Math 20550 Calculus III Tutorial Name: Solutions
March 6, 2014

Tutorial Worksheet

Show all your work.

1. Maximize the function f(z,y, z) = ryz subject to the constraint x2+2y?+32? = 9, assuming that
x, y, and z are nonnegative. For full credit, explain why the extremum you find is a maximum.

Solution. The gradient of f is
Vf = (yz,2z,zy).
Let g = 2 + 2y* + 322, then Vg = (2x,4y,6z). The system of equations we get by Lagrange
multipliers is thus
yz = 2\x @

rz = 4\y @
Ty 6z @

242y +322 = 9 @

Solving @ for A gives A\ = g—z, however, to do this, we have to make sure z # 0. If x = 0,
x

then f = 0, but since there are solutions (a, b, c) of g =9 (e.g., (2,1,1)) such that f(a,b,c) > 0,
any solution with z = 0 will not be a maximum. This same reasoning shows that anything with
y =0 or z = 0 is not a maximum, so we can assume that x,y,z > 0. If we plug X into @, we

get xz = 4g—zy, and as long as z # 0 (which is true since z > 0) we can divide both sides by
x
z and simplify to get 2% = 2y?. Plugging X into @ we have xy = 63—22, and as long as y # 0
x

(which is isn’t since y > 0) we can divide both sides by y and simplify to get 2> = 322. Plugging
all this information into @ gives

2?4+ 2% 432=3=9 = =3 = z=+4V3

3
Since 22 = 2y? we have y = & 2 and since 22 = 322 we have z = 1. Now, since we only want

the extrema with x, y, and z nonnegative, we get that the only candidate for the maximum is the

extreme point <\/_ \/7 ), and f (\/_ \/7 ) . To show it is a maximum (we know

it is either a maximum or a minimum) we check to see 1f there is a point on 22 + 2y*> + 322 =9

3
which makes f smaller than — (meaning it can’t be a minimum). The point (2,1,1) lies on

V2

3
2?2 +2y? + 322 = 9 and f(2,1,1) = 2 which is smaller than E since v/2 < 1.5. Thus the

3 3
maximum value of f on 2% 4 2y% + 322 =9 is g and occurs at (\/3, \/;, 1> . O



2. Find the minimum distance from the parabola y = x? to the point (0,9).

Solution. We want to minimize the function d(x,y) = /22 + (y — 9)2 subject to y = z. Since
flz,y) =2+ (y—9)? > 0 and d(z,y) > 0, the minimums of d and f occur at the same points,
so to make the algebra simpler, let’s minimize f subject to y = 22 instead. Let g = 2% — y. So,
since Vf = (2x,2y — 18) and Vg = (2z, —1), the system we get is

2 = 2\x @
2y—18 = -x (2
y = 22 (3

Equation @ has two solutions, either x # 0 and we can divide by z to find that A = 1, or x = 0.

If A =1, then by @ we have 2y — 18 = —1, so that y = g, and plugging this into @ we get

that x = £,/ % So this case gives us the critical points (, / %, %) and <—, / g, %)

If x =0, then by @, y = 0, and so the critical point in this case is (0, 0).
Now we check for the minimums:

point value

(0,0) 81

( /17 g) 35
27 2 4

<_ /17 u) 35
27 2 4

So, the minimum value of f is R and hence the minimum value of d is ,/%, and this oc-

curs at the points <\ / %, %) and (—@ /i 1—7>. Said another way, the closest points to (0,9) on

27 2

_ 2 : /17 17 /17 17 : : /35
the parabola y = x* are the points ( 5 7) and (— 5 7) which are a distance of /57 away.

(Note that you could also do this problem by plugging y = x? into the equation for d or f and
using Calculus I methods.) O



3. Minimize the function f(z,y, 2) = x?+y*+2% subject to the constraints x+2z = 6 and x+y = 12,
assuming that x, y, and z are nonnegative. To get full credit, explain why the extrema you find
is a minimum.

Solution. The gradient of f is
Vf=(2z2y,2z).

Let g=2+ 2z and let h =z + y. Then

Vg=(1,0,2)
and
Vh=(1,1,0).
The system we get is thus
( 20 = A+ pu @
2y = p (2)
2z = 2\ @
r+2z = 6 @
.ty = 12 @

@ gives z = A. Plug this into @ to get © =6 — 2. @ gives y = £. Plug this into @ to get
r=12-5. S0 A =3~ %x and p = 24 — 2z. Plug these into @ to get

1
2x:3—§x+24—2x — gx:27 — 1 =0.

By @, y = 6, and by @, z=20. So (6,6,0) is our candidate for the minimum, and f(6,6,0) =
72. Asin problem 1, (6, 6,0) is either a minimum or maximum, and we need to rule out it being a
maximum. So we are looking for a point (a, b, ¢) satisfying g = 6 and h = 12 with f(a,b,c) > 72.
Theoretically any such point that is not (6,6, 0) should work. Consider the point (0,12, 3) which
satisfies ¢ = 6 and h = 12. Since f(0,12,3) = 0+ 144 + 9 = 153 > 72, we have that (6,6,0) is
indeed where the maximum of f subject to ¢ = 6 and h = 12 occurs. So the minimum value of
f subject to z + 2z =6 and  +y = 12 is 72 and occurs at the point (6,6, 0). O



4. Use a double integral to find the volume of triangular prism bounded by the coordinate planes,
y=—x+ 1, and z = 4. Check your answer by computing the volume in another way.

Solution. The region we are integrating is the region bounded by these planes:

T ——— et
04 02 02 04 06 08 10 12 14
02+ 25

047

The height of the region is given by:
Height = Ztop — Rbottom = 4-0=4.

As such, the volume is given by:

1 p—z+l 1 1
Vo= // 4dydx:/ (4y)|az+1dx:/ [(—4z +4) — 0] dx
o Jo 0 0
1

- /(—4m+4)dx: (—22 +42)|, = (—2+4) —0=2.

Alternatively, the volume of the region is given by the area of the base, times the height. The
1
area of the triangle is 3 (since it is half of the unit square [0, 1] x [0, 1]) and the height is 4 (as

calculated above), so the volume is V' = % 4 =2. O



