Problem 4.1

> restart;
> Digits:=15;
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> a:=0; b:=1;

IP := proc(f,g) int(f*g,t=a..b) end;
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> n:=10;

[image: image5.wmf] := 
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> p := array(0..n);

p[0] := 1:

j:='j':k:='k':

for j from 0 to n-1 do;  

vv := t*p[j]:

for k from 0 to j do; 

vv := vv-IP(t*p[j],p[k])/IP(p[k],p[k])*p[k]: 

od:p[j+1]:=expand(vv):

od:
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> 

A polynomial of degree 10 orthogonal to polynomials of degree at most 9

> p[10];

plot(p[10],t=0..1);
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The nodes are the roots of p[10]

> X:=fsolve(p[10],t);
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Next compute the Lagrange functions for the nodes X[1],..,X[10] and integrate

to get the weights

> for i from 1 to n 

do

u:=1;

for j from 1 to n do

 if j=i then u=u else

  u:= u*(t-X[j])/(X[i]-X[j]);

 fi;

od;

w[i]:=int(u,t=0..1);

od;
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The Gaussian Integration formula

> GI := f -> sum(w[i]*f(X[i]),i=1..10);

GI(g);
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Let's check that it gives the integral for polynomials of degree at most 19

> c:= array(0..2*n-1);

i:='i';

f:= unapply(sum(c[i]*t^i,i=0..2*n-1),t);

GI(f)-int(f(t),t=0..1);
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Problem 4.2

Simpson's rule

> restart;
> simp := (f,a,b,n) -> evalf((f(a)+f(b) +2*sum(f(a+j/n*(b-a)),j=1..n-1)+4*sum(f(a+(2*j-1)/(2*n)*(b-a)),j=1..n))*(b-a)/(6*n));
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For the sake of comparison, we can use a=0, b=1.

> a:=0;

b:=1;
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> expand((16*simp(f,a,b,2)-simp(f,a,b,1))/15);
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> with(CurveFitting):

N := 4;
> x:= Vector(N+1):

y:= Vector(N+1):

for j from 1 to N + 1

do 

x[j] := a+(j-1)/N*(b-a);

y[j] := f[j-1];

od:

p||N := unapply(PolynomialInterpolation(x,y,t),t):
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> evalf(int(p4(t),t=a..b));
[image: image42.wmf]0.07777777778

f

4

0.3555555556

f

3

0.1333333333

f

2

0.07777777778

f

0

 + 

 + 

 + 

0.3555555556

f

1

 + 


They are the same! So let's try the next:

> j:='j';

expand( ( 64*(16*simp(f,a,b,4)-simp(f,a,b,2))/15-  (16*simp(f,a,b,2)-simp(f,a,b,1))/15)/63 );
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> with(CurveFitting):

N := 8;x:= Vector(N+1):

y:= Vector(N+1):

for j from 1 to N + 1

do 

x[j] := a+(j-1)/N*(b-a);

y[j] := f[j-1];

od:

p||N := unapply(PolynomialInterpolation(x,y,t),t):
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> evalf(int(p8(t),t=a..b));
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