and U^g of 0 ∈ g that are identified by the exponential map. Notice that this identifies Lusztig stratifications of U ⊆ G and U^g ⊆ g and in particular the strata S_λ ∩ U and S^g_λ ∩ U^g. 12

Consider the specialization at 1 operation Sp_1 that takes perverse sheaves on G to the perverse sheaves on the tangent space g at 1 ([KaSc]). We claim that for a character sheaf L on G and a pair of related strata S ⊆ G, S^g ⊆ g, one has c_S (L) = c_Sg (Sp_1L) and χ_S (L) = χ_Sg (Sp_1L).

Since all Lusztig strata in GL(n) meet U, it suffices to show that (4.6.2) (Sp_1L)|U^g ∼= exp^∗(L|U). The point is that both operations Sp_1 and exp^∗ are compatible with the induction and the Weyl group action, hence the problem reduces to the case when G = T and the obvious claim Sp_1(L^T_š ) ∼= C_t [dim t]. Another consequence of (4.6.2) is the explicit formula for the specialization of character sheaves Sp_1(L^G_ǧ ) ∼= Ind^g_l L^l_{π(ǔ)}, which we will also write as a sum over irreducible representations τ of W , ⊕_τ Hom_{W (L)}[π(ǔ), τ|W (L)] ⊗ L^g_τ ([BM]).

Now it remains to show that

(4.6.3) Sp_1(DL) |N ∼= F_g(Sp_1L),

since then for any distinguished stratum S = S_λ in G,

c_S(L) = c_Sg_λ (Sp_1L)^{(4.6.1)}= χ_{Oλ} [F_gSp_1L]^{(4.6.3)}= χ_{Oλ} [Sp_1(DL)|N ] = χ_{Oλ} [Sp_1(DL)] = χ_O[DL]. Let L = L_{šǔ} and recall that on the summands of induced sheaves the duality operation is given by D(L_{šǔ}) = L_{šv̌}, where unipotent elements ǔ, v̌ of Ľ lie in the opposite orbits, i.e., π(v̌) = π(ǔ) ⊗ sgn_L for the sign representation sgn_L of W (L) ([Lu4]). Now (4.6.3) follows from the explicit formula for Sp_1L_{šǔ} and the facts (4.4a) and (4.4b).

In (c), c_{Sλ} (L^G_ǧ ) = c_Sg_λ (Sp_1L^G_ǧ ) and

Sp_1L^G_ǧ = Ind^g_l L^l_{π(ǔ)} ∼= ⊕_{τ∈Ŵ} Hom_{W (L)}[π(ǔ), τ] ⊗ L^g_τ ,

hence by the part (b) c_{Sλ} (L^G_ǧ ) is the dimension of ⊕_{τ∈Ŵ} Hom_{W (L)}[π(ǔ), τ] ⊗ Hom_{Wλ} [τ, sgn|W_λ] ∼=

⊕_{τ∈Ŵ} Hom_W [Ind^W_{(L)}π(ǔ), τ] ⊗ Hom_W [τ, Ind^W_λ sgn] which is isomorphic to Hom_W [Ind^W_{(L)}π(ǔ), Ind^W_λ sgn].

4.7. Theorem. Euler obstructions for the regular strata in the group GL_n (or in the Lie algebra gl_n) form the transition matrix for standard S_n-modules, i.e., in the Grothendieck group: [Ind^W_μ sign] = (−1)^n ∑ λ e_{Sμ,Sλ} ·[Ind^W_λ C ]. 13

Proof. The Euler obstructions are the same for GL_n and gl_n, because near 0 ∈ g the exponential map identifies the Lusztig strata in G and g. So we will calculate in g and we denote S^g_λ simply by S_λ. Let β and β^{tr} be the nilpotent orbits such that V (β^{tr}) ∼= V (β) ⊗ sgn. We observe that

dim Hom_W [V (β), Ind^W_μ C ]^{(4.4d)}= χ_{Oμ} [IC(β)]^{(4.6.1)}=

c_{Sμ} [F_g IC(β)]^{(4.4b)}= c_{Sμ} [L^g_{V (β)⊗sgn}],

Also,

χ_{Sλ} [L^g_{V (β)⊗sgn}]^{(4.4c)}= χ_{Oλ} [L^g_{V (β)⊗sgn}]^{(4.4a)}= (−1)^{dim t}·χ_{Oλ} [IC(β^{tr})]^{(4.4d)}=

(−1)^{dim t}· dim Hom_W [V (β)⊗sgn, Ind^W_λ C ] = (−1)^{dim t}· dim Hom_W [V (β), Ind^W_λ sgn]. Now the index theorem gives c_{Sμ} (L^g_{V (β)⊗sgn}) = ∑ λ e_{Sμ,Sλ} ·χ_{Sλ} (L^g_{V (β)⊗sgn}), so dim Hom_W [V (β), Ind^W_μ C ] = ∑ λ (−1)^{dim t}e_{Sμ,Sλ} · dim Hom_W [V (β), Ind^W_λ sgn], and this is the required statement. □ 4.8. Configurations. Observe that t/W is isomorphic to a normal slice to the smallest regular orbit in g, and for G = GL_n, the standard stratification of t/W (stratifications of symmetric powers of a line by diagonals) is induced from the Lusztig stratification of the regular set in g. Since even the parity of the dimensions of the strata is the same, Euler obstructions are the same.

Now one can reproduce Laumon’s computation of the characteristic cycle of the direct image of the constant sheaf along a partial symmetrization map r_μ : t/W_μ → t/W ([La], proof of 3.3.13) since the stalks of (r_μ)_∗C_{t/Wμ} are obvious. 4.9. Cuspidal sheaves. The character sheaves supported on U coincide with the so-called cuspidal sheaves supported on U, (see [Lu4], [Gi3], and also [Mi] for a simple proof in characteristic zero). These are the basic atoms of the theory of character sheaves.

4.10. Lemma. Let G be a simple group. If L is a character sheaf supported on U then the support of L is the closure of the smallest distinguished unipotent orbit. Proof. This observation relies on Lusztig’s case by case classification of cuspidal sheaves on the unipotent cone [Lu3] (so the claim is also true in any good characteristic). One can check the assertion for the classical groups from the description of distinguished orbits and for the exceptional groups by examining tables (see [Ca] for example). □ 4.11. Theorem. Let L be a cuspidal sheaf supported on a unipotent orbit β.

(a) Its characteristic variety is irreducible: CC(L) = rk(L) · T^∗_β (G). (b) The Euler characteristic of the stalk of L on any orbit α ⊆ ∂β is zero. Part (a) is an unpublished result of Lusztig and (b) is a weak form of a mysterious result of Lusztig: L is clean, i.e., its stalks vanish on ∂β [Lu4]. Proof. (a) Lemma 4.2 says that any orbit α ⊆ β̄ such that T^∗_αg appears in Ch(L) is distinguished. However, L is supported on a minimal distinguished orbit, hence α = β. (b) Again, since β is a minimal distinguished orbit, for any orbit α ⊆ ∂β one has e_{α,β} = 0 (lemma 3.3c). Now c_α(L) = ±χ_α(L) by the index formula. However, the left side is zero by (a), hence the Euler characteristic of the stalk at α is zero. 14

References

[ABV] J. Adams, D. Barbasch, and D. Vogan, “The Langlands classification and characters of real reductive groups”, Birkhauser 1992.

[BK] J. Bernstein and D. Kazhdan, An example of a non-rational variety B̂_N for G = Sp(6), Appendix to : D. Kazhdan and G. Lusztig, Fixed point varieties on affine flag manifolds, Israel J. of Math. 62 (1988), 129-168.

[BF] B. Boe and J. Fu, Characteristic cycles associated to Schubert varieties in classical Hermitian symmetric spaces, Georgia preprint 1994.

[BM] W. Borho and R. MacPherson, Partial resolutions of nilpotent varieties, Asterisque 101-102 (1982), 23-74.

[Br] T. Braden, Characteristic cycles of toric varieties; perverse sheaves on rank stratifications, M.I.T. Ph.D. Thesis, (1995).

[BFL] P. Bressler, M. Finkelberg, and V. Lunts, Vanishing cycles on Grassmannians, Duke Math. Journal 61 (1990), 763-777.

[Ca] R. Carter, “Finite groups of Lie type, Conjugacy classes and complex characters”, Wiley 1993.

[Du] A. Dubson, Classes caracteristiques des varietes singulieres, C.R. Acad. Sc. Paris, 287 (1978) 237-240.

[EM] S. Evens and I. Mirković, Fourier transform and the Iwahori-Matsumoto involution, Duke Math. J. to appear.

[GG] H. Garland and I. Grojnowski, Affine Hecke algebras associated to Kac- Moody groups, q-alg eprint, 9508019.

[GKZ] I. Gel’fand, M. Kapranov, and A. Zelevinsky, “Discriminants, resultants, and multidimensional determinants”, Birkhauser (1994).

[Gi1] V. Ginzburg, Characteristic varieties and vanishing cycles, Invent. Math. 84 (1986) 327-402.

[Gi2] V. Ginzburg, Perverse sheaves on a loop group and Langlands’ duality, preprint 1990.

[Gi3] V. Ginzburg, Induction and restriction of character sheaves, in “I.M. Gelfand seminar”, Advances in Soviet Mathematics 16 part 1, (1993), 149-169.

[Gr] M. Grinberg, Morse theory and nearby cycles in linear algebra, IAS preprint, 1995.

[Ha] T. Hales, Hyperelliptic curves and harmonic analysis, in Representation theory and analysis on homogeneous spaces, Contemporary Math. 177 (1994), 137-169.

[HK] R. Hotta and M. Kashiwara, The invariant holonomic system on a semi– simple Lie algebra, Invent. Math. 75 (1984), 327–358.

[Hs] W.Y.-Hsiang, “Cohomology theory of topological transformation groups”, Springer-Verlag (1975). 15

[Ka1] M. Kashiwara, “Systems of microdifferential equations”, Birkhauser (1983).

[Ka2] M. Kashiwara, The flag manifold of Kac-Moody Lie algebra, in “Algebraic analysis, geometry, and number theory”, Johns Hopkins University Press (1990).

[KaSa] M. Kahiwara and Y. Saito, Geometric construction of crystal bases, q-alg, 9606009.

[KaSc] M. Kashiwara and P. Schapira, “Sheaves on manifolds”, Springer-Verlag (1990).

[KT] M. Kashiwara and T. Tanisaki, Kazhdan-Lusztig conjecture for affine Lie algebras with negative level, Duke Math. J., 77 (1995), 21-62

[La] G. Laumon, Correspondance de Langlands geometrique pour les corps de fonctions, Duke Math. J., 54 (1987), 309-359.

[Le] Lé Dung Trang, Limites d’espaces tangents et obtruction d’Euler des surfaces, Asterisque 82-83 (1981), 45–69.

[Lu1] G. Lusztig, Green polynomials and singularities of unipotent classes, Adv. in Math. 42 (1981), 169-178.

[Lu2] G. Lusztig, Singularities, character formulas, and a q–analog of weight multiplicities, Asterisque 101–102 (1983), 208–239.

[Lu3] G. Lusztig, Intersection cohomology complexes on a reductive group, Invent. math. 75 (1984), 205–272.

[Lu4] G. Lusztig, Character sheaves I, II, III, IV, V;, Adv. Math. 56 (1985), 193–237, 56 (1985), 226-265 and 266-315, 59 (1986), 1-63, 61 (1986), 103-155. .

[Mi] I. Mirković, Character sheaves on reductive Lie algebras, preprint (1988).

[MV1] I. Mirković and K. Vilonen, Characteristic varieties of character sheaves, Invent. Math. 93 (1988) 405-418.

[MV2] I. Mirković and K. Vilonen, Loop groups, Langlands duality and modular representations, in preparation.

[Ro] W. Rossmann, Invariant eigendistributions on a semisimple Lie algebra and homology classes on the conormal variety, II, J. Functional Analysis, 96 (1991) 155-193.

[SV] W. Schmid and K. Vilonen, Weyl group actions on Lagrangian cycles and Rossmann’s formulas, in Noncompact Lie groups and some of their applications, Kluwer 1994.

[Sl] P. Slodowy, “Simple singularities and simple algebraic groups, Lecture Notes in Mathematics” 815, Springer-Verlag (1980).

[St] R. Steinberg, Conjugacy classes in algebraic groups, Lecture Notes in Mathematics 366, Springer-Verlag (1974).

[Te] B. Teissier, Cycles evanescents, sections planes et conditions de Whitney, Asterisque 7–8 (1972). 16

Sam Evens, Department of Mathematics, University of Arizona, Tucson, AZ 85721. email, evens@math.arizona.edu.

Ivan Mirković, Department of Mathematics and Statistics, University of Massachusetts, LGRT, Amherst, MA 01003 email, mirkovic@math.umass.edu