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Aero-optical aberrations along the spanwise direction of a canonical subsonic turbulent

boundary layer were measured and studied non-intrusively using a Shack-Hartmann wavefront

sensor. It was demonstrated that in this case, some important fluidic statistics in the wall

normal direction, like the mean velocity profiles, the local skin friction and the spanwise integral

scales, can be directly extracted from aero-optical aberrations. To avoid various spectral

contamination in optical data at low frequencies, a model function for the deflection angle

autospectral density at low frequencies was proposed. The spectral cross-correlation method

and the dispersion method were used to extract the local convective velocities, and the dispersion

analysis was demonstrated to be most accurate in computing the velocities. It was shown that it

is possible to reconstruct the spectra above the Nyquist frequencies through the newly proposed

stacking method. Convective velocities in the log-region of the TBL were found to agree well

with the direct measurements using a single hotwire. From the convective velocities, the local

wall shear stress was non-intrusively extracted, using the Clauser method. Using corrected

deflection angle spectra and the convective velocity, the local values of aero-optical aberrations

were reconstructed. Finally, using the Strong Reynold’s Analogy, a wall-normal profile of

the spanwise density correlation length was estimated and shown to be in good qualitative

agreement with velocity-based spanwise length scales observed in the literature.

Nomenclature

𝐴 = proportionality constant

𝐵 = Log-Law constant

𝐶 𝑓 = skin friction

𝑐𝑜𝑣 = covariance matrix

𝐸 = two-point correlation

𝑓 = frequency (Hz) or lens focal length (mm)

𝐾𝐺𝐷 = Gladstone-Dale constant (𝑚3/𝑘𝑔)
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𝑘 = wavenumber (1/𝑚)

𝐿 = propagation length (m)

𝑀 = Mach number

𝑀𝑎𝑔 = optical magnification rate

𝑛 = index of refraction

𝑂𝑃𝐷 = optical path difference (m)

𝑂𝑃𝐿 = optical path length (m)

𝑃 = pressure (Pa)

𝑅 = two point correlation

𝑅𝑒 = Reynolds number

𝑟 = recovery constant

𝑆 = power spectral density

𝑆𝑡𝛿 = Strouhal number (= 𝑓 𝛿/𝑈∞)

𝑠 = generic propagation direction (m)

𝑇 = Fourier transform block time (s)

𝑡 = time (s)

𝑈 = mean velocity (𝑚/𝑠)

𝑢 = velocity (𝑚/𝑠)

𝑊 = wavefront (m)

𝑥 = streamwise direction (m)

𝑦 = wall-normal direction (m)

𝑧 = spanwise direction (m)

𝛼 = Linking Equation constant

𝛽 = Clauser pressure gradient

Δ = finite change in variable

𝛿 = boundary layer thickness (mm)

𝜕 = partial derivative

Γ = dispersion parameter

𝛾 = ratio of specific heats

𝜅 = Log-Law constant

Λ = integral correlation length (m)

𝜈 = kinematic viscosity (𝑚2/𝑠)
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𝜏 = wall shear stress (Pa)

𝜃 = deflection angle (radians)

𝜌 = density (𝑘𝑔/𝑚3)

Subscripts

𝐶 = convective

𝑟𝑚𝑠 = root mean square

𝑆 = stationary

𝑤 = wall quantity

𝜌 = density

𝜌, 𝑧 = density, in the spanwise direction

𝜏 = friction quantity

∞ = free stream quantity

Superscripts

+ = friction quantity

(·) = mean quantity

′ = fluctuating quantitŷ = Fourier Transform

∗ = complex conjugate

I. Introduction and Motivation

The field of optical measurement science has advanced dramatically since the dawn of the computer age. Our rapid

advances in computer technology have helped to develop high speed cameras with sampling frequencies on the

order of Megahertz. This has opened the door to some unique optical systems that are capable of keeping pace with the

frontier of aerospace research at supersonic and hypersonic speeds. One such system is the Shack-Hartmann wavefront

sensor which has been frequently used in the field of aero-optics, where the use of laser based systems on airborne

platforms is studied. Wavefront sensors, in general, seek to measure some aspect of how light is optically distorted or

aberrated. Light will travel in a straight line until it encounters an optically distorting region and bends. Measuring the

degree to which the light is bent can tell us about these optical distortions and also gives us clues how to mitigate them

[1, 2]. Time series of the spatially-resolved optical aberrations, when sampled with sufficient speed, allowed measuring

the convective speeds of these aberrations. The convective speeds provide very useful information about the underlying

flow structures, responsible for optical distortions, over a wide range of flow speeds [3–6].

Non-intrusive laser based optical sensors, with a few exceptions, have traditionally been used in practical applications
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to understand the challenges associated with using laser based communications and energy deposition systems on an

airborne platform. These sensors have largely remained isolated from use as general optical measurement systems due

to the specific usefulness in the field of aero-optics, unlike Particle Image Velocimetry (PIV), for example. This is partly

a result of the problem that all optical based sensors face, namely how to relate optical measurements to parameters that

are more relevant to the wider aerospace scientific community, like local velocity or density. Therefore, if a wavefront

sensor is to be used as tool by the aerodynamic community, it is critical to establish this link between optical aberrations

and more traditional fluid mechanics parameters.

An added difficulty of wavefront sensors, with respect to usefulness as a general measurement tool, is their integral

property. In other words, all of the small optical aberrations that a laser beam experiences as it travels through a fluid

result in a cumulative or spatially integrated effect that is interpreted by the sensor as a bulk amount of optical distortion

imposed on the traversed laser beam. As a result, any information about where the sources of optical distortion are

located along the laser beam is typically lost. One exception is digital holography wavefront sensors, where it is possible

to recover some depth information [7]. Recently, several optical techniques were proposed to attempt measuring local

fluidic properties non-intrusively. One technique, known as Focused Laser Differential Interferometry (FLDI) [8, 9],

uses a pair of convergent-divergent beams, polarized in orthogonal directions, to measure the density gradient near the

focus location. The difference in optical path length between two beams will create interference when the beams are

recombined on the photodetector, with the variation in intensity proportional to the density gradient. In order to perform

simultaneous measurements of velocity and density gradients, two-point FLDI was developed, which involves using four

convergent-divergent beams total, with a small separation near the focal point between the two pairs of beams in order to

obtain a cross correlation [10]. In addition to requiring a complex setup with several beams to measure convective

velocity, another drawback of FLDI is that it may be affected by variations in ambient light intensity on the sensor.

Another recently proposed technique, called a Focused Malley Probe [11], also uses two convergent-divergent laser

beams, with focal points separated by a known distance in the streamwise direction. Global beam jitter of both beams

are simultaneously measured using a high-speed camera, and the spectral cross-correlation analysis is implemented to

extract the jitter spectra and the convective speed of the aero-optical structures near the focal points. It was demonstrated

that the focused Malley probe is capable of correctly measuring the local jitter spectra and the related convective speed

of the aero-optical structures near the focal points while suppressing aero-optical signal everywhere else via the aperture

averaging effect [11].

Instead of attempting to develop another focused optical technique, the work described here presents a novel

application of the traditional Shack-Hartmann wavefront sensor to flows that are statistically uniform along the spanwise

direction, which coincides with the path of the laser beam. Uniformity at all points means that the bulk value measured

by the sensor is actually a statistically equal contribution from every point along the beam. In this case it will be shown

in the following section that aero-optical parameters are directly linked to local fluid mechanics parameters.
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1. Relating Aero-optical Aberrations to Local Turbulence Quantities

The main aero-optical quantity of interest is the Optical Path length (OPL), which is defined as

𝑂𝑃𝐿 (𝑥, 𝑦, 𝑡) =
∫ 𝐿

0
𝑛(𝑥, 𝑦, 𝑧, 𝑡)𝑑𝑧 (1)

where 𝑛(𝑥, 𝑦, 𝑧, 𝑡) is the index of refraction, and the 𝑧-axis is chosen to coincide with the direction of beam propagation.

For the case of dry gases, the index of refraction is proportional to the local density via the Gladstone-Dale constant,

𝐾𝐺𝐷 [2, 12, 13], 𝑛(®𝑥, 𝑡) = 1 + 𝐾𝐺𝐷𝜌(®𝑥, 𝑡). For air, 𝐾𝐺𝐷 is approximately 2.27 · 10−4𝑚3/𝑘𝑔 for visible wavelengths of

light.

In practice, a spatial mean is removed from OPL to compute Optical Path Difference or OPD, 𝑂𝑃𝐷 (𝑥, 𝑦, 𝑡) =

𝑂𝑃𝐿 (𝑥, 𝑦, 𝑡) − ⟨𝑂𝑃𝐿 (𝑥, 𝑦, 𝑡)⟩ (𝑥,𝑦) . Here and everywhere below the angled brackets denote the spatial averaging. OPD

is directly related to the intensity distribution at a far-field [14].

As discussed before, the integral relationship in Equation 1 presents a difficulty in determining local values of

𝜌(𝑥, 𝑦, 𝑧, 𝑡). In an attempt to relate these quantities, Sutton [15] derived a theoretical formulation of an equation linking

statistical properties of 𝜌 and 𝑂𝑃𝐷, called the linking equation. Starting with the most general case where nothing is

assumed about the flow field, the linking equation takes the form,

𝑂𝑃𝐷2
𝑟𝑚𝑠 = 𝐾

2
𝐺𝐷

∫ 𝐿

0

∫ 𝐿

0
𝑐𝑜𝑣𝜌 (𝑠, 𝑠′)𝑑𝑠′𝑑𝑠, (2)

where 𝑂𝑃𝐷2
𝑟𝑚𝑠 = 𝑂𝑃𝐷2 (𝑡) is the local temporal variance of 𝑂𝑃𝐷 at a fixed point on a plane, normal to the beam

propagation, 𝑠 and 𝑠′ are positions along the direction of beam propagation and 𝐿 is the propagation length through the

flow field. The overbar here and later in this paper denotes time averaging. The linking equation in this form reveals that

the variance in optical distortions of the wavefront is related to the covariance of density fluctuations in the direction of

propagation. The covariance function itself takes the form, 𝑐𝑜𝑣𝜌 (𝑠, 𝑠′) = 𝜌′(𝑠, 𝑡)𝜌′(𝑠′, 𝑡), where 𝜌′(𝑠) is the fluctuating

density at location 𝑠. The most common assumption is that the flow field is composed of homogeneous turbulence, and

the covariance can be described by either exponential or Gaussian analytical forms [16] with a single parameter Λ𝜌,

which represents a characteristic length of the density fluctuations. For these covariance functions, the linking equation

becomes

𝑂𝑃𝐷2
𝑟𝑚𝑠 = 𝛼𝐾

2
𝐺𝐷

∫ 𝐿

0
𝜌2
𝑟𝑚𝑠 (𝑠)Λ𝜌 (𝑠)𝑑𝑠. (3)

with 𝛼-factor of 2 or
√
𝜋 for the exponential and Gaussian distributions, respectively. This equation establishes the

integral link between the statistics of the aberrated wavefront, 𝑂𝑃𝐷𝑟𝑚𝑠, and the local flow-related statistics, as 𝜌𝑟𝑚𝑠

and Λ𝜌. Equation 3 has been extensively validated both experimentally [3, 4] and numerically [17, 18] for laser beams

traversing in the wall-normal direction and is widely used to estimate optical distortions from density statistics in spite
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of the several assumptions, like homogeneous turbulence, that are not strictly valid.

In general, one needs to prescribe the spatial profiles of 𝜌𝑟𝑚𝑠 (𝑦) and Λ𝜌 (𝑦) along the laser beam to compute

the overall level of aero-optical distortions, 𝑂𝑃𝐷𝑟𝑚𝑠. However, there are a number of flows that can be treated as

spanwise-uniform: boundary layers on a flat plate, 2-dimensional shear layers, and cavity flows to name some. If the

laser beam is sent in the spanwise direction, denoted as 𝑧-direction, the linking equation can be significantly simplified.

The essential change in assuming spanwise uniform flow is that the covariance function along the beam is no longer a

function of absolute position, 𝑧, but only a relative position, Δ𝑧 = 𝑧 − 𝑧′. Therefore, returning to Equation 2 and using

the assumption of homogeneous turbulence along the spanwise direction reduces the linking equation from a covariance

function to a two point correlation function, resulting in the following equation for 𝑂𝑃𝐷𝑟𝑚𝑠 ,

𝑂𝑃𝐷2
𝑟𝑚𝑠 = 𝐾

2
𝐺𝐷

∫ 𝐿

0

∫ 𝐿−𝑧

−𝑧
⟨𝜌′(𝑧0, 𝑡)𝜌′(𝑧0 + Δ𝑧, 𝑡)⟩𝑑Δ𝑧𝑑𝑧,

If we define the normalized two point density correlation along the optical path, 𝑅𝜌𝜌, as,

𝑅𝜌𝜌 (Δ𝑧) =
⟨𝜌′(𝑧, 𝑡)𝜌′(𝑧 + Δ𝑧, 𝑡)⟩

𝜌2
𝑟𝑚𝑠

,

and the spanwise density correlation length as,

Λ𝜌,𝑧 =
1
2

∫ 𝐿−𝑧

−𝑧
𝑅𝜌𝜌 (Δ𝑧)𝑑Δ𝑧, (4)

then the linking equation becomes,

𝑂𝑃𝐷2
𝑟𝑚𝑠 = 2𝐾2

𝐺𝐷

∫ 𝐿

0
𝜌2
𝑟𝑚𝑠Λ𝜌,𝑧𝑑𝑧. (5)

The factor of 2 in Equation 5 should not be confused with the multiplicative factor that results from assuming an

exponential form of the covariance function in Equation 3, but rather comes from 1/2-multiplier in the definition of Λ𝜌,𝑧 ,

Equation 4. Since both the r.m.s. of density fluctuations and the density correlation length in the spanwise direction are

constant along the integration path, Equation 5 becomes

𝑂𝑃𝐷2
𝑟𝑚𝑠 (𝑥, 𝑦) = 2𝐾2

𝐺𝐷𝜌
2
𝑟𝑚𝑠 (𝑥, 𝑦)Λ𝜌,𝑧 (𝑥, 𝑦)𝐿. (6)

Here we explicitly recognized that all quantities can vary in the streamwise or 𝑥-direction and the wall-normal, 𝑦-direction.

This equation provides a direct link between the local fluidic properties and overall optical distortions in the spanwise

direction. Note, that unlike Sutton’s linking equation 3, where the flow is assumed to be homogeneous, the only

assumption used to derive Equation 6 is that the flow is uniform in the spanwise direction.
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The paper is organized as follows. Section II presents the experimental set-up of the the canonical boundary layer,

used to validate the spanwise uniform version of the linking equation. Section III discusses a variety of techniques

used to reduce data, focused on removing various contamination present in the aero-optical data and extracting correct

convective velocity profiles. Section IV will present results derived from canonical turbulent boundary layer experiments

and compare them with the direct measurements using a hot-wire. Finally, conclusions to this work will be given in

Section V.

II. Experimental Setup

A. Facility

Detailed description of the experimental set-up and procedure is provided in [19], so only essential information is

presented here. Experimental measurements were conducted at the White Field facility at the University of Notre Dame.

The facility is a Mach 0.6 closed-circuit wind tunnel powered by a 1750 horsepower variable RPM AC motor. The

tunnel test section is 2.74 m in length with 0.91 m x 0.91 m square cross section. Each of the four sides have three

windows that are 0.6 m x 0.6 m which are designed to give flexible optical access to the tunnel.

To create a canonical turbulent boundary layer, a boundary layer development plate was designed to fit the facility.

To avoid flow distortions in the inlet and exit regions, the plate was specified to be 2.13 m in length with 0.3 m of

separation up and downstream from the edge of the testing region. The plate itself is 2.54 cm thick, 0.89 m in width,

and made entirely of aluminum. Figure 1(a) shows a CAD model of the plate and the supports. The plate is sectional

and consists of an elliptical leading edge with a 152 mm major axis and a 25 mm minor axis and 8 hollowed out sections

that together form the 1.8 m x 0.89 m main body. The main body is covered with four aluminum plates 6 mm thick that

form the smooth surface for developing the boundary layer and hide the internal cavity which houses instrumentation.

Small gaps 10 mm wide between the plate and the test section help mitigating the formation of corner vortices at the

junction of the plate and the test section. To secure the main plate to the tunnel, a series of support legs are attached to

the underside and elevate the plate into the freestream. The support legs have a NACA 0012 airfoil cross-section and are

0.3 m tall. Figure 1(b) shows the fully assembled plate mounted on its support legs.

Boundary layers, present on the side walls, also contribute to the overall aero-optical distortions in the spanwise

direction. It follows from Equation 3 that, since the spanwise correlation length is proportional to the boundary

layer thickness, Λ𝜌,𝑧 ∼ 𝛿, the aero-optical signal in the spanwise direction is proportional to the square root of the

propagation length in the spanwise direction, 𝑂𝑃𝐷𝑟𝑚𝑠 ∼
√
𝛿𝐿. At the same time, the aero-optical effects from the

side-wall boundary layers depend only on the boundary layer thickness, 𝑂𝑃𝐷𝑟𝑚𝑠,𝑠𝑖𝑑𝑒 ∼ 𝛿 [3]. The ratio between them

becomes 𝑂𝑃𝐷𝑟𝑚𝑠,𝑠𝑖𝑑𝑒/𝑂𝑃𝐷𝑟𝑚𝑠 ∼
√︁
𝛿/𝐿. If the boundary layer development plate is much wider than the boundary

layer thickness, the aero-optical contribution from the side-wall boundary layers to the overall signal can be neglected.
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(a) (b)

Fig. 1 (a) CAD model of the Whitefield Mach 0.6 wind tunnel boundary development plate. (b) Assembled
boundary layer plate showing open cavities.

In this experiment,
√︁
𝛿/𝐿 ≈ 0.15, so the contaminating effects should be small. More discussion of the effects of the

side-wall boundary layers on the presented results will be given later in this paper.

In order to compensate for imbalance of blockage above and below the plate and achieve a zero streamwise pressure

gradient on top of the plate, a pivoting trailing edge flap a 25 mm thick and 150 mm long was installed at the end of

the plate. The flap hangs loosely on the back of the main plate and is connected to a hinged push rod that extends

down through the bottom of the test section. The flap has a range of motion of ±25◦. A number of pressure taps

were placed in the first and fourth plate covers to monitor the pressure gradient over the plate. At the beginning of

each test, the flap was calibrated using these pressure ports to ensure that there was in fact a zero pressure gradient.

With the tunnel running, an absolute pressure transducer (Omega, DPG1000AD-15A) was sequentially attached to the

Tygon tubing running from each pressure tap and its pressure recorded. The pressure differential between the most

upstream and the most downstream pressure location was found to be less than 350 Pa at the highest run Mach number

of 0.35. Two non-dimensional pressure gradient factors that are commonly used [20] are the Clauser pressure gradient,

𝛽 = 𝛿∗

𝜏𝑤

𝑑𝑃
𝑑𝑥

, and the viscous scaled pressure gradient, 𝑝+𝑥 = 𝜈

𝜌𝑈3
𝜏

𝑑𝑃
𝑑𝑥

. Using a maximum differential of 350 Pa across

1.5 m streamwise spacing between the pressure sensors yields 𝛽 = 0.037 and 𝑝+𝑥 = 3.09 · 10−5, indicating a negligible

pressure gradient on top of the boundary layer plate.

B. The Optical Set-up

The schematic of the optical measurements in the spanwise direction is shown in Figure 2. A monochromatic light

from a continuous Nd:YAG laser beam with wavelength of 532 nm is expanded to a collimated beam 25 mm in diameter.

The collimated beam then passed through a pair of lenses that expand or contract the beam to the desired diameter as it

will be discussed later. The expanded collimated beam is forwarded through the test section in the spanwise direction.

Careful alignment was performed to ensure that the beam is parallel to the boundary layer plate, see [19] for details.

After passing through the flow of interest, the beam is reflected back along the same path it came from, using a return
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Fig. 2 Schematic of the optical set-up using Shack-Hartmann wavefront sensor.

mirror on the opposite side of the test section. This so-called double-pass set-up doubles the signal amplitude. The

returning beam is split aside using a cube 50/50 beam splitter and, after proper re-imaging, using a pair of re-imaging

lenses, is forwarded to a Shack-Hartmann wavefront sensor. It consists of a Phantom v1610 high-speed camera with a

lenslet array, attached in front of the imaging sensor. The lenslet array used in this study is a rectangular grid (70 x 60)

of square lenses 0.3 mm x 0.3 mm each with a focal length of 38.2 mm. All these components were assembled on an

optical bench that sits on a series of slightly under-inflated rubber bicycle tires to dampen most mechanical vibrations

from the tunnel.

To investigate various spatial regions of the boundary layer, different lenses are used to change the ratio between

the beam size traversing through the boundary layer and the beam size on the wavefront sensor. This ratio is called

magnification ratio, 𝑀𝑎𝑔. The magnification ratios for a series of lens pairs can be computed as, 𝑀𝑎𝑔 =
𝑓1
𝑓2
· 𝑓3

𝑓4
. The

various magnification ratios used in the boundary layer experiments and their corresponding lens configurations are

given in Table 1. Figure 3 illustrates how adjusting this magnification ratio maps the same spatial region seen by the

camera to different parts of the boundary layer. The distance between the adjacent lenslet dots, when re-imaged to the

test section represent the spatial resolution of the optical measurements. This spatial resolution is proportional to the

magnification. For instance, with a magnification of 1, this distance is the same as the lenslet size, 0.3 mm, but with

a magnification of 4 it becomes 1.2 mm. The summary of all test cases, including the run Mach number, sampling

frequencies, and the spatial resolutions in the outer and inner units are provided in Table 2.

C. Hotwire Anemometry

A CTA hot-wire was used to measure velocity statistics of the boundary layer created by the boundary layer

development plate at the location of the beam. The overheat ratio used was 1.8 with a sampling frequency of 30 kHz
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Table 1 Reimaging lenses used in boundary layer studies.

Magnification Ratio (Mag) 𝑓1/ 𝑓2 𝑓3/ 𝑓4 Test Section Camera
(mm) (mm) Beam Size (mm) Beam Size (mm)

Mag = 1 500/-250 400/800 50 50
Mag = 1.6 500/-250 400/300 50 31.3
Mag = 4 500/-250 800/400 50 12.5

Fig. 3 Adjusting optical magnification to focus on different parts of the boundary layer.

and a low pass filter at 14 kHz. The wire length was 1.25 mm. The hot-wire was calibrated in the range of Mach

numbers 0.1 – 0.4, and the 4𝑡ℎ order polynomial fit was used for calibration. To calibrate the hot-wire, the tunnel

was run at known speeds, measured by a Pitot probe placed in the free stream close to the hotwire, and voltage data

from the anemometer was collected. A best fit of the data when plotting voltage versus the known velocity yields the

calibration constants. Both pre- and post-calibrations were used to account for temperature drift in the tunnel and a linear

interpolation between the calibrations was used to compensate for the drift. In order to collect the velocity statistics

inside the boundary layer, the hotwire was placed on a computer-controlled traverse system, capable of moving a hotwire

in the wall-normal direction. Time series of the streamwise velocity were measured at 51 wall-normal locations with the

sampling frequency of 30 kHz for 30 sec. The first 11 wall normal locations had an evenly spaced step size of 0.25 mm,

the next 15 had a step size of 0.5 mm, and the last 25 had a step size of 1 mm. From the velocity data, both mean and

fluctuating velocity profiles were extracted.
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Table 2 Test cases and corresponding optical resolution parameters.

Mach Wall-normal Extent and Wall-normal Extent and Sampling
Test Case Number Spatial Resolution Spatial Resolution Frequency

in Outer Units, 𝛿 in Inner Units, +
𝑀𝑎𝑔 = 1.0 0.35 0.12𝛿 (Δ = 0.012𝛿) 680+ (Δ+ = 68) 311 kHz
𝑀𝑎𝑔 = 1.6 0.3 0.19𝛿 (Δ = 0.019𝛿) 1090+ (Δ+ = 109) 311 kHz
𝑀𝑎𝑔 = 4.0 0.3 0.48𝛿 (Δ = 0.048𝛿) 2740+ (Δ+ = 274) 311 kHz
𝑀𝑎𝑔 = 4.0 0.3 1.06𝛿 (Δ = 0.048𝛿) 6042+ (Δ+ = 274) 130 kHz
Hotwire 0.3 1.2𝛿 (Δ = 0.01𝛿) 6840+ (Δ+ = 57) 30 kHz

III. Data Reduction

A. Calculation of 𝑂𝑃𝐷𝑟𝑚𝑠

Before we begin, let us recall that for collimated beams 𝑂𝑃𝐷 can be approximated as a conjugate of the wavefront,

𝑂𝑃𝐷 = −𝑊 [1], so the statistics of the wavefronts and OPDs, such as the spectra and root-mean values, are identical.

For this reason, the wavefronts and 𝑂𝑃𝐷 will be used as synonyms in this paper.

For each test case, time series of the dot pattern were recorded using the high speed camera, and the instantaneous

dot positions were extracted in post-processing using the centroiding algorithm [21]. Knowing the lenslet focal length

and the magnification rate, the instantaneous dot positions were converted into the time series of deflection angles in

the streamwise and the spanwise directions at various spatial points. Only the streamwise deflections angles, denoted

𝜃 (𝑥, 𝑦, 𝑡), were used to analyse the aero-optical distortions.

The spanwise-uniform form of the linking equation, Equation 5, relates 𝑂𝑃𝐷𝑟𝑚𝑠 (𝑦) to the spatial statistics of

the density field at a given wall normal location. Thus, we need to correctly compute the time-average of spatial

root-mean-square of the wavefronts, 𝑂𝑃𝐷𝑟𝑚𝑠 (𝑦) =
√︃〈
𝑂𝑃𝐷2 (𝑥, 𝑦, 𝑡)

〉
𝑥
, where the overbar denotes the time averaging

and angular brackets indicate the spatial averaging along the streamwise direction. Keep in mind that Equation 5 is only

valid for very large apertures, while the collected wavefronts were measured over a finite aperture of approximately one

boundary layer thickness. Finite aperture effects have been extensively studied by other researchers [3, 22, 23] and it

was demonstrated that a finite aperture acts as a high-pass filter and results in under-predicting the true large-aperture

𝑂𝑃𝐷𝑟𝑚𝑠 . This is a consequence of removing the instantaneous piston and tip/tilt components from the wavefront. The

tip/tilt components are typically corrupted by mechanical vibration and other experimental noise sources and often

removed from the measured wavefronts.

An alternative approach to compute 𝑂𝑃𝐷𝑟𝑚𝑠 is to recognize that the aero-optical distortions convect in the

streamwise direction. Let us recall that the streamwise deflection angle is the derivative of the wavefront, 𝜃 = 𝜕𝑂𝑃𝐷/𝜕𝑥.

In the convective case, the spatial derivative can be replaced with the temporal derivative, becoming related to the

wavefront as [24],

𝑂𝑃𝐷 (𝑥 = 𝑈𝑐𝑡) = −𝑈𝐶

∫ 𝑡

0
𝜃 (𝜏)𝑑𝜏 (7)
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Equation 7 means that a time series of deflection angles can be integrated in time to reconstruct 𝑂𝑃𝐷 at that point

in space, if the convective velocity, 𝑈𝐶 , is known. It is more convenient to re-write Equation 7 in the spectral form,

resulting in a relation between the wavefront and the deflection angle autospectral densities,

𝑆𝑊 ( 𝑓 ) = 𝑈2
𝐶

𝑆𝜃 ( 𝑓 )
(2𝜋 𝑓 )2 . (8)

Finally, 𝑂𝑃𝐷𝑟𝑚𝑠 can be computed from the deflection angle autospectral density as

𝑂𝑃𝐷2
𝑟𝑚𝑠 =

∫ ∞

−∞
𝑆𝑊 ( 𝑓 )𝑑𝑓 = 𝑈2

𝐶

∫ ∞

−∞

𝑆𝜃 ( 𝑓 )
(2𝜋 𝑓 )2 𝑑𝑓 = 2𝑈2

𝐶

∫ ∞

0

𝑆𝜃 ( 𝑓 )
(2𝜋 𝑓 )2 𝑑𝑓 . (9)

The immediate item of note in this equation is the factor of 𝑓 2 in the denominator. It means that any contamination

of the deflection angle spectrum at low frequencies will be divided by the small (2𝜋 𝑓 )2-factor and, as a consequence,

will be greatly amplified, resulting in inaccurate estimates of both the wavefront spectra, 𝑆𝑊 , and the corresponding

𝑂𝑃𝐷𝑟𝑚𝑠-values. If we make a physically reasonable assumption that in the limit as frequency approaches zero, 𝑆𝑊

approaches some finite constant (which was verified in numerical simulations of optical distortions in turbulent boundary

layers [17]), then the deflection angle spectrum at low frequencies should behave as 𝑆𝜃 ∼ 𝑓 2. This requirement can be

used to estimate the spectrum behavior of low frequencies. From another hand, the wavefront spectrum is much less

affected by any potential contamination at high frequencies, as the corresponding portion of 𝑆𝜃 -spectrum, which is

already small, is further divided by a large (2𝜋 𝑓 )2-factor.

Thus, various sources of contamination, predominantly at the low frequencies, should be properly removed from the

deflection angle spectra in order to correctly compute 𝑂𝑃𝐷𝑟𝑚𝑠 . A method developed in [25] was originally introduced

to mitigate this corruption. The method uses several spatial correlations of deflection angles at varying separations

to split the measured spectrum into a convective component and a stationary component. In other words, by having

additional redundant data sets all collected at the same instant in time, it becomes possible to sort out components of the

signal that only depend on space (stationary) from those that vary with space and time (convective). The only assumption

involved in this method is that the spectrum has only two components, the stationary and the purely convective ones.

Equations 10 and 11 show the decomposition of the Fourier transform of deflection angles, 𝜃 (𝑥, 𝑓 ) and the resulting

cross spectral correlation 𝑆(Δ𝑥, 𝑓 ):

𝜃 (𝑥, 𝑓 ) = 𝜃𝑆 ( 𝑓 ) + 𝜃𝐶 ( 𝑓 )𝑒𝑥𝑝
(
2𝜋𝑖 𝑓

[
𝑡 − 𝑥

𝑈𝐶

] )
, (10)

𝑆𝜃 (Δ𝑥, 𝑓 ) =
⟨𝜃 (𝑥, 𝑓 )𝜃∗ (𝑥 + Δ𝑥, 𝑓 )⟩

𝑇
= 𝑆𝑆 ( 𝑓 ) + 𝑆𝐶 ( 𝑓 )𝑒𝑥𝑝

(
2𝜋𝑖 𝑓Δ𝑥
𝑈𝐶

)
(11)
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Fig. 4 Breakdown of the total deflection angle spectrum into convective, 𝑆𝐶 , and stationary, 𝑆𝑆 , components.

where 𝑇 is the Fourier transform block time, 𝑆𝑆 is the stationary power spectrum, 𝑆𝐶 is the convective power spectrum,

and the asterisk denotes the complex conjugate. With multiple spatial separations, Equation 11 is over-determined and a

least squares solution can be obtained at each frequency for 𝑆𝑆 and 𝑆𝐶 . A representative example of this decomposition

is shown in Figure 4. It can be seen that the low end build up due to mechanical vibration was significantly removed

from the convecting portion of the spectrum and the theoretical slope of 𝑓 2 was recovered to some degree. In a few

cases, the multipoint decomposition was not able to totally remove the low end corruption, but in general it worked

effectively and because of this, the convective portion will be used in instead of the original deflection angle spectrum

for all further analysis.

Figure 4 also shows that there still remains a significant drop off in spectral content at the high end of the spectrum

compared to the expected theoretical 𝑓 −4/3 slope [2, 26]. The most likely cause of this high frequency damping is signal

attenuation due to a finite sub-aperture size. A theoretical estimation of how averaging over the span of a sub-aperture

affects the deflection angle spectrum is given in [26]. It is important to note that the multipoint decomposition is

unable to recover the high end theoretical slope, but, as mentioned before, it should not significantly affect the extracted

𝑂𝑃𝐷𝑟𝑚𝑠-values.

In an attempt to minimize the corrupting effects at both the low and the high frequencies in order to correctly

estimate 𝑂𝑃𝐷𝑟𝑚𝑠-values from the experimentally measured deflection angle spectra, a simple semi-empirical model

was used in [27] to approximate the shape of 𝑆𝜃 using the theoretical considerations of the low- and high-frequency

tails. The functional form of the model was adapted in the current work to further clean-up the low end corruption of
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the convective component of the deflection angle spectra. The model uses the peak amplitude,𝑆𝜃, 𝑝𝑒𝑎𝑘 , and the peak

frequency, 𝑓𝑝𝑒𝑎𝑘 , both of which are generally isolated from areas of the spectrum that are corrupted. The model is as

follows,

𝑆𝜃 ( 𝑓 , 𝑦) = 𝑆𝜃, 𝑝𝑒𝑎𝑘 (𝑦)
6.00

𝑓 2
𝑝𝑒𝑎𝑘

(𝑦)


𝑓

1 +
(

1.25 𝑓
𝑓𝑝𝑒𝑎𝑘 (𝑦)

)5/3


2

, (12)

The model was used to clean-up only the low-end of the spectrum by replacing the part of experimentally-measured

spectrum below the peak frequency with the model fit. The spectrum above the peak frequency was kept unchanged.

The benefit of this approach is that it removes remaining corrupting influences at the low end of the spectrum, using

peak quantities in the middle of the spectrum, where the corruptions are minimal. Figure 5 demonstrates the model fit

of Equation 12 for selected wall normal locations using the peak values of the convective spectra from the multipoint

decomposition. By design, the model removes any residual contaminations at the low frequencies, while remaining

faithful to the central and high-end portions of the spectrum. This can be clearly seen in the spectrum at 𝑦/𝛿 = 0.1,

where the convective component (a solid red line) still has significant build-up at the low frequencies, which would

result in unrealistically large value of 𝑂𝑃𝐷𝑟𝑚𝑠 . The model fit (a dashed red line) guarantees that the resulting wavefront

spectrum stays finite at low frequencies.

Fig. 5 The convective components and the low-end models of 𝑆𝜃 from Equation 12 using the Mag 1.6 data set as
an example.

The presented model fit was implemented to all extracted convective components of the deflection angle spectra and
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the corresponding 𝑂𝑃𝐷𝑟𝑚𝑠 (𝑦)-profiles were computed using Equation 9. These profiles were used to estimate the

density correlation lengths, Λ𝜌,𝑧 (𝑦) via Equation 6. In addition, 𝜃𝑟𝑚𝑠 (𝑦)-profiles were calculated by integrating the

modelled deflection angle spectra.

B. Convective Velocity

One of the major motivations behind this study is developing a technique that is capable of measuring convective

velocity non-intrusively. Also, in order to correctly compute 𝑂𝑃𝐷𝑟𝑚𝑠 (𝑦)-profiles, using Equation 9, the values of

the local convective speed are needed. Two methods of extracting the convective speeds will be presented below: the

spectral cross-correlation method and the dispersion method.

The spectral method was introduced in [28] and uses the deflection angles in two spatial points, separated by the

distance Δ𝑥. From Equation 11 it follows that the argument (phase) of the spectral cross-correlation spectrum is a linear

function of the frequency, and the phase slope is related to the convective speed. The convective speed can be calculated

from the phase slope, since 𝑑𝐴𝑟𝑔[𝑆( 𝑓 )]/𝑑𝑓 = 2𝜋Δ𝑥/𝑈𝐶 . This approach was demonstrated to provide good results if

the deflection angles are sampled sufficiently fast and the separation between beam is small enough [28].

With the use of a Shack-Hartmann sensor, multiple streamwise correlations can be made at different Δ𝑥. Figure 6

shows the scaled phase 𝐴𝑟𝑔[𝑆( 𝑓 )]/Δ𝑥 for 5 different Δ𝑥-values. Figure 6 shows collapse for all Δ𝑥 up to almost 50

kHz. However, the phase slope does not agree with the the expected slope, based on the direct measurements of the

velocity using a hot-wire, shown as a straight black line in Figure 6. This discrepancy was traced to insufficient spatial

resolution which will be further clarified later in this paper. As a result, the spectral cross-correlation was corrupted by

spatial aliasing effects and resulted in biased estimates of the phase slopes.

The spectral method utilizes frequency analysis and spatial averaging. In contrast, the dispersion method uses both

frequency and spatial information in the form of a 2-D, frequency-wavenumber spectrum. Given a row of deflection

angle data at constant height, 𝜃 (𝑥, 𝑡), a 2-D Fourier transform yields 𝑆𝜃 (𝑘𝑥 , 𝑓 ). In general, 2-D spectral analysis of a

convecting quantity yields a spectrum with a linear ridge, the slope of that ridge corresponds to the convective velocity,

𝑈𝐶 = 2𝜋 𝑓 /𝑘𝑥 . If other optical structures, moving at a different speed, are present along the beam, it will result in

the appearance of another branch with a different slope. The ability of the dispersion method to identify different

convective speeds can be used to isolate and study the corresponding optical structures. This approach was successfully

implemented to isolate and study aero-acoustical contamination from jet engines present in the aero-optical data in-flight

[29].

With proper sampling frequency and spatial resolution, this spectrum would be properly resolved and would look

similar to Figure 7(a). A linear fit to the ridge of the 2-D spectrum is the most common method of computing convective

velocity. Traditionally, the peak spectral value is used in determining the ridge, however, del Álamo and Jiménez [30]

proposed using the spectrum’s center of gravity to define the ridge to more accurately account for the contributions from
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Fig. 6 Phases of the spectral cross-correlation functions for different Δ𝑥 at 𝑦/𝛿 = 0.1. Expected phase slope
based on the velocity measured using hotwire is also presented.

all scales. This second approach was implemented in these studies.

Fig. 7 Schematic illustrating temporal aliasing of convective 2-D spectra with insufficient sampling wavenumber.

An idealized spectrum for a continuous 2-D Fourier transform (an infinite sampling frequency and wavenumber)

is shown schematically in Figure 7(a) as a single branch with a constant slope, determined by the convective speed.

For simplicity, consider aliasing in space only. If the signal is sampled at a finite wavenumber, 𝑘𝑚𝑎𝑥 = 2𝜋/𝑥, the

Nyquist–Shannon sampling theorem states that the resulting discrete spectrum will be a superposition of infinite number

of continuous spectra, periodically shifted by 𝑛 · 𝑘𝑚𝑎𝑥 , where 𝑛 is an integer number, as illustrated in Figure 7(b). If the
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original spectrum has spatial content above the Nyquist wavenumber, 𝑘𝑚𝑎𝑥/2, it will result in shifted branches entering

the range of spatial wavenumbers [−𝑘𝑚𝑎𝑥/2, +𝑘𝑚𝑎𝑥/2], as shown inside the rectangular box in Figure 7(b). This is a

classic example of aliasing in discrete 2-D Fourier transforms.

Understanding the origin of the aliasing provides a practical way to remove it. The algorithm is demonstrated

in Figure 8. Consider a discrete 2-D spectrum, aliased in space, as shown in Figure 8(a). This can be shifted by

±𝑘𝑚𝑎𝑥 ,±2𝑘𝑚𝑎𝑥 , and so on, and stacked left and right of the discrete spectrum, as demonstrated in Figure 8(b). This

leads to the main branch recovering its original shape, and the slope of the main branch can be studied. By applying

a band filter, the main branch can be isolated and analyzed. This stacking approach, but performed in the frequency

direction, was implemented to recover the spectra of the deflection angles of hypersonic boundary layers beyond the

Nyquist frequency [31].

Fig. 8 Schematic illustrating a proposed de-aliasing stacking algorithm to recover the 2-D spectrum.

To illustrate this algorithm, a set of experimentally-obtained data for 𝑀𝑎𝑔 = 4 is used as an example. Using a

streamwise row at 𝑦/𝛿 = 0.1, the 2-D spectrum, 𝑆𝜃 , was computed. The particular data set, shown in Figure 9, has

10 streamwise points, and a sampling frequency of 311 kHz. The log of the computed dispersion plot is given in

Figure 9(a). The main convective branch impacts the wavenumber limit at about 25 kHz and is aliased to the left edge of

the plot. Figure 9(b) shows the same data reconstructed using the stacking method. The main convective branch is
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clearly resolved out to triple of the spatial Nyquist limit. Independently measured mean velocity, using a hotwire, can be

used to calculate an expected slope to compare to the ridge slope in this dispersion plot. This was demonstrated in

Figure 9(b), where the main convective branch remains linear and follows the mean velocity slope out to 75 kHz which

encompasses the entirety of the spectrum.

(a) (b)

Fig. 9 (a) Unaltered 2-D Dispersion plot of the Mag=4, 311 kHz data set. (b)Reconstructed (stacked) 2-D
spectrum. Center of gravity method is shown along with the corresponding slope of the hotwire mean velocity.
The wall normal location is 𝑦/𝛿 = 0.1.

It is straightforward to see that this method fails when the Nyquist angular frequency divided by the maximum

resolved wavenumber is approximately equal to the local convective velocity, 𝑈𝐶 ≈ 2𝜋 𝑓𝑁/(𝑘𝑚𝑎𝑥/2) = 𝑓𝑠𝑎𝑚𝑝Δ𝑥; in

other words, when the main branch goes directly into the corner of the sampling window. If this is the case, the positive

and negative branches might overlap at the tails and become inseparable, as illustrated in Figure 10. In fact, this can

limits the usable portion of the spectrum to even below the spatial and temporal Nyquist frequencies. In order to avoid

this issue, a constant Γ is introduced which relates the sampling frequency and the separation between points in space

Γ = 𝑓𝑠𝑎𝑚𝑝Δ𝑥/𝑈𝐶 . For the case when the ridge hits the corner of the dispersion plot, Γ ≈ 1. To avoid this tail overlap, Γ

should be larger than 2 or less than 0.5. This large margin helps to account for the fact that𝑈𝐶 is an unknown and often

only a ballpark estimate can be made.

Recalling the non-linearity observed in phase of the spectral method, Figure 6, the aliasing in 𝑘𝑥-direction is

expected as the root cause and ultimately the flaw of a simple spectral cross-correlation analysis. To examine this further,

the two-point spectral cross-correlation phase, shown in Figure 6, is shown again in Figure 11(a). Note that the axes in

this plot have been flipped from the typical way that phase is plotted so that the frequency axis is the same as in the

dispersion plots. Examining Figure 11(a) we see that the slope of the phase data begins to deviate from that associated

with the mean velocity, measured by a hotwire, around 20 kHz. The same data set was used to perform the dispersion
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Fig. 10 Schematic illustrating the situation when𝑈𝐶 ≈ 2𝜋 𝑓𝑠𝑎𝑚𝑝/𝑘𝑚𝑎𝑥 , corresponding to Γ = 𝑓𝑠𝑎𝑚𝑝Δ𝑥/𝑈𝐶 ≈ 1,
which results in an inseparable overlap in the discrete 2-D spectrum.

analysis and presented in Figure 11(b). It is clear that no such deviation exists. Because of this, it is expected here that

the spatial aliasing is directly responsible for the phase deviating from a linear slope in the spectral cross-correlation

method.

C. Clauser method to compute the local skin friction

The Clauser method of computing the local skin friction from the mean velocity profile is based on the assumption

that a similarity exists linking the inner near wall region with the outer velocity defect region [32]. Based on dimensional

analysis, Clauser showed that the near wall inner layer

𝑈+ =
𝑈

𝑢𝜏
= 𝑦+ =

𝑦𝑢𝜏

𝜈

and the outer layer
𝑈 −𝑈∞
𝑢𝜏

= 𝑓 (𝑦/𝛿)

must have a region of overlap between them that is a function of the free stream velocity, boundary layer thickness, and

viscosity, the three variables that are in only one of those two equations. Townsend [33] built upon Clauser’s observation

and proposed a similarity hypothesis that states that surface conditions set the wall shear stress and boundary layer
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(a) (b)

Fig. 11 (a) Phase of the spectral cross-correlation from Figure 6 with switched axes for better comparison to
dispersion plots. (b) A first quadrant of the reconstructed 2-D dispersion plot of the same data set.The wall
normal location is 𝑦/𝛿 = 0.1.

thickness and then the outer layer turbulence simply adjusts accordingly. This adjustment behaves in a universal and self

similar manner. This resulted in the form of the so-called log-law as it is commonly reported,

𝑈+ =
𝑈

𝑢𝜏
=

1
𝜅
𝑙𝑛(𝑦+) + 𝐵 =

1
𝜅
𝑙𝑛

( 𝑦𝑢𝜏
𝜈

)
+ 𝐵 (13)

where 𝜅 and 𝐵 are experimentally determined constants. Nagib and Chauhan [34] provide an excellent overview of the

reported values in the literature. In this study, values of 𝜅 = 0.385 and 𝐵 = 4.1 were chosen, consistent with the zero

pressure gradient turbulent boundary layer studies [35, 36].

To compute 𝑢𝜏 and 𝐶 𝑓 from Equation 13, it must first be rearranged. Multiplying both sides of the equation by

𝑢𝜏/𝑈∞ yields
𝑈 (𝑦)
𝑈∞

=

[
1
𝜅

𝑢𝜏

𝑈∞

]
𝑙𝑛

(
𝑦𝑈∞
𝜈

)
+

[
1
𝜅

𝑢𝜏

𝑈∞
𝑙𝑛

(
𝑢𝜏

𝑈∞

)
+ 𝐵 𝑢𝜏

𝑈∞

]
. (14)

Equation 14 is now in a form where measured𝑈 (𝑦) can be plotted vs 𝑦 with known𝑈∞ and 𝜈. The slope of the linear

portion of this plot uniquely defines 𝑢𝜏 . Knowing the skin friction velocity, the local skin friction, 𝐶 𝑓 , can be computed

by recalling that for incompressible flows 𝐶 𝑓 = 2(𝑢𝜏/𝑈∞)2.

The assumptions embedded in this analysis are that the flow is in equilibrium meaning a constant stress profile, 𝜅

and 𝐵 are in fact accurate to the particular Reynold’s number and flow geometry, and that the Reynold’s number is large

enough that a linear log-region exists over a range of 𝑦+-values so that a slope can be defined. As Reynold’s number

increases, scale separation between the near wall dissipative eddies and the outer region turbulence generation eddies

grows. Wei et al. [37] examined a number of low Reynold’s number experiments and concluded that an error in 𝑢𝜏 of
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up to 5% was possible for 𝑅𝑒𝜃 = 500 but that this error diminished beyond 𝑅𝑒𝜃 = 1340.

IV. Results

A. Deflection angle spectra

The convective deflection angle spectra were extracted from all test cases at different wall normal coordinates.

Figure 12 plots the convective portion of the spectrum from Equation 11 along with the peak value at each wall normal

location for all three magnifications. When combining the cases, preference was given to the lowest magnification at

each height in the boundary layer. In general, the peak values for all magnification rates agree with each other within the

scatter of the data. Using the spectra we can associate a length scale to the frequencies containing the most energy. For

example, above 𝑦/𝛿 = 0.3 the peak value of 𝑆𝜃 remains relatively constant at a Strouhal number of 1. This indicates

that the length scale that is most strongly energetic towards 𝑆𝜃 at those wall normal locations is roughly the boundary

layer thickness. However, very close to the wall, the peak is at a higher Strouhal number, about 10, indicating smaller

structures.

Fig. 12 Evolution of deflection angle autospectral density combined for all magnification cases. The spectral
peak values at each wall normal location for all three magnifications are also indicated by symbols.

Besides the peak Strouhal number being a function of the wall normal location, Figure 12 provides additional insight

by looking at the amplitude of the main peak of 𝑆𝜃 . Very near the wall, the peak amplitude is rather low which means

that while the smaller structures are contributing most to the energy in the spectrum, each individual scale is contributing
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less relative to the larger outer structures. Moving away from the wall, the amplitude of the mean peak increases and

the mean peak location shifts to lower frequencies, indicating larger and more energetic optical structures. At a point

near the edge of the boundary layer, roughly 𝑦/𝛿 = 0.7, the magnitude of the mean peak begins to decline while the

peak location remains constant. This decline in the mean peak amplitude also leads to the reduction of the overall total

energy, 𝜃𝑟𝑚𝑠 (𝑦), presented later in the paper in Figure 16. The overall decline is most likely due to intermittency effects,

which will be discussed later in this paper.

B. Convective Velocity

1. Hotwire Measurements

The wall-normal profiles of the mean and the fluctuating component of the streamwise velocity, measured using a

hotwire, are presented in Figure 13. The mean velocity profile shows a presence of a canonical boundary layer with a

log-linear region with constants C=3.1 and 𝜅 = 0.385. Note that the viscous sub-region and a portion of the buffer

region of the boundary layer is not resolved due physical constrains to place the hot-wire very close to the wall. Using

the mean velocity profile, several parameters for the boundary layer were calculated and are given in Table 3. The

hot-wire length used in the experiments, was 1.25 mm. This length, expressed in inner units, results in a hotwire 𝑙+ for

this experiment of nearly 300, far higher than the recommended value of 𝑙+ < 20 [38]. The result of the large hot-wire

length is a dampening in the perceived turbulent fluctuations due to spatial averaging along the wire. In addition to

spatial averaging, the relatively low low-pass filtering at 𝑓𝑐𝑢𝑡 = 14𝑘𝐻𝑧 corresponds to the normalized sampling time

of Δ𝑡+ = 𝑢2
𝜏/( 𝑓𝑐𝑢𝑡𝜈) ∼ 50, which is not sufficiently small to temporally resolve all turbulent structures [38], further

reducing the measured turbulent fluctuations. To illustrate the impact, properly spatially and temporally resolved

(𝑙+ < 20,Δ𝑡+ < 1) turbulence intensity profiles presented in [38] were interpolated for the current 𝑅𝑒𝜏 and plotted

in Figure 13. The severity of the spatial attenuation is clear considering that deviation from the fully resolved curve

extends all the way to 𝑦+ = 3000, well beyond the log-region. At 𝑦+ = 1000, the attenuated turbulence intensity is 75%

of the resolved data. The Strong Reynold’s analogy, which will used to relate density and the velocity statistics later in

this paper, relies on the correct fluctuating and mean velocity profiles to predict the fluctuating density profiles. Using

the present attenuated fluctuating velocity profile would result in significant errors and therefore, it was decided that all

calculations involving the fluctuating velocity will use the fully resolved data presented in [38]. Note that the spatial

averaging affects only the fluctuating velocity profile, as the mean profile agrees with each of the ones available in the

open literature.

2. Convective velocities using spectral cross-correlation and dispersion methods

Strictly speaking, the convective velocity is not equal to the local mean velocity [30, 39, 40]. Del Álamo and

Jiménez [30, 41], in their computational work on channel flows, found that the convective velocity near the wall appears
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Fig. 13 Hotwire mean and RMS profiles plotted in inner units. RMS profile taken from Hutchins et al. [38]
shows the near wall attenuation.

Table 3 Turbulent boundary layer parameters

Mach Boundary Layer Free Stream Friction 𝑅𝑒𝛿 𝑅𝑒𝜃 𝑅𝑒𝜏 H-factor
Number Thickness, 𝛿 Velocity, 𝑈∞ Velocity, 𝑢𝜏

0.3 25 mm 100.8 m/s 3.35 m/s 1.71 · 105 19,975 5,775 1.33

to asymptote to a non-zero constant. In addition, decomposing the convective velocity into large and small wavelengths

revealed that the largest wavelengths convect at a nearly constant velocity independent of wall normal location and the

small wavelengths generally follow the mean velocity everywhere except near the wall. In a similar study using PIV,

LeHew et al [42] found agreement with the results of Del Álamo and Jiménez. Geng et al. [39] and Liu and Gayme [40]

built upon this work and have shown that the average convective velocity asymptotes to ∼ 10𝑢𝜏 at the wall beginning at

𝑦+ < 20. Liu and Gayme [40] particularly looked at the influence of streamwise and spanwise wavenumber and found

evidence of large scale interactions with the small scales in the viscous sublayer consistent with Hutchins and Marusic

[43]. The largest contributors to convective velocity in the viscous sublayer were structures on the order of the buffer

layer height yet even larger structures had non-negligible contributions.

All the aforementioned studies point out that the deviation of the convective speed from the mean velocity and its

dependence of the spatial wavenumber was observed only near the wall, 𝑦+ < 20 − 30. In the present studies, however,

the nearest resolved point in the wall normal direction was 𝑦+ ∼ 60, see Table 2. Based on the discussion in the previous

paragraph, away from the wall the convective velocity should be equal to the mean velocity. Therefore, the convective
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velocity, obtained via optical methods, should agree with the mean velocity, measured by hotwire. The results from

multiple optical data sets were analyzed using both the spectral cross-correlation method and the dispersion method to

extract the local convective speeds and the results are presented in Figure 14. The spectral cross-correlation method in

Figure 14 uses frequency limits of 10-25 kHz to define the slope fitting region. The convective velocities are scaled

using 𝑢𝜏 computed from the hotwire mean velocity profile and Clauser method. It is immediately clear that the spectral

cross-correlation method over-predicts the mean velocity profile throughout the entire boundary layer region for all

cases. The dispersion analysis, presented in the previous chapter, revealed that spatial aliasing led to the non-linearity

in the observed phase plots. The overshoot of the spectral cross-correlation method in Figure 14 suggests that this

spatial aliasing biases the profiles towards the larger, faster moving structures. On the other hand, the dispersion method

does a good job of following the mean profile over a wide range of 𝑦+ between 200 and 3000. The discrepancy above

𝑦+ = 3000 is most likely due to intermittency effects, which will be addressed in the next paragraph. Very near the wall,

𝑦+ < 200, the dispersion-based convective velocities approach a constant. This is most likely due to spatial averaging

over sub-apertures. The small scales in the boundary layer are smaller than the sub-aperture size at this location and as

such, the apparent convective velocity is biased toward the larger, faster moving structures. Based on the suggestions in

[25], the sub-aperture size Δ𝑥 should be less than (𝛿/𝑆𝑡𝛿,𝑝𝑒𝑎𝑘) (𝑈𝑐/𝑈∞), to accurately resolve the convective velocity

of the scales of interest. For the current data near the wall, the peak Strouhal number is approximately 4, and the

expected convective velocity is roughly 0.5 of the free stream velocity based on the hotwire velocity profile at the nearest

wall normal location measured. This gives a maximum sub-aperture size of Δ𝑥 = 0.15 mm which is half the size of the

smallest sub-aperture used in this work. As the main portion of interest at the outset of this work was the log-region

of the boundary layer, these larger sub-apertures were acceptable, however for anyone who is interested in regions of

the boundary layer closer to the wall, the sub-aperture size must be chosen small enough for accurate measurement of

convective velocity in this region.

From Figure 14, it is clear the dispersion analysis consistently underestimates the convective velocity in the wake

region of the boundary layer above 𝑦+ > 2000. To understand it, let’s recall that from an optical point of view, the

only parts of the flow contributing to the optical signal are those which contain density fluctuations. Intermittency in a

boundary layer helps to describe the interface between the turbulent flow and the laminar freestream. This interface

fluctuates as turbulent bursts reach out into the freestream. The intermittency function describes the fractional percentage

of time that a particular wall normal location is turbulent. Since the laminar freestream has no density fluctuations,

only those portions of time that are turbulent contain density fluctuations. As intermittency begins to set in at roughly

𝑦/𝛿 = 0.5, turbulent bursts into the freestream become more and more infrequent. To illustrate this, Figure 15 re-plots

the velocity profiles extracted using the dispersion method in Figure 14 in outer units. The intermittency function

computed from the corresponding hotwire data is overlaid on the same plot. The point at which the convective velocity

profiles begin to diverge from the hotwire mean profile coincides with the onset of intermittency. Thus, the deviation of
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Fig. 14 Comparison of spectral and dispersion methods computation of convective velocity in inner units.
Closed symbols are spectral method and open symbols are dispersion method. Mean velocity profile from hotwire
is also presented for comparison.

the optically-extracted convective velocities from the true velocities can be attributed to intermittency effects, where the

optical sensor does not “see” the laminar parts of the boundary layer. Since these laminar regions move faster than

the turbulent regions, it results in under-predicting the values of the convective velocity. This result also suggests that

the turbulent regions appear to move at a relatively constant convective velocity beyond 𝑦/𝛿 = 0.6. Also, it should be

pointed out that outside the boundary layer the density fluctuations in the freestream are negligible, and the dominant

optical source becomes the side-wall boundary layers. As a consequence, the convective speed outside the boundary

layer decreases to approximately 0.8𝑈∞, which corresponds to the convective speed of the aero-optical distortions in

the subsonic boundary layers, collected in the wall-normal direction [3]. With this in mind, care should be taken in

equating optical convective velocity with the mean velocity in this region, dominated by intermittency effects. This a

clear limitation of the presented optical technique to extract the convective speed in regions where intermittency (a

mixture of laminar and turbulent flows) is dominant. The capability of non-intrusively measuring the mean velocity is a

powerful tool, but it is limited to the flow regions with sufficient and predominantly turbulent fluctuations. Having said

that, numerous applications are still unaffected by this constraint and potentially the most powerful is the use of Clauser

method.
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Fig. 15 Dispersion method convective velocity profiles from Figure 14 in outer units. Intermittency function
computed from hotwire data overlaid to correlate with divergence from mean hotwire profile.

3. Optical measurements of the local skin friction coefficient

After obtaining convective velocity profiles for all test cases, the Clauser method can be used to calculate the

friction velocity, 𝑢𝜏 , using Equation 14. By plotting 𝑙𝑛(𝑦𝑈∞/𝜈) vs 𝑈/𝑈∞, a linear regression analysis was used on

the linear portion of the profile in a least squares sense to obtain the slope and the related uncertainty. The slope is

only a function of 𝜅, 𝑢𝜏 , and𝑈∞ where the only unknown is 𝑢𝜏 . Table 4 shows the results of using Clauser’s Method

as well as a 90% confidence interval for 𝑢𝜏 and 𝐶 𝑓 . Overall, most of the test cases give good estimates of 𝑢𝜏 and 𝐶 𝑓

though Test Case 𝑀𝑎𝑔 = 4 slightly underpredicts both. As can be seen from the percent errors, Test Case 𝑀𝑎𝑔 = 1

and 𝑀𝑎𝑔 = 4, 𝑓𝑠𝑎𝑚𝑝 =130 kHz have relatively high error bars. In Test Case 𝑀𝑎𝑔 = 1 the large error was due to the

dispersion ridge tails interacting with each other, with Γ constant is approximately 1, in which the dispersion method is

less effective.

Table 4 Estimates of the skin friction coefficients from optical data using Clauser’s Method.

Test Case Mach Number 𝑢𝜏 (m/s) Error in 𝑢𝜏 (%) 𝐶 𝑓 𝑥103 Error in 𝐶 𝑓 𝑥103 (%)
Mag=1.0 0.35 3.72 1.12 (30) 2.00 1.20 (60)
Mag=1.6 0.3 3.35 0.30 (9.0) 2.21 0.39 (18)
Mag=4.0 0.3 3.00 0.19 (6.3) 1.77 0.22 (13)
Mag=4.0 0.3 3.43 0.52 (15) 2.32 0.70 (30)

𝑓𝑠𝑎𝑚𝑝=130 kHz
Hotwire 0.3 3.36 (7.9) 2.20 (15.8)
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This presented optical approach demonstrates an opportunity to perform non-intrusive measurements of the velocity

profiles in situations, where direct velocity measurements might be difficult or intrusive, for instance at supersonic

or hypersonic speeds. Also, it is straightforward to extend this technique to estimate the skin friction for rough-wall

boundary layers.

C. Wall-normal distributions 𝜃𝑟𝑚𝑠 and 𝑂𝑃𝐷𝑟𝑚𝑠

Before presenting results for 𝜃𝑟𝑚𝑠 and 𝑂𝑃𝐷𝑟𝑚𝑠, the corresponding scaling laws are required. For the levels of

aero-optical distortions in subsonic turbulent boundary layers in the wall-normal direction, a scaling law was introduced

in [24], 𝑂𝑃𝐷𝑟𝑚𝑠 = 𝛽𝜌∞𝐾𝐺𝐷𝑀
2𝛿

√︁
𝐶 𝑓 , where 𝛽 is an experimental constant. In the case of spanwise projection,

the same scaling may not be appropriate, as 𝑂𝑃𝐷𝑟𝑚𝑠 also depends on the spanwise length of the boundary layer, as

shown in Equation 6. Looking at this equation, it is reasonable to assume that the spanwise correlation length, Λ𝜌,𝑧 , is

proportional to the boundary layer thickness, 𝛿. From here it follows that 𝑂𝑃𝐷𝑟𝑚𝑠 ∼
√
𝛿𝐿. By comparing this scaling

with the wall-normal scaling [24], it results in the following proposed scaling law for the 𝑂𝑃𝐷𝑟𝑚𝑠 in the spanwise

direction,

𝑂𝑃𝐷𝑟𝑚𝑠 ∼ 𝜌∞𝐾𝐺𝐷𝑀
2√𝛿𝐿

√︁
𝐶 𝑓 (15)

It should be understood that care needs to be taken comparing spanwise and wall normal values of normalized 𝑂𝑃𝐷𝑟𝑚𝑠 .

If this general scaling is used in the wall normal direction, 𝐿 = 𝛿, and the scaling of 𝛿 used in [24] is recovered.

Recall that the deflection angle is a gradient of the wavefront. If the wavefront has a characteristic streamwise length

scale, Λ, then the level of streamwise deflection angle, characterized by temporal root-mean-square value, 𝜃𝑟𝑚𝑠, is

related to the amplitude of the wavefront, characterized by 𝑂𝑃𝐷𝑟𝑚𝑠 , as 𝜃𝑟𝑚𝑠 ∼ 𝑂𝑃𝐷𝑟𝑚𝑠/Λ. Since we can also assume

that Λ ∼ 𝛿, the resulting scaling law for the deflection angle becomes

𝜃𝑟𝑚𝑠 ∼ 𝜌∞𝐾𝐺𝐷𝑀
2
√︁
𝐿/𝛿

√︁
𝐶 𝑓 (16)

Using experimental data for different spatial resolution cases, wall normal profiles for the normalized 𝜃𝑟𝑚𝑠 were

computed and are plotted in Figure 16. At a glance, the profile looks qualitatively similar to a profile of turbulence

intensity, also plotted in Figure 16 for comparison. Similar to the fluctuating velocity profile, 𝜃𝑟𝑚𝑠 is at a maximum

very near the wall and decreases moving away. This is only an observation motivated by the long chain of indirect

relationships between deflection angles and fluctuating velocity, and more work should be done to obtain a direct or

analytical relationship between the two. The scatter in the data in the first 20% of the profile is essentially the error

associated with using the model spectrum of Equation 12.

The 𝜃𝑟𝑚𝑠-profiles, extracted from the 𝑀𝑎𝑔 = 4, (green circles and blue diamonds), are consistently below the results

from other datasets in the range of 𝑦/𝛿 < 0.3. A detailed analysis, preformed in [19] revealed that the reason for this
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Fig. 16 Normalized 𝜃𝑟𝑚𝑠 (𝑦) profiles for all test cases. The fluctuating velocity profile, 𝑢𝑟𝑚𝑠, is also plotted for
comparison.

discrepancy is the spectral attenuation at the high frequencies due to sub-aperture effects. These effects lead to lower

values of 𝜃𝑟𝑚𝑠, compared to 𝑀𝑎𝑔 = 1.6 and 𝑀𝑎𝑔 = 1 cases, where the sub-aperture sizes and the resulting high-end

attenuation are smaller.

Figure 17 plots the values of 𝑂𝑃𝐷𝑟𝑚𝑠 from the same four data sets. While the larger values of the 𝜃𝑟𝑚𝑠 profile are

located closer to the wall, the largest values of 𝑂𝑃𝐷𝑟𝑚𝑠 resides between 𝑦/𝛿 = 0.4 − 0.8. This means that smaller, near

wall structures contribute most to 𝜃𝑟𝑚𝑠 while larger outer structures contribute most to 𝑂𝑃𝐷𝑟𝑚𝑠. This is consistent

with previous findings [3, 12]. The factor of 𝑓 2 in the denominator of Equation 9 results in mostly the low end of the

spectrum contributing to 𝑂𝑃𝐷𝑟𝑚𝑠 . This means that the same shift in the spectral peak location that was just examined

in light of 𝜃𝑟𝑚𝑠 has the exact opposite effect on 𝑂𝑃𝐷𝑟𝑚𝑠. Near the wall, the 𝑀𝑎𝑔 = 4 cases have a larger value of

𝑂𝑃𝐷𝑟𝑚𝑠 relative to the other magnifications, in some cases by a factor of 1.5.

Assuming that the side-wall boundary layers have the same thickness as the boundary layer over the development

plate, the aero-optical distortions from two side-wall boundary layers can be estimated [3]. The normalized aero-optical

distortion from the side-wall boundary layers is also plotted in Figure 17 as a dashed line. The aero-optical distortions in

the spanwise direction are several times larger than the contaminating optical aberrations from side-will boundary layers,

justifying the assumption that the contaminating effects can be neglected. The only locations where the contamination
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Fig. 17 Normalized 𝑂𝑃𝐷𝑟𝑚𝑠 (𝑦) profiles for all test cases.

might be significant is near the wall, 𝑦/𝛿 ≲ 0.1, and in the freestream outside the boundary layer, 𝑦 > 𝛿. In these

locations, the optical distortions in the spanwise direction should approach zero, as the density fluctuations should be

zero at the wall and in the freestream. Instead, the measured results in these regions approach the optical distortions

from side-wall boundary layers, labeled by a horizontal dashed line in Figure 17, indicating a level of contamination

from side-wall boundary layers. Assuming that the spanwise and the side-wall optical aberrations are independent, it

is possible to remove the side-wall contamination, 𝑂𝑃𝐷𝐶𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑
𝑟𝑚𝑠 =

√︃
𝑂𝑃𝐷2

𝑟𝑚𝑠 −𝑂𝑃𝐷2
𝑟𝑚𝑠,𝑠𝑖𝑑𝑒

[4]. The corrected

results are also plotted in Figure 17 for selected cases as open symbols, further demonstrating that the corrupting effects

from the side-wall boundary layers are mostly negligible.

D. The Spanwise Density Correlation Length

So far, all the presented results, the convective speeds and aero-optical statistics, were computed directly from the

wavefront data without any assumptions. The spanwise linking equation, Equation 6, shows that𝑂𝑃𝐷𝑟𝑚𝑠 is proportional

to the product of the density fluctuations, 𝜌𝑟𝑚𝑠, and the spanwise correlation scale Λ𝜌,𝑧 . So, if some estimates of the

correlation length are given, one can compute the profile of the fluctuating density. This approach was used, for example,

to estimate fluctuating density profiles in the non-adiabatic boundary layers [19]. Alternatively, if the fluctuating density

profile is known, either through other measurements or numerical simulations, one can compute the spanwise correlation

length. In some cases, like for the studied canonical turbulent boundary layer, the Strong Reynold’s Analogy (SRA) can
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be used to estimate the fluctuating density profile, 𝜌𝑟𝑚𝑠 (𝑦), from the velocity statistics,𝑈 (𝑦) and 𝑢𝑟𝑚𝑠 (𝑦) as [3],

𝜌𝑟𝑚𝑠 (𝑦) = 𝜌∞ (𝛾 − 1)𝑟𝑀2
∞

(
𝑈 (𝑦)
𝑈∞

) (
𝑢𝑟𝑚𝑠 (𝑦)
𝑢𝜏

)
, (17)

where 𝛾 is the ratio of specific heats, and 𝑟 is the recovery constant, taken to be 0.89. Using the 𝑂𝑃𝐷𝑟𝑚𝑠 (𝑦) profiles

presented earlier in this chapter and the mean and r.m.s velocity profiles from hotwire measurements, Λ𝜌,𝑧 (𝑦) can

be estimated, using Equation 6. Figure 18 shows the resulting correlation lengths normalized by the boundary layer

thickness, 𝛿. There appears to be a linear trend in the wall-normal direction, indicating that the boundary-layer large-scale

structure is proportional to the wall-normal distance, which is consistent with Townsend’s attached eddy hypothesis [33].

Fig. 18 Spanwise correlation length, Λ𝜌,𝑧 (𝑦), computed from the spanwise uniform Linking Equation, Eq. 6.
𝜌𝑟𝑚𝑠 (𝑦) was computed using Equation 17. Estimates of 𝑂𝑃𝐷𝑟𝑚𝑠 (𝑦) are from from Figure 17. The insert shows
zoomed-in results.

The computed correlation length is the characteristic scale of the density fields, and direct measurements of the

characteristic scales are very difficult. As an alternative, the SRA can be used to estimate the characteristic scales of the

density field from the velocity fields. The basic assumption behind the SRA is that velocity fluctuations and temperature

fluctuations are linked. If both the pressure and the total temperature fluctuations are zero, the velocity and temperature

fluctuations should be perfectly anti-correlated [44]. In real boundary layers, however, it is not exactly the case, with the

normalized cross-correlation function 𝑅𝑢′𝑇′ ≈ −0.7 [45]. Nevertheless, the correlation coefficient is still large enough,

and temperature, and as a consequence, density fluctuations can be assumed to be approximately proportional to the
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velocity fluctuations, 𝑢′ ≈ 𝐴𝜌′. In this case, it is straightforward to show that the velocity structure characterized by

two point normalized correlations can be used as an approximation of the density structure,

𝑅𝑢𝑢 (Δ𝑥) =
𝐸{𝑢′(𝑥, 𝑦, 𝑧, 𝑡)𝑢′(𝑥 + Δ𝑥, 𝑦, 𝑧, 𝑡)}

𝑢2
𝑟𝑚𝑠

≈ 𝐸{𝐴2𝜌′(𝑥, 𝑦, 𝑧, 𝑡)𝜌′(𝑥 + Δ𝑥, 𝑦, 𝑧, 𝑡)}
𝐴2𝜌2

𝑟𝑚𝑠

=
𝐸{𝜌′(𝑥, 𝑦, 𝑧, 𝑡)𝜌′(𝑥 + Δ𝑥, 𝑦, 𝑧, 𝑡)}

𝜌2
𝑟𝑚𝑠

= 𝑅𝜌𝜌 (Δ𝑥).

Thus, the SRA suggests that the velocity and density correlation-based lengths are similar. This result will be used in

this work to qualitatively compare the results obtained from the spanwise reduced linking equation 6 with what is more

commonly reported in the literature through two point velocity correlations.

One difficulty arises from the fact that the integrated correlation velocity length is rarely computed by other

researchers. The vast majority use a simple first crossing definition where 𝑅𝑢𝑢 crosses 0.05. The closest comparison

achievable is extracting spanwise 𝑅𝑢𝑢 data from the literature and integrating it ourselves. Three 𝑅𝑢𝑢 plots from

Hutchins and Marusic [46] were integrated and included in Figure18. This comparison is more of a sanity check than a

quantitative comparison because we lack the full data set and 𝑅𝑢𝑢 was only given for a fixed spanwise extent of −𝛿 to 𝛿.

Also, as discussed above, the density characteristic length is not necessarily equal to the velocity characteristic length.

Considering those issues, the agreement is quite encouraging.

V. Conclusions
The work described in this paper is most fundamentally a novel application of an industry standard measurement tool,

a Shack-Hartmann wavefront sensor. This tool, which had classically been used to measure wall normal aero-optical

distortion in turbulent flows, was applied along the spanwise direction. It was demonstrated that in this case, some

important fluidic statistics, like the local convective velocities and the spanwise integral scales, can be directly extracted

from aero-optical distortions, measured by the wavefront sensor. Due to various contaminating effects, specific

to the wavefront measurements, like sub-aperture and aperture attenuation effects, several data analysis techniques

were re-visited in order to correctly compute uncontaminated levels of aero-optical distortions, 𝑂𝑃𝐷𝑟𝑚𝑠, at different

wall-normal locations. The empirical model was used to provide an estimate of the true deflection angle spectra in the

presence of contamination at the low-end of the spectra. The cleaned up spectra were used to calculate 𝑂𝑃𝐷𝑟𝑚𝑠 as

a function of the wall normal direction. To properly extract the convective speed of the aero-optical structures, two

techniques, the spectral cross-correlation method and the dispersion method were used. It was demonstrated that in

cases where the spatial resolution was not sufficiently high, the spectral cross-correlation was corrupted by spatial

aliasing effects and resulted in biased estimates of the convective speeds. A dispersion analysis, based on 2-D Fourier

transform of optical signal in multiple spatial points, was shown to avoid the aliasing issue. Utilizing the redundancy in

31



temporal-spatial information in multiple spatial points and the nature of discrete 2-D Fourier transform, a new technique,

called the stacking method, was proposed. This technique was shown to correctly reconstruct the 2-D spectrum and

accurately compute the convective velocity.

A canonical subsonic turbulent boundary layer was used to demonstrate the ability of the optical technique to

extract important fluidic parameters, like the velocity profile and the spanwise correlation lengths. Note that the

proposed technique can also be implemented to study other spanwise-uniform turbulent flows, like planar shear layers or

two-dimensional wakes. Hotwire measurements were performed to provide the mean velocity statistics in the boundary

layer for comparison purposes. In the log-region, the optically measured convective velocity was shown to be in good

agreement with the mean velocity obtained using a single hot-wire. Coupled with Clauser method, the analysis of the

convective velocity in the log-linear region provided an estimate of the skin friction coefficient, which was found to

be within 10% of the skin friction coefficient computed from the hot-wire data. The largest shortcoming of optically

measured convective velocity was found to be the presence of intermittency effects in the outer region of the boundary

layer.

Using the extracted levels of aero-optical distortions and the Strong Reynold’s Analogy, a wall-normal distribution

of the spanwise density correlation length was estimated. An approximately linear behavior for the spanwise correlation

length with respect to the distance to the wall was observed, consistent with Townsend’s attached eddy hypothesis.

The values of density correlation length were quantitatively consistent with the velocity correlation lengths, extracted

from velocity correlation functions. The extracted density correlation lengths, along with traditional velocity-based

correlation lengths, can be used to study the large-scale structure in turbulent boundary layers.
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