Math 20550 Calculus III Tutorial Name:
April 23, 2015

Tutorial Worksheet
1. Calculate // yx?dS where S is the surface z =z + 9%, 0<z <land 0 <y < 2.
S

Solution: Letting r(z,y) = 2i + yj + (z + y*)k we have
r,=it+k, 1,=7+2yk

Therefore,
r, Xr,=—1—2yj+k,

r, X1, =+/124+4y2+ 1.

//Sﬂx’y’z)ds = //D Fr(z,y)lr, x r,|dA,

12
// yz2dS = / / yr2\/12 + 492 + 1dA.
S 0o Jo

We separate the integrals

1 2
// yrdS = \/5/ a:2dx/ yv/ 1+ 2y2dy.
S 0 0

The first integral integrates to 1/3, and the second integral becomes

2 2 1
/ yV 1+ 22dy = (1422 = 33
0

// yz2dS = %
g 9

and

Therefore, using

we obtain

so we obtain

2. Let S be the part of the cylinder y* + 2% = 1, with 2 > 0, and 0 < = < 1, and let

S have the upward orientation. Determine which of the following equals / / F-dS where
S

F(z,y,2) =(0,0,z).

(X)/Olf_jMdydx (b) /;/_llmdyd:n (c) /01/_11(1—y2)dydx
(d) /01/11(1—m2)dyd:v (¢) /01/11 [\/1—7?,2}1 dy dz

Solution: Our surface is:



This is the surface described by z = /1 — y? where 0 < = < 1, so letting = and y be our

parameters, we have
X(Q?,y) = <x,y, V - y2>

where 0 <z < land -1 <y <1 Let D={(z,y)|0<x<1-1<y<1}. Now we need
a normal vector field on S pointing upward. Begin by finding the two tangent vector fields
X, and X

X, =(1,0,0) and X, = <0,1,—L>

V1—v?

Then an upward normal vector field n is given by taking the cross product X, xX, We take
the cross product in this order because of the right hand rule.

; K
SR RO
//SF-dS _ //DF(X(x,y))-ndA

_ //D<00\/1—7y2><0\/1+71> dA
= /01/_11\/1—7y2dyd:c

n=X,xX, =

o = e

Finally,

3. Let S be portion of the plane z = 2y + 3 inside the cylinder z* + y* = 1 oriented with

the upward normal. Calculate (curlF) - dS where
S

F(LL‘, Y, Z) = <2ey — % cos(yz), xey>

(d) V5r (e)

SIY

(c) %



Solution: The region we have is:

We will use

/ /S (curl F) - dS = / /S (curl F) - ndS

Parameterising the plane that is inside the cylinder, we have
X(z,y) = (v,y,2y +3), 2 +y° <1

and let D = {(x,y) | #* +y* < 1}. First, finding the curl of F:

= (ze¥ 4+ ysin(yz), —(1 + ), —2¢Y)

The tangent vectors are:

0X
= _ 1
Ox (1,0,
0X
— =(0,1,2
ay <7 ) >
By the right hand rule, the normal vector field is:
Dk
X ox |1
n:g—x%—: 1 0 0|=(0,-2,1)
T o1 2

Notice we don’t need to bother figuring out the z-component of (curl F)(X(z,y)) since it
will be multiplied by 0 in the dot product. So

(curl F)(X(z,9)) = (-, —(1 + €Y), —2¢¥)
and
(curl F)(X(r,0)) s n=(-)0+2(1 +€Y) — 2e¥ =2

//S(CurlF) -dS = //Dsz = 2area(D) = 2(r - 1%) = 27

Finally, we have



1
4. Use Stokes’ theorem to evaluate / F - dr, where F(z,y, z) = 2yi + §x3j + 2yk and C' is

c
the curve of intersection of the hyperbolic parabloid z = y* — 2 and the cylinder 2* +¢y* = 1
oriented counterclockwise as viewed from above.

Solution: We calculate curl F = xi — yj. Stokes’ theorem tells us that

/F-dr://curlF-dS.
c s

Letting P =z, Q = —y, R = 0 and g(z,y) = y* — 2%, we may apply the formula

//F ds — // Py, - Qg, + R) dA
/F dr—// )(2y)]dA—2/027r/01r2rdrd9:7r.

to obtain



