Homework Assignment # 12, Dec. 5
1. Let f: R" — R" be a smooth map. Show that
ff(dxy A+ Ndxy,) = det(T, f)day A -+ - A day,
where T, f: T,R™ — Ty R™ is the differential of f at the point z € R".

2. For any smooth manifold M the de Rham differential (also called exterior differential) is
the unique map d: Q¥(M) — QF (M) with the following properties:

(i) d is linear.
(ii) For a function f € C®(M) = Q°(M) the 1-form df € QY(M) = T°°(M,T*M) is the
usual differential of f.
(iii) d is a graded derivation with respect to the wedge product; i.e.,
dwAn) = (dw) A+ (=1)*w A dn for w € QF(M), n € QY(M).
(iv) d* = 0.
Show that for M = R" the de Rham differential of the k-form
w= fdz" A--- Adx™ for f € COR"), iy <ig < -+ < iy
is given explicitly by the formula
dw = zn:aa—fdwj Adx™ A A dat®
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We note that every k-form n € QF(R™) can be written uniquely in the form

in € C™= (Rn)
3. Show that the exterior derivative for differential forms on R?® corresponds to the classi-

cal operations of gradient resp. curl resp. divergence. More precisely, show that there is a
commutative diagram

for smooth functions f;,

,,,,,

Co(R3) — 220 L 2(R3) — <l p(R3) — I Ooo(R3)

N

QO(R?) d QL(R?) - O2(R3) d O3(R?)

Here X(RR?) is the space of vector fields on R3, and we recall that grad, curl and divergence
are given by the formulas

af of o
wad(f) = (5.2, 57)
Ofs Ofs 0fi 0fs 0fs O
curl(fi, fo, f3) = (a—{j — 3_];2’8_];1 _ 8_];?’5_{52 B a_];l)
afl an 3f3

div(fi, fa, f3) = D7 8_3/ + e



Here we identify a vector field on R? with a triple (fy, f2, f3) of smooth functions on R3. The
vertical isomorphisms are given by

(f1, f2, f3) = frdo+ fody+ fadz (f1, fo, f3) = frdy dz+ fadz do+ fadw dy [ fdrdydz



