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1 Elliptic differential operators and their index
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Before defining differential operators, let us first present two examples of differential opera-

tors.

Example 1.1. (Examples of differential operators in R").

(i) Let V be a smooth vector field in R™. There are equivalent ways to define/think of a

vector field:

e as a smooth function V: R" — R", or

e as a derivation V: C®(R™) — C*(R") of the algebra of smooth functions on
R", i.e., a linear map satisfying the product rule V(fg) = V(f)g + fV(g) for

frg € C=(R").
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Explicitly, if Vi,...,V, € C>®°(R™) are the component functions of a smooth function
V:R™ — R", then the corresponding derivation

V:C®R") —» C*(R")
maps a smooth function f € C*°(R") to the function V f € C*(R™) defined by

n 3f
j=1

(ii) The Laplace operator A: C*(R") — C*(R") is defined by A := =37 | %. Warning:
the definition of the Laplace operator is not consistent in the literature. The definition
above is the convention preferred by geometers, while analysts define A without the
minus sign.

Definition 1.2. A linear map D: C*°(R") — C*°(R") is a differential operator of order < k
if it can be written in the form

0 \" o\
Df :|ZA(a—) (o) (1.3

for f € C*(R"), where o = (ay, ..., ) is a multi index with a; € N, |a] :== a1 + - - - 4+ ayy/,
and A, € C*°(R"™). The operator has order k if some function A, with |a| = k is non-zero.

In particular, D: C°(R") — C>(R") is a differential operator of order 0 if it given by
multiplication by a smooth function Ay € C*(R™). A vector field V': C*°(R") — C*(R") is
a first order differential operator, and the Laplace operator A is a second order differential
operator.

More generally, if E, F are vector spaces (finite dimensional, real or complex), let
C>®(R"™; E) be the space of smooth maps f: R" — E and similar for C*(R™; F'). A lin-
ear map

D: C*R" E) — C*(R™; E)
is a differential operator of order < k if (D f)(z) is given by the equation (1.3)) where now
A, is a smooth function on R™ with values in the space Hom(FE, F') of linear maps from E
to F.

This definition can be further generalized from the Euclidean space R™ to n-dimensional
smooth manifolds X as follows. Let E, F' be smooth vector bundles on X (finite dimensional,
real or complex), and let I'(X; E) resp. I'(X; F) be the vector space of smooth sections. A
linear map

D:T(X;FE) — I['(X;E)
is a differential operator of order < k if locally D f has the form ([1.3]) (using a smooth chart
X D> U =5 V ¢ R and local trivializations of Ey and Fjy the section spaces I'(U; E),
['(U; F) can be identified with vector valued functions on V).
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1.2 Digression: the adjoint of a differential operator

Let C2°(R"™) be the smooth functions on R™ with compact support (we recall that the support
of a function or section f is the closure of the subset of the domain of f where f is non-zero).
There is an inner product

(,): CXR") x C(R") — R
defined by
(f,9) = memme

We recall that inner product means that (f,g) is multlinear (i.e., it is linear in each slot),
it is symmetric (i.e., (f,g) = (g, f)), and positive definite (i.e., (f, f) > 0 for all f and
(f,f) = 0if and only if f = 0). All of these properties are immediate from the definition,
except possibly the statement that (f, f) = 0 implies f = 0. To argue this, suppose that
f(z) # 0 for some point z. The continuity of f implies that f(y) > € for all y in some ball
around x, which forces (f, f) = fRn x)2dx to be strictly positive; this provides the desired
contradiction.

Remark 1.4. The inner product space C°(R™) of smooth compactly supported functions is
not complete, that is, not every Cauchy sequence converges. In other words, C>°(R™) is not a
Hilbert space, and so we need to be careful not to use well-known facts for Hilbert spaces that
rely on the completeness assumption. Of course, we can complete the inner product space
C*(R™) to obtain a real Hilbert space (whose elements are equivalence classes of Cauchy
sequences in the inner product space). This Hilbert space is denoted L?(R™), the Hilbert
space of square integrable functions on R"™.

Similarly, on the space C°(R™;C) of C-valued smooth functions on R™ with compact
support, there is a hermitian inner product

(,): CZ(RY,C) x (R C) — C
defined by
Uﬂ%z <>mm

We recall that hermitian inner product means tha t (f,g) is is C-linear in the first slot, and

C-antilinear in the second slot (i.e., (f,zg) = z(f, g) for z € C), it is conjugate-symmetric
(i.e., (f,9) = (g, f)), and positive definite (i.e., (f, f) > 0 for all f and (f, f) = 0 if and only
it f=0).

More generally, if E is a complex vector space equipped with Hermitian inner product
(, )&, this allows us to define a Hermitian inner product on C2°(R™; E) the space of E-valued
functions with compact support on R" by

(19) = [ (7(a).gle)) pi (15)
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Remark 1.6. If £ is a real vector space equipped with an inner product ( , )g, then
the formula above defines an inner product on the real vector space C2°(R"; E) of smooth
functions f: R™ — F with compact support. Moreover, the complexification the real vector
space C2°(R™; E) can be identified with C*°(R"; E ®g C). The inner product on F induces a
hermitian inner product on F ®g C, leading to a hermitian inner product on C*(R"; E' ®g
C) = CX(R™; E') ®g C, which in turn is given by extending the inner product on C*(R"; E)
to a hermitian inner product on C°(R"; E) ®g C. In other words, the inner product on
C>®(R™; E') and the hermitian inner product on C°(R"; E ®g C) are closely related, and so
we might drop the adjective “hermitian” in front of “inner product” when it is clear from
the context whether our vector spaces are real or complex.

Let E, F be complex vector spaces equipped with Hermitian inner products and let
T: E — F be a C-linear operator. Then a C-linear operator T*: F — FE is called the
adjoint of T if

(Tv,wyp = (v, T"w) forallve E, we F.
ol

Example 1.7. 1. The operator D = £-: C*(R; C) — C°(R; C) has adjoint D* = —D,
since for every f,g € C®(R;C)

(D1.9) = [ F@i@ds =~ [ @)@ =, Do)
Here the second equality is given by integration by parts.
2. Let E, F be hermitian inner product spaces, and let
D: CP (R, E) — CX(R; F)
be the first order differential operator given by

(D) () = A(z) f'(w),

where A: R — Hom(FE, F') is a smooth function. To determine the adjoint of D, let us
differentiate the complex valued function (Af, g)r = (A(x)f(z), g(x))r, where (|, )p
is the hermitian inner product on F':

0

8_I<Af7 g>F

<A,f7 g>F + <Aflug>F + <Af7 g/>F

=(Df,g9)r +{f,(A)g)r +(f, A7¢)r
(Df,g)r + (f, A9 + (A)g)r

Due to our assumption that the functions f, g are compactly supported, we can inte-
grate these functions over R and obtain

0=(Df,g)+ (f, A" + (A')"g).
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This shows that D*, the adjoint of D is given by D* = _A*a% — (A)*. We note
that although the operator D did not involve a zero order term, the operator D* does
involve the zero order term —(A’)*. While the formula for D* is somewhat unpleasant,
the formula for the principal symbol couldn’t be nicer:

0 (@) = i(=A") = (iA)" = (o4(2))"

In other words, the factor of ¢ in the definition of the principal symbol is helpful since
it cancels the effect to the annoying minus sign coming from integration by parts.

The last statement holds much more generally.

Proposition 1.8. For any differential operator D: C*(R™; E) — C*(R™; F) of order k,
there is an adjoint differential operator D*: C°(R"; F') — C®(R™; E) of order k. Moreover,
the principal symbol of D* is given by

ot (z) = (0 (x))* € Hom(F, E) forz e R", £ € T)R".

The proof involves a straightforward calculation using Stokes’ Theorem, which is com-
pletely analogous, but lengthier than our calculation above.

Next we would like to generalize our construction of the inner product on C°(R™) above
to an inner product on the vector space C°(X) of compactly supported smooth func-
tions f: X — R on an n-manifold X. It is tempting to define (f,g) = [y f(x)g(z) for
f,g € C*(X), but this is nonsense since compactly supported smooth functions cannot be
integrated over a manifold X without additional geometric data. For example, if f: X — R
is the constant function f = 1 on a compact manifold X, then our experience with integrat-
ing functions over compact subsets of R™ would lead us to expect that integral is the volume
of X. It is pretty clear that it doesn’t make sense to talk about the volume of a manifold
without additional geometric structure on X.

If X is an oriented manifold, and w € Q2(X) = I'.(X; A"T*X) is a compactly supported
differential form on X of degree n, then the integral

/wER
X

is well-defined. An n-form w is a volume form if for every x € X and every oriented basis
{e1,...,ep} of T, X
we(er,...,eq) >0

Here w, € A"T}X denotes the evaluation of the section w € I'(X;AT*X) at the point
x € X. Volume forms exist on any oriented manifold. They can be constructed locally
using the local trivializations of T'X, and then combined to a volume form on all of X via
partitions of unity.
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Example 1.9. Let g be a Riemannian metric on X, i.e., every tangent space T, X is equipped
with an inner product g,: T,X x T, X — R which depends smoothly on X (technically,
this is expressed by saying that g is a section of the vector bundle Sym?(TX, R) whose fiber
Sym?(TX,R), at a point z € X is the vector space of symmetric bilinear maps T, X x T, X —
R). Then an orientation on X determines a volume form vol, € Q"(X) which is determined
by the requirement that

volg(er,...,e,) =1

for any oriented orthonormal basis {ej,...,e,} of T,X. The volume form vol, is called
Riemannian volume form.

Summarizing this discussion one could say that a Riemannian metric on X is a measuring
device for the length of tangent vectors, and the angle between two tangent vectors belonging
to the same tangent space. If X is oriented, a volume form vol € Q"(X) is a measuring device
for volumes of compact codimension 0 pieces of X: if K C X is a compact codimension 0
submanifold of X, then we interpret [ & vol as the volume of K. So the construction of the
Riemannian volume form vol, associated to a Riemannian metric ¢ means geometrically that
knowing how to measure lengths of tangent vectors of X allows us to measure volumes of
compact codimension 0 submanifolds of X.

Let X be an oriented n-manifold and E a complex vector bundle over X equipped with
a volume form vol (e.g., the volume form vol, associated to a Riemannian metric g on
X). A bundle metric { , )g on E consists of hermitian inner products on the fibers E, for
all x € X which depend smoothly on x (in the same sense as explained for Riemannian
metrics above). Then there is a hermitian inner product on the space I'.(X; E) of compactly
supported smooth sections of E defined by

(f,q) = /X (f(2), g(x)) o vol (1.10)

Similarly, if £ is a real vector bundle, a bundle metric on E consists of inner products on
the fibers F, (which are now real vector spaces), depending smoothly on x. For example, a
bundle metric on the tangent bundle 7'X is the same thing as a Riemannian metric on X.
Then the real vector space I'.(X; E) can be equipped with an inner product (real valued)
defined by formula (|1.10]) (now the function  — (f(z), g(z))g is real-valued and hence (f, g)
is a real number).

The statement of Proposition concerning the existence of adjoints of differential op-
erators holds in this more general setting.

Proposition 1.11. Let X be an oriented n-manifold equipped with a volume form vol. Let
E, F be real or complex vector bundles over X equipped with bundle metrics, and let

D:T.(X;E) —T.(X;F)
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be a differential operator of order k. Then there is a differential operator
D*:T.(X;F) —T.(X;FE)
of order k which is adjoint to D. The principal symbol of D* is given by
aED*(x) = (af(:v))* € Hom(F,, E,) forz e R", £ € T R".

Remark 1.12. The assumption that X is oriented in not necessary for the above result.
We used the orientation to define the inner product on I'(X; ) using a bundle metric on £
and a volume form vol € Q"(X). More generally, the volume form vol could be replaced by
a density, a section of a real line bundle |A™T* X | satisfying a positivity condition. The line
bundle |A"T™*X]| is built from A™T*X, but it differs from A"T*X in the following ways:

e Sections of |[A"T*X| with compact support can be integrated over X to obtain a real
number without requiring an orientation on X;

e The line bundle |A"T*X]| is always trivializable, unlike A"7T*X which is trivializable if
and only if X is orientable.

1.3 Elliptic operators built from the de Rham differential

We recall from Lemma ?? that the principal symbol of the de Rham differential
OF(X) = T(X, AFT*X) —% QFFL(X) = T(X, AP T X)

evaluated at a cotangent vector £ € T X is the homomorphism o¢(z): A*T; X — AMI'TrX
given by w — i€ Aw. If X is a Riemannian n-manifold, then the inner product on the
tangent space T, X given by the Riemannian metric induces an inner product on the dual
space T*X. This in turn leads to an inner product on the exterior power space A*T* X for
any k. These inner products depends smoothly on z € X; in other words, the Riemannian
metric gives us bundle metrics on TX, T*X and A*T x X. In particular, if X is oriented,
the Riemannian metric determines a volume form vol,, thus giving us an inner product on
the space of compactly supported k-forms QF(X) = T'.(X; A*T X) for any k.

Remark 1.13. The orientation on X is not necessary here, since a riemannian metric g
on X always determines a riemannian density | vol, |, a section of the density line bundle
|A™T* X | mentioned in Remark . As discussed there, this leads to an inner product on
I'.(X; E) for any vector bundle £ with bundle metric.

Then we know from Proposition 7?7 that there is a first order differential operator

d*: QX)) — QF(X)
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which is adjoint to the de Rham differential, and that its principal symbol ag* (x) is the
adjoint of the linear map

AFTFX — AT X given by W iE Aw

with respect to the inner product on domain and codomain induced by the inner product
on T, X provided by the Riemannian metric. A calculation (exercise!) gives the following
result.

Lemma 1.14. The principal symbol of d* at £ € T X 1is given by agl* (x) = —it,, where
o v €T, X is the tangent vector corresponding to & € T X wvia the isomorphism
T,X —T'X
which sends a vector v € T, X to the linear map (w — (v, w) € Hom(T, X,R) = T X.
e 1, is the derivation on the exterior algebra N*T}X := @,_, A" X determined by
ty(w) = w(u) for w e TFX = Hom(7T, X, R).

Let D: Q*(X) = @,_, 2 (X) — Q*(X) be the first order differential operator given
by D = d + d*. This operator is sometimes called the de Rham operator (to be carefully
distinguished from the de Rham differential d).

Lemma 1.15. The de Rham operator D = d + d* is an elliptic operator.

Proof. We need to show that for any non-zero cotangent vector £ € 17; X the principal symbol
ot () NT;X — AT X

is invertible. Applying the principal symbol to w € A*T X we obtain

(08 (2))w = o (@) + o () = i Aw — e = i(E Aw — 1,w).

To show that ag”d* (x) is invertible it suffices to show that its square is invertible. Writing
& A __ for the map given by wedging with &, we calculate

(ag+d*(:v))2w =—(EN_ — 1) Nw— L,w)
=—ENENWF (EANW) FEN Lw — Ly (Lyw)
=1, (ENw)+EN Lw
=1,(E) Nw —E N Lyw + EN Lyw
=1,(&) Aw = §(v)w = [[¢]]Pw
In other words, the linear map (U?er* (x))? is simply given by multiplication by [|¢[|*>. In
particular, this is an isomorphism for & # 0 as claimed. O
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It will be useful to also consider the Laplace-Beltrami operator
A= D? = (d+d")* =dd* + d*d: Q" (X) — Q*(X).

We note that unlike the de Rahm operator D the Laplace operator A maps k-form to k-form.
In other words, A is the direct sum of the operators Aj: QF(X) — QF(X) obtained by
restricting A to k-forms. The following lemma implies that compositions of elliptic operators
are elliptic; in particular A = D? is elliptic since D is. The operator Ag: C*(X) — C*(X)
is the usual Laplace operator acting on the functions on X.

Lemma 1.16. Let Dy: I'(X; E') — T'(X; E?) and Dy: T'(X; E?) — T'(X; E?) be differential
operators of order ki resp. ko. Then their composition Dy o Dy is a differential operator
of order ki + ky whose principal symbol U?ZODl (r): EL — E3 for £ € T:X is given by the
composition

> B3

To calculate the index of the de Rham operator D and the Laplace operators Ay it will
be useful to express the dimension of the cokernel of an elliptic operator D in terms of its
adjoint D*. So let X be a compact oriented n-manifold, let E, F' be vector bundles over X
equipped with bundle metrics, and let D: I'(X, E) — ['(X, F') be a differential operator and
D~ its adjoint. We note that

ker(D*) ={g e I'(X; F
—{geD(X;F
—=im(D)™*.

)| (f,D*g) =0forall fe'(X;E)}
)| (Df,g) =0forall fe'(X;E)}

I

We might be tempted to conclude that there is an orthogonal direct sum decomposition
I'(X;F) =im(D) ® im(D)* = im(D)* @ ker(D*).

L)L.

However, the first equality might not hold if the image of D is not equal to (im(D)")*; in

general im(D) is just a subspace of (im(D)*)*.

Theorem 1.17. (see e.g. Theorem 5.5 in [LM]). Let X be a compact Riemannian
manifold, let E, F' be vector bundles over X equipped with bundle metrics, and let

D:T(X;FE) —TI'(X;F)
be an elliptic differential operator. Then there is an orthogonal direct sum decomposition

['(X; F) =im(D) @ ker(D").
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As mentioned in Remarks and the assumption that X is oriented in not needed
here.

Corollary 1.18. If D is elliptic, then dim coker D = dim ker D* and hence
indexD = dimker D — dim ker D*.
In particular, if D is self-adjoint, i.e., D* = D, then indexD = 0.

This implies the disappointing statement that the indices of the de Rham operator D,
the Laplace operator A and all its summands A, are zero since these operators are all self-
adjoint. Before constructing examples of elliptic operators with non-zero indices, we would
like to point out another consequence of Theorem [1.17]

Corollary 1.19. (The Hodge Decomposition Theorem) Let X be a compact rieman-
nian n-manifold. Then there is an orthogonal direct sum decomposition

(X)) =H"®imd ®imd",
where H* :=ker A C Q*(X) is the space of harmonic forms.

The proof of this statement will use the following useful alternative ways to describe
harmonic forms.

Lemma 1.20. Let D = d+d* be the de Rham operator and A = D? be the Laplace operator.
Then
ker A = ker D = kerd N ker d*.

Proof. Tt is clear that ker D C ker D? = ker A. To prove equality, let w € ker A. Then
1Dwl[? = (Dw, Dw) = (w, D%w) = (w, Aw) = 0

and hence w € ker D.
Concerning the second equality, it is clear that ker d N ker d* C ker(d + d*) = ker D. To
prove the converse inclusion, let w € ker D = ker(d + d*). Then dw = —d*w and hence

||dw|* = {dw, dw) = —(d*w, dw) = —(w, d*w) = 0.
This implies dw = 0, i.e., w € kerd. Similarly,
||d*(")|’2 = <d*w7d*w> = _<dw7d*w> = _<w7 (d*)2w> =0,

and hence d* € ker d*. O
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Proof of Corollary[1.19. Applying Theorem to the self-adjoint Beltrami-Laplace oper-
ator A: Q*(X) — Q*(X) gives an orthogonal direct sum decomposition

Q(X)=1mA dker A =imA & H". (1.21)

It remains to show that there is an orthogonal direct sum decomposition im A = im d®im d*.
To argue that im d is orthogonal to im d* we note that

(dw, d™n) = (d*w,7) = 0.

It is clear that the image of A = (d+d*)? is contained in im d ®im d*. To prove the converse
inclusion, we need to show that dw and d*n are contained in im A for any w,n € Q*(X).
Using the orthogonal direct sum decomposition ((1.21)) it suffices to show that dw and d*n
belong to (ker A)*. To check this, let ¢ € ker A. Then

(dw, () = (w,d*¢) =0 and (d*n,¢) = (n,d¢) =0
since ¢ € ker A = kerd N ker d*. [

Restricting the decomposition (??) to the summand QF(X) C Q*(X) we obtain an or-
thogonal direct sum decomposition

QF(X) = H¥(X) @ im(d: Q"1 X) = QF (X)) @ im(*: QFH(X) — QF(X)),

where H*(X) := H*(X) N Q¥(X) is the space of harmonic forms of degree k. This has
interesting consequences for the de Rham cohomology
kerd: QF(X) — QFF(X)
Hip(X) = - S Ok—1 k :
imd: QF1(X) — Q¥ X)

Clearly the summands 3*(X) and im d are in the kernel of the de Rham differential d: QF(X) —
OF~1(X). To see that d restricted to imd* is injective, let d*n € im d*. Then

(dd*n,m) = (d"n,d"n) = ||d"n||*,
which implies that if d*n is in the kernel of d, then d*n = 0 as desired. This shows that
ker(d: QF(X) — QX)) = H* @ imd

and hence i p
H” b im
HY (X)) = ———— = ",
dR( ) imd
This statement is known as the Hodge Theorem. For future reference we state it explicitly.
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Theorem 1.22. Hodge Theorem. Let X be a compact riemannian manifold. Then the
map
H¥(X) — HEL(X) given by w > [w]

is a vector space isomorphism. Here [w| is the de Rham cohomology class of the harmonic
form w.

The ellipticity of the Beltrami-Laplace operator A implies that the space of harmonic
forms H* = ker A is finite dimensional. Hence the Hodge Theorem has the following conse-
quence.

Corollary 1.23. The de Rham cohomology groups Hfn(X) of a compact manifold X are
finite dimensional.

It is interesting to contrast the two sides of the isomorphism of the Hodge Theorem. The
advantage of the de Rham cohomology H%;(X) is that its construction does not require a
Riemannian metric on X, unlike the the space of harmonic forms H*(X) = ker A. The
advantage of harmonic forms is that each de Rham cohomology class has a unique harmonic
cocycle representative.

1.4 The Euler characteristic operator and the signature operator

For an n-manifold X, let

OV(X) = *(X) and  QM(X):= P A*X).

k even k odd

We observe that the de Rham operator D = d + d*: QF(X) — QF(X) maps even forms to
odd forms and vice versa. In other words, D restricts to operators

DT QV(X) = QX)) and  D7: QX) = QV(X)
and with respect to the orthogonal direct sum decomposition

OF(X) = Q¥ (X) @ QM (X) (1.24)

(5

QO (X) © Qo (X) 2L Q(X) @ Q°(X).

the operator D has the form

In particular, the ellipticity of D implies that D™ and D~ are elliptic, and the self-adjointness
of D implies that D~ is the adjoint of DT, since

(D*w,n) = (Dw,n) = (w, Dn) = {(w, D™n) for w € Q(X) and n € Q°4(X).
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It follows that

indexD"™ =dimker D" — dim ker D™

=) dimH(X) - > dim HH(X

k even k odd

—Z )* dim H*(X)

In conjunction with the Hodge isomorphism H*(X) = H. (X), this implies the following
result.

Proposition 1.25. For a compact n-manifold X the index of the operator
d+d*: QV(X) — Q°4(X)
is the Euler characteristic of X, defined by x(X) := > p_,(—=1)* dim H} (X).

This statement is the reason that the elliptic operator d+d*: Q% (X) — Q°¥(X) is called
the Fuler characteristic operator.
Let us step back and look at the abstract features of this example.

Definition 1.26. A Z/2-graded vector space or super vector space is a vector space V'
equipped with a Z/2-grading, i.e., direct sum decomposition V' =V @ V~. Alternatively,
a 7 /2-grading can be described as given by an involution e: V' — V. An involution e deter-
mines a decomposition V = V* @ V~, where V* are the +1 eigenspaces of €. Conversely,
a decomposition V' = VT @ V™ determines an involution ¢: V' — V by €(v) = v for v € V'
and e(v) = —v forv e V.

If V is finite dimensional, its super dimension sdim V' € Z is defined to by

sdimV :=dimV*"™ —dimV .

A Z/2-graded (or super) inner product space is an inner product space V equipped with
a Z/2-grading V. = V* @& V~ such that this is an orthogonal direct sum decomposition.
Equivalently, in terms of a grading involution €, the required compatibility with the inner
product is that € is an isometry.

Exercise: prove the last statement.

Using this terminology, Q*(X) is a Z/2-graded inner product space with Z/2-grading
given by the decomposition (|1.24]) into even/odd forms.

Definition 1.27. Let V' a graded vector space and D: V — W a linear operator. The
operator D is even if
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e Dmaps V' to VT and V~ to V—, or equivalently if

e D commutes with the grading involution e
and D is odd if
e Dmaps V' to V™ and V~ to VT, or equivalently, if

e D anti-commutes with the grading involution e.

More explicitly, with respect to the decomposition V' = V+ @V~ the operator D is given
by a 2 x 2-matrix. The operator D is even (resp. odd) if the off-diagonal (resp. diagonal)
entries of this matrix vanish.

Proposition 1.28. Let X be a compact riemannian manifold, E a vector bundle over X
equipped with a bundle metric, and let

D:T(X;FE) —T[(X;E)

be an elliptic differential operator which is self-adjoint (i.e., D* = D) or skew-adjoint (i.e.,
D* = —D). Assume that T'(X; E) is equipped with a 7 /2-grading such that D is an odd
operator. Then DV : T'(X; E)"™ — I'(X; E)~ is an elliptic operator and

indexD" = sdim ker D,

where the 7./2-grading on ker D is given by restricting the grading involution € to ker D (the
assumption that D is odd, i.e., anti-commutes with € implies that € maps ker D to itself).

Proof. We note that if D is self-adjoint, then (D*)* = D~; if D is skew-adjoint, then
(DT)* = —D~. In either case, dim coker D" = dim ker(D*)* = dim ker D™, and hence

indexD" = dimker D" — dim ker D~ = dim(ker D)* — dim(ker D)~ = sdim ker D.

1.4.1 Hodge star and the signature operator

For an n-manifold X the dimension of A*T7X is (}). In particular, A*T7X and A" *T7X
have the same dimension. In fact the wedge product

AFT*X x AP RTEX L APTEX
provides a pairing which is non-degenerate in the sense that the map

A"ET*X — 4 Hom(AFT* X, A"T* X)

w i » (B BAw)
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is an isomorphism. If X is an oriented Riemannian n-manifold with volume form vol, then
vol, € A"T*X is a distinguished non-zero element and the vector space A*T’X has an
inner product determined by the Riemannian metric. Hence for any element o € A*T*X
determines an element

(B~ (a, B) vol,) € Hom(A*TF X, A"T* X).

Hence the isomorphism above determines a unique element xa € A"“*T* X . More explicitly,
* is uniquely determined by

BN *a = (a, ) vol, for all B € A*T*X.

The linear isomorphism *: A*T*X — A" *T*X depends smoothly on z and hence these
maps fit together to give a vector bundle isomorphism

oo AFTFX =5 APRTRX
This in turn induces an isomorphism on the associated section spaces:
o DOXGART*X) = QF(X) = T(X; AP X) = Q" F(X)
The last isomorphism are referred to as Hodge star operator.

Lemma 1.29. The Hodge star operator x: Q*(X) — Q*(X) acting on the differential forms
of an n-manifold X has the following properties.

1. xxa = (—1)Fn=Rq for a € QF(X).

2. The adjoint d* of the de Rham operator can be expressed in terms of the Hodge star
operator; namely

d*a = (=1)" " xdxa for a € QF(X)
3. The Hodge star operator anti-commutes with the de Rham operator D = d + d*, i.e.,
Dx=—x%D.
Part (3) shows that for o € H* = ker D the element x« is again harmonic, since
Dxa=—xDa=0.
This implies:

Corollary 1.30. The star operator x: Q¥(X) — Q" *(X) restricts to an isomorphism
HH(X) = H"*(X). In particular, by the Hodge Theorem[1.23, it follows that dim H¥ (X) =
dim H2*(X), which is one form of Poincare duality.
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Let X be an oriented compact manifold of dimension n = 2¢. Then the map
Hx H*— R defined by  (a,p) H/ aAp
X

is a non-degenerate bilinear form. Via the Hodge isomorphism H*(X) =& Hig(X) it corre-
sponds to the bilinear form

Hig(X) x H{zg(X) — R defined by (a,b) — (aUb, [X]),

where aUb € HJ(X) is the cup product of the cohomology classes a, b, and (aUb, [X]) € R
is the evaluation of @ U b on the fundamental class [X]| € H,(X).

Due to a A B = (—1)'8 A a, this form is symmetric if £ is even and skew-symmetric if ¢
is odd. In the former case, i.e., if the dimension of X is divisible by 4, then the vector space
H(X) can be decomposed in the form

HE(X) = 34 (X) @ T (X)),

where the form is positive definite on H% (X) and negative definite on H* (X). The signature
of X is defined by
sign(X) := dim H (X) — dim HE(X).

We note that for £ even %: H*(X) — H*(X) is an involution. If o € H*(X) belongs to the
+1-eigenspace, i.e., xa = «, then

/a/\az/(a,*a)volz/(a,a)vol:/ ||| [* vol > 0.
X X X X

In other words, we can take % (X) to be the +1-eigenspace of x. Summarizing the discussion
so far we conclude that for a manifold X of dimension n = 2¢ with ¢ even

sign(X) = sdim H*(X), (1.31)

where H*(X) is Z/2-graded with grading involution x.
Unfortunately, the Hodge star operator is not an involution on all of Q*(X), and hence
we cannot use * as grading involution giving us an new Z/2-grading on Q*(X).

Lemma 1.32. Let X be an oriented riemannian manifold of dimension n = 20 = 4m. Let

7: QX)) = Q*(X) be defined by Tav == (—1)(§>+m xa for a € QF(X). Then
1. 7 is an involution,
2. T agrees with x on QY(X), and

3. T anti-commutes with the de Rham operator D = d + d*.
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Proof: exercise.

The involution 7 gives Q*(X) a Z/2-grading; in particular, we have direct sum decom-
position of Q*(X) as
(X)) = (X) @ Q" (X), (1.33)
where 2% (X) is the £1-eigenspace of 7. Then the fact that 7 anti-commutes with D implies
that applying D to a € Q% (X) produces an element Do € % (X), since

—Da if a € QL (X)

7(Da) = —Drae = _ K
Da  ifae Q (X)

In other words, with respect to the decomposition the de Rham operator D has the
form
0 D_
o)
_
The operator D, : Q% (X) — Q" (X), given by the restriction of the de Rham operator D

to Q% (X) C Q*(X) is called the signature operator. This terminology is motivated by the
following result.

(X)) Q (X) Q5 (X) @ (X).

Proposition 1.34. Let X be a compact oriented riemannian manifold of dimension n = 2¢

with ¢ even. Then the index of the signature operator D, is equal to the signature of the
manifold X .

Proof. By the Proposition the index of D, is the super dimension of ker D = H*(X),
graded by the involution 7 (by construction, 7 is an involution on *(X), but it restricts to
an involution on ker D since 7 anti-commutes with D by part (3) of the previous lemma).
We observe that the involution 7 on

HH(X) =H(X)dH(X) D - @ H(X)

does not restrict to an involution of each piece H*(X), since applying 7 to a € H*(X) yields
an element 7o € H" *(X), except for k = ¢ = n/2. However, if we decompose H*(X) in
the form

H(X) = (FHUX)e H' (X)) ® - @ (KX)o HTH (X)) @ HYX),

then 7 does preserve each of the block summands H*(X) & H"*(X) for k =0,...,0 — 1
and the summand H*(X). It follows that the super dimension of 3{*(X) is the sum of the
super dimensions of the pieces:

/—1
sdim H*(X) =) sdim(H*(X) @ H* (X)) + sdim H'(X)
k=0
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We observe that for k=1,...,¢ — 1 the map
HYX) — HX)oH"™(X) givenby a—atTa

in an isomorphism onto the 4-1-eigenspace of the involution 7 acting on H*(X)®H"*(X). In
particular, the dimension of the +1-eigenspace is equal to the dimension of the —1-eigenspace
and hence the super dimension of H*(X) & H"*(X) (the difference between these dimen-
sions) is zero. It follows that

sdim H*(X) = sdim H*(X) = sign(X)

as claimed. O

2 Dirac operators and their index

Dirac operators and twisted Dirac operators are a very important class of first order elliptic
operators defined on spin manifolds (see Definition below). The reasons are:

e Many elliptic operators that show up in a geometric context are (twisted) Dirac op-
erators; for example, the Euler characteristic operator or the signature operator are
examples of twisted Dirac operators (at least if the manifold is spin, or with a suitably
generalized notion of “Dirac operator).

e The index of an elliptic operator D on a compact manifold X depends only on its
principal symbol o, more precisely on the element [0”] in the K-theory K (T* X, T*X)
of the pair (T* X, T*X,) consisting of the total space of the cotangent bundle 7*X and
its subspace T* Xy, C T*X consisting of all non-zero cotangent vectors £ € T*X (this
will be dealt with in detail later; this is an essential part of the “K-theory proof of the
Index Theorem” that we will follow). It turns out that for a spin manifold X every
class of K(T*X,T*X,) is given by the symbol of a twisted Dirac operator.

2.1 Spin structures

The notion of “spin manifold” has its origin in the fact that the group SO(n) of orientation
preserving isometries g: R™ — R" is not simply connected for n > 2; rather, its fundamental
is

7 n=2

In particular, for n > 2 there is a non-trivial double covering of SO(n), unique up to
isomorphism, which is usually denoted Spin(n) — SO(n). In particular, Spin(n) — SO(n)
is the universal covering for n > 3. This is extended to n = 1 by noting that SO(1) is the
trivial group, and defining Spin(1) := Z/2.
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Exercise 2.1. Show that there is a unique group structure on Spin(n) such that the pro-
jection map Spin(n) — SO(n) is a homomorphism. Hint: Show that for any connected Lie
group G, there is a group structure on its universal covering G by using the usual description
of the universal covering of a space as homotopy classes relative endpoints of paths starting
at the base point.

Remark 2.2. The spin groups show up in physics in the following way. A classical mechan-
ical system with rotational symmetry, e.g., a planet orbiting around a sun, has a phase space
on which the rotation group SO(3) acts. This might lead one to suspect that in a quantum
system with rotational symmetry, e.g., the electron orbiting the proton in a hydrogen atom,
the symmetry group SO(3) should act on the mathematical object describing the states of
this quantum mechanical system, which is given by a Hilbert space and operators on that
Hilbert space. The intriguing fact is that in general SO(3) does not act on the relevant
Hilbert space, but only its double covering group Spin(3) = SU(2).

Let X be an oriented riemannian n-manifold. Then its oriented frame bundle is the
smooth fiber bundle p: SO(X) — X is given by

SO(X) :={(z,f) |z € X, f: R" — T, orientation preserving isometry }

and p(z, f) = x. Notice that if {e;,...,e,} is the standard basis of R” and f: R" — T, is
an orientation preserving isometry, then {f(e1),..., f(e,)} is an oriented orthonormal basis
of T, X, which is the more traditional way to think of “frames”. The advantage of thinking
in terms of isometries f: R™ — T, X is that there is an evident right action:

SO(X) x SO(n) — SO(X) given by (x,f),g— (x, fog).

This action is free, and its orbits are the fibers of p: SO(X) — X; in other words, the
oriented frame bundle is a principal SO(n)-bundle.

Definition 2.3. Let X be an oriented riemannian n-manifold. A spin structure on X is a
double covering

7: Spin(X) — SO(X)
with the property that for each fiber SO(X), the restriction

m: Spin(X), := 7 1 (SO(X),) — SO(X),

is a non-trivial double covering of SO(X), = SO(n) for n > 2.
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2.2 Principal bundles and associated vector bundles

Definition of principal bundle

Examples of principal bundles: frame bundle of a vector bundle, oriented frame bundle,
orthogonal frame bundle, SO(X), Spin(X), etc

Classification of principal bundles

Homotopy theoretic interpretation of spin structure

Associated vector bundle construction

Examples of associated vector bundles (giving the sense that it is compatible with ”linear
algebra” constructions).

Generalizing the argument that the group structure on SO(n) induces a group structure
on the total space of the double covering Spin(n) — SO(n), it can be shown that the right
SO(n)-action on SO(X) can be lifted to an action of Spin(n) on Spin(X) in the sense that
the diagram

Spin(X) x Spin(n) ——— Spin(X)

| |

SO(X) x SO(n) —— SO(X)

is commutative. The action of Spin(n) on Spin(X) is again free and transitive on the
fibers of the projection map Spin(X) — X; in other words, Spin(X) — X is a principal
Spin(n)-bundle. This motivates the notation Spin(X) for the total space of the double
covering Spin(X) — SO(X).

Remark 2.4. The homotopy theoretic take on orientations and spin structures via maps to
BO(n), BSO(n), BSpin(n).
A spin structure on a manifold X enables us to construct new vector bundles on X using
the principal Spin(n)-bundle Spin(X) — X via the following construction.
The associated vector bundle construction. Let G be a Lie group, G x V — V a
representation of GG, and 7: P — X a principal G-bundle over X. Then
PxeV:=A{pv)|peP,veV}/ ~—X  [pv]—n(p)

is a vector bundle over X of rank dim V. Here the equivalence relation ~ on P x V is
defined by (pg,v) ~ (p,gv) for allp € P, g € G, v € V (notice the formal similarity with the
definition of the tensor product M ®4 N of a right A-module M and a left A-module N).
To check that for x € X the fiber (P xg V), = 7 !(x) is isomorphic to the vector space V,
we pick an element p € P, and note that the map

V— (P xg V), v [p,v]

is a vector space isomorphism.
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Example 2.5. (Examples of associated vector bundles)

1. Let X be an oriented riemannian manifold and let SO(X) — X be the oriented or-
thonormal frame bundle, principal SO(n)-bundle. Consider R, (R")* and A¥(R")* as
representations of SO(n) given by the standard action of SO(n) on R™. Then

SO(X) X50(n) R*"=TX
SO(X) xsom) A"R")* 2 A" T*X.

2. Consider R™ as a representation of Spin(n) via the double covering map Spin(n) —
SO(n). Then the associated bundle Spin(n) Xgpinp) R™ = SO(n) xgom) R* = T'X.
More generally, if for any SO(n)-representation V' there is an isomorphism of vector
bundles

Spin(X) X Spin(n) V= SO(X) X50(n) V.

In other words, we don’t get any “new” vector bundles associated to the principal
bundle Spin(X) — X as long as we use representations of Spin(n) which factor through

SO(n).

3. There is a complex representation A of Spin(n) called the complez spinor representation
where the non-trivial element —1 € 7~!(1) C Spin(n) acts by multiplication by —1. In
particular, the representation does not factor through SO(n). The representation A is
irreducible for n odd; for n even it splits as a sum A = A, @& A_ of two non-isomorphic
irreducible representations A4. If X is a riemannian spin n-manifold, the associated
vector bundle

S = Spin(X) Xgpinm) A

is called the spinor bundle. If n is even, this bundle has a direct sum decomposition
S =St @ S, where S* := Spin(X) X Spin(n) AT,

The spinor bundle on a spin manifold X is a much more subtle vector bundle then the
usual vector bundles that we built from the tangent bundle by using direct sums, dualizing,
tensoring or forming symmetric/exterior powers of bundles. Ultimately, the spinor bundle
is constructed from the tangent bundle T'X, but via a detour through principal bundles:

1. We associate to the tangent bundle 7'X the oriented orthonormal frame bundle SO(X) —
X, a principal SO(n) bundle.

2. A spin structure on X allows us to pass to the principal bundle Spin(X) — X for the
double covering group Spin(n) — SO(n).

3. The spinor bundle is the vector bundle S = Spin(X') X gpin(n) A associated to the spinor
representation A.
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The crucial property of the spinor bundle relevant for the construction of the Dirac
operator is that there is a vector bundle map

T"X®s -5 S (2.6)

called Clifford multiplication since (as we will see later this semester), it is constructed using
Clifford algebras. With respect to the decomposition S = St @ S~ for n even, Clifford
multiplication by a cotangent vector £ € T X is an odd endomorphism of the fiber S, =
ST @ S, ie., it maps elements in S to S and vice versa.

2.3 Connections

The Dirac operator on a spin manifold X will be a first order differential operator
D:T(X;S) —I'(X;5S)

acting on the sections of the spinor bundle S = Spin(X) Xgpin(n) A, where A is the spinor rep-
resentation of Spin(n). Besides the Clifford multiplication the other essential ingredient
in the construction of the Dirac operator is a connection on the spinor bundle.

We review the notion of a connection on a vector bundle, first motivating it by discussing
“directional derivatives” of a smooth function h € C*°(X). The differential of f is the
1-form dh € Q'(X) = I'(X; T*X). Given a tangent vector v € T, X, the differential ds can
be evaluated on v to obtain a real number ds(v) € R. Geometrically, ds(v) is the derivative
of s at x in the direction of the tangent vector v. If V is a vector field on X, i.e., a section
of the tangent bundle T'X, then we can evaluate ds on V' to obtain the function

dys:=ds(V) e C*(X),

which we think of as the derivative of s in the direction of the vector field V. More generally,
if s: X — FE is a smooth map with values in a (finite dimensional) vector space E, then
ds € QYX;E) := I'(X;T*X ® E) (where we abuse notation by using the symbol E also
to refer to the trivial vector bundle over X with fiber ), and hence dys € C*(X; E). We
observe the following algebraic properties of dy s with respect to the V-slot and the s-slot:
(i) forfixed s € C*°(X; E), themap I'(X;TX) — C>®(X; E) is amap of C*°(X)-modules,
ie.

dy,+1,8 =dy,s +dy,s  for Vi,V e (X, TX), s € C°(X; E)

dyys =fdy f for Vel'(X;TX), fe C®(X), s e CF(X; E).
(ii) for fixed vector field V' € I'(X;TX) the map C°(X; F) — C*(X; E) has the prop-
erties
dV(Sl + 82) :dvsl + deQ for V e F(X, TX), S1, 89 € C®<)()(7 E)

dyfs=(dvf)s+ fdys for Vel'(X;TX), feC®X), seC®X;E).
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Thinking of the section s € I'(X; E') of a vector bundle E as a generalization of a vector
valued smooth function, one would like to talk about the derivative of s in the direction of
a vector field V. Unlike for vector valued functions, there is no distinguished way to make
sense of the derivative of a section s in the direction of a vector field V.

Definition 2.7. Let E be vector bundle over the manifold X. A covariant derivative on E
is a map
V:I(TX) xI'(E) — I'(E) (V,s) — Vys

which shares the algebraic properties of differentiation of vector-valued functions, i.e.,

Vvits = Vi s + Vi, s
Vivs=fs
Vi (s1+ s2) = Vysi + Vysy
Vyfs=(dvf)s+ fVys
for V,V1,Vo e T(TX), s,51,80 € T(E), f € C(X).
We note that for fixed s € I'(E), the first two properties say that the map
Vs: T'(TX) = T['(E) given by V= Vys

is a map of C°(X)-modules. Equivalently, this means it is induced by a map of vector
bundles TX — FE, which in turn is a section of the vector bundle Hom(T X, F) 2 T*X @ E.
Abusing notation, we call this section of T*X ® E again Vs. The first two properties of the
covariant derivative can then by recast in terms of the map

V:I'(E) - T(T"X ® F) given by 5+ Vs,
namely,

1. V is a linear map of vector spaces (over R resp. C depending on whether F is a real
or a complex vector bundle);

2. V satisfies the Leibnitz rule V(fs) = df @ s+ fVs.

Definition 2.8. A connection on a vector bundle F is a map V: I'(F) — ['(T*X ® E)
satisfying these two properties.

So a covariant derivative and a connection are just two different way to think about the
same mathematical concept, and we will always pass back and forth between these two. Any
smooth vector bundle E has a connection; they can be constructed local trivializations, and
combining these via partitions of unity. Much more precisely, the space of connections on F
is a torsor for I'(T*X ® End(F)), i.e., this abelian group acts freely and transitively on the
space of connections.

If the vector bundle E has additional structures, then we can require connections to be
compatible with these structures. Here are some examples.
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1. Suppose E is equipped with a bundle metric ( , ). Then the point-wise inner product
(s1, s2) of two sections sy, s € I'(F) is a smooth function on X. We can require that
a connection V is compatible with the bundle metric in the sense that we have the
“product rule”
d(s1,89) = (Vs1,82) + (s1, Vsa)

for all sections si, so. Such a connection is called a metric connection.

2. The tangent bundle of a manifold has additional structure provided by the Lie bracket
[V, W] of vector fields V,W € I'(T'X). We can require that a connection V on T'X is
compatible with this structure in the sense that

[V, W] =VyW - VyV.
Such a connection V is called torsion free.

3. If X is a Riemannian manifold, there is a unique connection on the tangent bundle
T X which is metric and torsion free. This is the Levi-Civita connection.

If E, F are vector bundles with connections VZ, V¥, then all the bundles “built from E
and F by linear algebra”, e.g., E®F, EQF, E*, Hom(E, F) & E*®F, A*E have connections
V built from V¥ and V¥. For example if s € T'(E) and ¢ € ['(F), then (s,t) € T'(E & F)
and s®t € I'(E® F). Then

V(s t) =V, V) e T(TMX @ (ERF)=NT"X®E & T"X®F)
V(is®t) =(Vs)@t+saVte(T"X @ E® F).

As discussed above, the spinor bundle S on a riemannian spin manifold X is “built from
the tangent bundle”. Hence it might be expected that the Levi-Civita connection on T'X
induces a connection V° on the spinor bundle. This is in fact true, but alas the construction
of that connection is harder and proceeds by carrying along the connection in each of the steps
in the construction of the spinor bundle. In particular, it requires talking about connections
on principal bundles. We will do that later this semester.

Definition 2.9. Let X be a riemannian spin manifold with spinor bundle S. Then the Dirac
operator on X is the first order differential operator given by the composition

T(S) - I(T*X ® ) —— I(S),

where V7 is the connection on the spinor bundle induced by the Levi-Civita connection on
TX, and c is Clifford multiplication. If F is a vector bundle with connection over X, then
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the connection on F and the connection on S combine to define a connection V on the tensor
product S ® E. The composition

IS®E) —Y— I(T"X ® S® E) <25 I'(5 ® E),

is a first order differential operator called twisted Dirac operator or Dirac operator twisted
by E.

Later this semester when we construct the group Spin(n) and the spinor representation A
using Clifford algebras, we will also construct the Clifford multiplication map ¢: T*X®S5 — S
and calculate the principal symbol of the Dirac operator. In particular, it will turn out that
the Dirac operator and twisted Dirac operators are elliptic operators.

3 The Index Theorem for Dirac operators

In this section we state the Index Theorem for (twisted) Dirac operators, which expresses
the index of the twisted Dirac operator Dg on a closed even-dimensional riemannian spin
manifold X in terms of topological invariants of X and F. In fact, we give two versions, a
K -theory version, where the topological invariant is expressed in terms of the K-theory of
X, and a cohomological version where the topological invariant is expressed in terms of the
cohomology ring H*(X;Q) and characteristic classes of TX and E (which are elements of

H*(X;Q)).

Theorem 3.1. Index Theorem for Dirac operators, K-theory version Let X be
a closed riemannian spin n-manifold, n even. Let E be a complex vector bundle over X
equipped with a connection, and let Dg be the Dirac operator on X twisted by E. Then

index(D}) = p([E]) € K(pt) = Z,

where [E] € K(X) is the K-theory class represented by E, and p;: K(X) — K(pt) is the
pushforward map in K-theory induced by the projection map p: X — pt.

Theorem 3.2. Index Theorem for Dirac operators, cohomology version With the
same hypothesis as above,

index(D}) = (A(TX) ch(E), [X]),
where

. Z(TX) € H*(X;Q) is the A-roof class of the tangent bundle, which is a polynomial
(with rational coefficients) in the Pontryagin classes p;(TX) € HY(X;Z);
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e ch(F) € H*(X;Q) is the Chern character of the complex vector bundle E, which is a
polynomial (with rational coefficients) in the Chern classes ¢;(E) € H*(X;Z);

o (A\(TXlCh(E), [X]) € Q is the evaluation of A(TX)ch(E) € H*(X;Q) (the cup prod-

uct of A(TX) and ch(E)) on the fundamental class [X] € H,(X;Z) (which ignores all
but the degree n part of A(TX)ch(E)).

Our next goal is the construction of the K-theory umkehr map p: K(X) — K(pt) used
in the K-theory formulation of the index theorem. In section 7?7 we will discuss K-theory
and the umkehr map p,. While the construction of the umkehr map in K-theory is not
particularly involved, it is hard to motivate, and hence to understand conceptually. For
motivational reasons, we prefer to discuss umkehr maps first in ordinary cohomology. For a
closed oriented n-manifold X, there is a map

pr: H*(X) — H* " (pt) given by a _
otherwise

{(a, (X)) € Z=H(pt) for deg(a) =n
where (a, [X]) is the evaluation of a on the fundamental class [X]| € H, (X;Z). This is quite
straightforward, but it requires talking about the fundamental class, which is a homology
class. The same strategy works in principle for K-theory, but it would require to talk not
only about K-cohomology (the usual thing one has in mind when talking about K-theory),
but K-homology and the K-homology fundamental class. There is a beautiful analytic
description of K-homology, including a construction of the K-theory fundamental class of
spin manifold in terms of its Dirac operator. Alas, that’s a long story...

Fortunately, there is one setting in which the description of the pushforward map is
straightforward, namely in de Rham cohomology. The map

JxaeR=H(pt) deg(a)=n

c Hin (X)) — H 7" (pt is @i b —
4l dR( ) (P) Is given by [04] {0 deg(a);«én

So our strategy will be to start with the umkehr map in de Rham cohomology, and then to
show that p, can be written as a composition of maps all of which involving just de Rham
cohomology of auxiliary spaces. Those maps can then be generalized to other cohomology
theories, and their composition will serve then as the definition of p, there. So the next section
is purely motivational; the impatient reader is welcome to go straight to the definition of p
in K-theory in section 77.

3.1 The umkehr map in de Rham cohomology

The construction of the pushforward map in K-theory (or in any other generalized cohomol-
ogy theory) is based on the Thom isomorphism. The Thom isomorphism in K-theory in turn
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is based on the construction of the spinor representation A of Spin(n) via Clifford algebras,
which we will do later this semester. The representation A is also crucial for the construction
of the spinor bundle S = Spin(X) Xgpin(n) A, and hence for the construction of the Dirac
operator. In fact, I think of the Dirac operator as the geometric/analytic incarnation of
the Thom class in K-theory, since the principal symbol of the Dirac operator represents the
K-theory Thom class of the cotangent bundle.

While the construction of the pushforward map is pretty straightforward once the Thom
isomorphism has been established (see ?7), I feel that construction is not well-motivated. By
contrast, the pushforward map in de Rham cohomology has a great geometric interpretation
as “integration over the manifold”. For that reason, it seems better to first define the
pushforward via integration, and then show that this integration map can equivalently be
formulated via the Thom isomorphism in de Rham cohomology.

Let X be an oriented n-manifold (without boundary), and for k € Z let QF(X) be the
vector space of k-forms on X with compact support (by definition, QF(X) is the trivial vector
space for k < 0 or k > n). Integration gives a linear map

Q(X)— R  given by a / a.
X
If o = df for some form § € Q77'(X), then [, @ = 0 by Stokes” Theorem. This can be

interpreted cohomologically as follows. For k € Z, let HQCR’C(X ) be the de Rham cohomology
with compact support of degree k, defined to be the real vector space

HE (X)) = {closed k-forms with compact support} _ kerd: OF(X) — Q’j*l(X)'
dR.e {exact k-forms with compact support}  imd: QF1(X) — QF(X)

As usual, let Hjg .(X) be the Z-graded vector space obtained as the direct sum

HSR,C<X) = @ H(IicR,c(X>
kEZ

Definition 3.3. For an oriented n-manifold X, let
p: Hig (X) — R be the linear map defined by  pi([a]) = / a
X

Abusing notation, we will also write
pr Hin (X) — Hig"(o0)

for the linear map of Z-graded vector spaces which in degree n is the map p, above, with R
identified with H3 (pt), the degree 0 de Rham cohomology of the point, and which is trivial
in degrees k # n. This map is called the integration map or umkehr map associated to the
projection map p: X — pt.
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To motivate the terminology, we note that a smooth map f: X — Y induces maps
[ (YY) — Q*(X) on differential forms and f*: H}z(Y) — Hjz(X) on de Rham cohomol-
ogy. The map p; goes in the opposite direction of the induced map p*, which is the origin of
the terminology umkehr map (umkehr is the German word for reversion).

We want to generalize this integration map from a single oriented manifold to a family
of oriented manifolds. Later for us the parameter space will be the n-manifold X, and so
from the outset we look at a family E of oriented k-manifolds parametrized by X. In other
words,

m B — X

be a smooth fiber bundle with k-dimensional fibers such that the vertical tangent bundle V E
(also known as tangent bundle along the fibers) is oriented. This is a vector bundle over the
total space E whose fiber at a point e € E is given by

V.E =kerm,: TLE = Ty X = T, E,,

where 7, is the differential of m, and E, = 7~ '(z) C F is is fiber over a point z € X. In
particular, an orientation on V E restricts to an orientation on the tangent bundle on each
fiber TE, = V E|g,, thus giving an orientation on each fiber. However, orientability of each
fiber does not guarantee orientability of the vertical tangent bundle.
For example, a diffeomorphism g: F' — F on an k-manifold F' yields a smooth fiber
bundle
T (FxR)/Z —R/Z=S" [z2,t]—][t] forzeF, teR,

where n € Z acts on R by t — t +n, and on F x R by (z,t) — (¢"(2),t +n). Hence each
fiber is diffeomorphic to F' and hence orientable if F' is, but the tangent bundle along the
fibers turns out to be orientable if and only if the diffeomorphism g is orientation preserving.

Given a fiber bundle 7: ' — X with k-dimensional fibers and oriented vertical tangent
bundle, we want to construct an integration map

m: QL (F) — QR (X),

where the subscript cv stands for compact vertical support, meaning that €2 (E) consists
of all forms a € Q*(E) such that supp(«) N E,, the intersection of the support of a and
the fiber E, is compact for all x € X. In particular, if X is compact, this amounts to the
requirement that o has compact support.

Let a € Q7 (E). To describe ma € Q7 *(X) we need to specify (ma),(wy, ..., w,1) € R
for any point x € X and tangent vectors wy, ..., w,_ € T, X. Let

awl,...7wn_k € QIS(EI)
be the differential form determined by

(Qwy oy )a (V1 0k) = (V1o U, W, o Wi g,
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fore € £, and vq,...,v, € T,E,. Here the w; € T, E are lifts of w; € T, X in the sense that
e (W;) = w; for i = 1,...,n — k. We note that this is independent of the choice of the lifts
w;, since if w; is another choice of lift, then w} = w; +u; for vertical tangent vectors u;. If the
vertical tangent vectors vy,..., v, form a basis for the vertical tangent space V,E = T, E,,
then wu; is a linear combination of the v;’s and hence

~ - ~ ~ ~ ~
Ae(V1 oo Uy Wy ey Wy ey W) — (V] oo o Uy Wy e oy Wy e ey W)
~ , ~
= (V1 . U, Wy ooy Uy ooy W)
=0.
If the v; are not linearly independent, then a.(v; ..., v, Wq,...,W;, ..., W,_x) vanishes in

any case. We define pja € Q7 7*(Y) by

(pa)z(wy, .oy Wyg) = / Qo € R (3.4)

This is a multilinear and alternating function of the tangent vectors wy,...,w,_ € T, X,
and hence pja € Q77 (X).

Proposition 3.5. The umkehr map m: QF,(E) — Q*~%(X) has the following properties.

1. m 18 chain map, i.e., it commutes with the de Rham differential and hence induces an
Umkehr map of de Rham cohomology with compact support

P Hip () — Hih(X)

2. m(a AT f) =maAp foracQ (F), e Q(X).

3. The Umkehr map is compatible with compositions in the sense that if m: E — X and
p: X = Y are fiber bundles with oriented vertical tangent bundles, then (pow), = pyom.

Let V be a real oriented vector space of dimension k. Then it is not hard to construct a
compactly supported n-form w € Q7 (V') with fv w = 1. More generally, if 7: V' — X is an
oriented vector bundle with n-dimensional fibers, one can construct an n-form with compact
vertical support w € Q2 (V) such that

e dw=0.

o [,w=1forany r € X (V, = 7 '(z) is the fiber over z); in particular, mw = 1 €
QX)) = C~(X).
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Such a form w is called a Thom form. Using a bundle metric on V' and a metric connection,
there are explicit formulas for such forms.

Now assume that X is compact and choose an embedding X < R"** of the n-manifold
X into the Euclidean space of sufficiently large dimension (kK = n will do by Whitney’s
embedding theorem). Let V' — X be the normal bundle of X, a vector bundle of rank k.
Regarding X as a subspace of V' (namely, the zero section), by the tubular neighborhood
theorem, the embedding X < R"* extends to an embedding i: V — R"**. Consider the
following commutative diagram of smooth maps

V oty Rtk

P

X%pt

We claim that this (really dumb) commutative diagram induces a commutative diagram of
de Rham complexes

Qi+k (V) % Q:Jrk (Rn+k)

’”l lq!

0 (X) —— ()

Here iy is the map given by extending a form a with compact support on V' C R"** to a form
on all of R"** which vanishes outside the support of . The commutativity of this diagram
is easy to prove (but not tautological as the commutativity of the previous diagram). To

prove it, let 3 € Q% (V) (for all other degrees, the target Qi """ (pt) is trivial). Then

P!W!ﬁz(poﬂ)!Z/‘/52/1Rn+ki!BZQ!i!5-

Let w be a Thom form for the normal bundle V' — X. Our assumption that X is compact
implies that w has not only compact vertical support, but indeed compact support, i.e.,
w € QF(V). By the definition of the Thom class we have mw = 1 € Q°(X), and by property
(2) of Proposition [3.5] it follows that

mwATa) = (mw) Aa = a.

Hence the commutativity of the previous diagram applied to § = w A 7« for a € Q*(X)
implies the commutativity of the diagram

Qz+k(v) L) Qz+k (RnJrk)

wWAT*( )T l‘ﬂ
0 (X) —— 0 (pt)
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All of these maps are chain maps, and so we obtain a commutative diagram of de Rham
cohomology groups

Hih(V) —— HEL(R™F)

[wlur*( )T lQ!

Hip(X) —— H"(pt)

We note that integration map ¢ is an isomorphism. Its inverse can be described explicitly
by

Hig"(pt) — Hy,(R™F)  given by [B] = [wniw A q"(B)] = [wass] U g™ ([B]).

Here w1 € Q?*k(R”M) is a differential form with f prtk Wtk = 1; this determines its de
Rham cohomology class [wnx] € Hyg "(R"F) = R. In other words, w,4 is a Thom form
for the trivial vector bundle ¢: R"** — pt.

We write U for the cup-product for de Rham cohomology which is induced by the wedge
product of forms.

Summarizing the discussion we state the following result.

Lemma 3.6. Let X be closed oriented n-manifold. The umkehr map py in de Rham coho-
mology can be written as the composition

[wum™ () [wn+x]Ug™ ()

Hig (X) Hige(V) —— HELRMY) &5 Hi" (pt) (3.7)

3.2 The umkehr map for a generalized cohomology theory

The goal of this section is to mimic the description of the umkehr map in de Rham cohomol-
ogy given by the composition in a generalized cohomology theory. In the next section,
we will specialize the generalized cohomology theory to be K-theory. There are essentially
two ways to describe the umkehr map, one via generalized cohomology with compact sup-
port, the other via generalized cohomology of Thom spaces. The latter is the more common
point of view in algebraic topology, but working with compactly supported cohomology, as
we did with de Rham cohomology in the previous section, is well adapted to describe Thom
classes in K-theory which we wil do in the next section.

Definition 3.8. A generalized cohomology theory E is a contravariant functor that associates
to a pair (X, A) of topological spaces a graded abelian group

E*(X,A) = P E*(X, A)

keZ
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and to each continuous map f: (X, A) — (Y, B) a homomorphism
f*1 B*(Y,B) — E*(X, A)

of graded abelian groups (which has degree 0, i.e., f* maps E*(Y, B) to E¥(X,A)). It is
required to have the following properties:

homotopy invariance: If two maps f,g: (X, A) — (Y, B) are homotopic, then f* = g*.

long exact sequence of a pair: For any pair (X, A), the sequence

-k

L BR(X,A) L BRX) - BRA) s BRIX,A) L

Here E*(X) is shorthand for E*(X,0), and i: A — X and j: (X,0) — (X, A) are the
evident inclusion maps. The map ¢ is a natural transformation from the functor given

by (X, A) — E*(A) to the functor given by (X, A) — E*1(X, A).

Excision Let (X, A) be a pair of spaces and let U C A be a subspace whose closure U
is contained in A. Then the inclusion map i: (X \ U, A\ U) — (X, A) induces an
isomorphism

i E*(X,A) — E*(X \ U, A\ U).

The group E*(X, A) is called the E-cohomology group of (X, A) in degree k. The graded
group E*(pt) is called the coefficient group of the generalized cohomology theory.

Strictly speaking, the natural transformation ¢ is a datum and hence it is more precise
to say that the pair (E*,0) consisting of the functor £* and the natural transformation ¢ is
a generalized cohomology theory.

The basic example of a generalized cohomology theory is the singular cohomology theory
H*(X, A; R) with coefficients in an abelian group R. The coefficient group for this cohomol-
ogy group is H*(pt; R) = 0 for k # 0 and H(pt; R) = R. Conversely, if E* is a generalized
cohomology theory with trivial coefficient groups E*(pt) for k # 0, then there is a natural
isomorphism

E*(X,A) =~ H*(X,A;R)  with R = E°(pt).

Another example of a generalized cohomology theory is K-theory, which we will discuss in
the next section.
For a pointed space X, the reduced E-cohomology is defined to be

E*(X) := ker(E*(X) — E*(pt)),

where the map is the induced by the inclusion pt — X of the basepoint. There is an obvious
splitting B
E*(X) = E*(X) @ E*(pt).

There are number of useful consequences of the axioms:
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1. If X = U UV is the union of two open subspaces U, V, then there is a long exact
sequence called the Mayer-Vietoris sequence

0y pRX) Y gy g B V) — T BRUAV) —2s EFY(X).

where the maps are induced by the evident inclusion maps in the commutative diagram

UHVTU

o

vV -, x

2. The long exact sequence of the pair (D¥, S*71)  excision, and the homeomorphism
D¥/S*1 ~ Sk results in the isomorphism E*(pt) & E*™*(S*). More generally, we
have an isomorphism E*(X) = E*™*(X, A S"), called suspension isomorphism.

With the goal of mimicking the composition (3.7]) in de Rham cohomology for a general-
ized cohomology theory E*, we will construct for a closed n-manifold X, embedded in R"*+*
with normal bundle 7: V' — X the following homomorphisms:

UvLJTI'*( ) Un+kUq*(

o)

B*(X) BEtH(V) — ErFR) - BTt (39)

The construction of these maps involves four ingredients:

1. A cup product in E-cohomology (see definition [3.10));

2. The definition of E-cohomology groups with compact support, indicated by the sub-
script ¢ (see definition [3.11]).

3. The construction of the map 4, induced by the inclusion i: V' < R"** of the total space
of the normal bundle of X as a tubular neighborhood of X in R"** (see definition [3.12)).

4. The isomorphism E*(pt) & E*"+k(R"*) which is a form of the suspension isomor-
phism (see diagram (3.16)); the class U,., € E""*(R"*) corresponds to the unit
1 € E°(pt).

5. The class Uy € EX(V), called an E-Thom class or E-orientation (see definition [3.23)).

Definition 3.10. A multiplicative cohomology theory is a cohomology theory E* equipped
with a natural cup-product pairing

U: E*(X,A)® E*(X,B) — E*(X,AUDB)

which is associative, graded commutative and has a unit 1 € E%(X).
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The basic example of a multiplicative cohomology theory is H*(X, A; R), singular coho-
mology with coefficients in a commutative ring R, equipped with the ordinary cup-product.
In the next section we will use the tensor product of vector bundles and vector bundle maps
to produce a cup-product on K-theory (at least on K?°).

Definition 3.11. (Compactly supported E-cohomology). Let E be a generalized co-
homology theory. Then the E-cohomology of a topological space X is defined by

EXX):= lim  E(X,X\K)

K C X compact

We note that if K C K’ are compact subsets of X, then we have inclusion maps X \ K’ —
X\ K, hence a map of pairs (X, X \ k') — (X, X \ K), which in cohomology induces a map

E* (X, X\ K) — E*(X, X\ K'),

allowing us to take the direct limit above. More generally, if A C X is a subspace of X, the
relative E-cohomology with compact support of the pair (X, A) is defined by

E}(X,A) = lim  E(X,AU(X\K)).

K C X compact

Definition 3.12. (Construction of i: EX(V) — E*(R™™).) A compact subset K C
V C R™* leads to an inclusion map (V,V \ K) — (R*™* R"**\ K). The induced map in
FE-cohomology

E*(R™F R\ K) —— E*(V,V \ K)
is an isomorphism by excision. Hence the inverse of this map gives a homomorphism

i B (V)= lm  EY(V,V\K) — ling E*(R™™ R\ L) = E*(R™)

K C V compact L C R*"*t* compact

Example 3.13. (Compactly supported E-cohomology of R¥). For calculating E*(R¥)
we note that by Heine-Borel every compact subset K C R is contained in some closed k-ball
DF of radius € > 0 around the origin. Hence
EARY =l E(RNRM\K) = lig B (RS RM\ DY) (3.14)
K C R* compact €

We claim that for any € > 0 the inclusion map (R* R*¥ \ D¥) — (R* R*\ {0}) induces an
isomorphism in cohomology

E*(R*, R*\ {0}) — E*(RF,R*\ D).
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To see this, we note that the inclusion map R¥ \ {0} — R¥\ D¥ is a homotopy equivalence,
and hence induces an isomorphism in cohomology. The map of pairs induces the following
commutative diagram whose rows are the long exact cohomology sequences of these pairs.

E*(RY) — E*(RF\ {0}) —— E*/(R*,R*\ {0}) — E*"/(R) —— B (R"\ {0})

| = l | =

E*(R¥) —— E*(R¥\ D¥) —— E**Y(RF,R*\ D) —— E**Y(RF) —— E*TL{(RF\ DF)

By the 5-Lemma the middle vertical map is an isomorphism as claimed. Since the connecting
maps in the direct limit of the cohomology groups E*(R¥, R*\ D¥) are compatible with these
isomorphisms, this yields the isomorphism

limg £* (R, R* \ Df) = E*(R*,R"\ {0}).

There are further isomorphisms
E*(RF R*\ {0}) = E*(RF,R¥\ B¥) =~ E*(D* 6D*) = E*(D*/ODF) = E*(5%);

the first one follows with the same argument as above, the second one is excision, and the
third one holds since the inclusion 9D* = S*~1 < D* of the boundary of the closed k-disk
is a cofibration. Composing all these isomorphisms, we obtain an isomorphism

EX(R*) = E*(S%) (3.15)

The composition of this isomorphism and the suspension isomorphism then yields the

desired isomorphism
B*(pt) = B+ (5%) = BIHF(R)

Let U, € EX™(R*) be the class corresponding to the unit 1 € E%(pt) of the multiplicative
cohomology theory E. The graded groups above are modules over the coefficient ring E*(pt)
and the isomorphisms above are isomorphisms of modules over E*(pt). It follows that the
above isomorphism

E*(pt) — EM(RY)  isgiven by  aw Uy Uq*(a) (3.16)

There is a useful variant of compactly supported cohomology for fiber bundles.

Definition 3.17. Let 7: X — Y be a fiber bundle. A subset K C X is vertically compact
if for each y € Y the intersection K N X, with the fiber X, = 7!(y) is compact. Then

E(X) = limg E*(X, X\ K)

K C X vertically compact

is the E-cohomology of X with compact vertical support.
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Example 3.18. Let m: V — X be a vector bundle of dimension k, equipped with a bundle
metric. Given a function e: X — (0, 00), the e-disk bundle

D.(V)={(z,v) |z € X, veV,, ||v|]| <ex)}

is vertically compact (but not compact, unless X is). In fact, if K C V is any vertically
compact subset, then K is contained in some disk bundle D (V') and hence the direct limit
over all vertically compact subsets can be replaced by the limit of the groups E*(X, X \
D.(V)), where the limit is taken over all functions e: X — (0, 00). Analogous to the Example
we note that E*(V,V \ D.(V)) is isomorphic to E*(V,Vp), where V; is the complement
of the zerosection of V. This gives the first of the following isomorphisms

E;, (V) 2 E*(V,Vy) = E*(V, Vo \ Bi(V)) = E*(D(V), S(V)) = E*(D(V)/S(V))

Here
DV)={(z,v) |[ze X, veV,, ||v||<1}CV

is the unit disk bundle, and
SV)=A{(@,v)|zeX, vel,, [p|=1}CV

is the unit sphere bundle. The other isomorphisms are again analogous to the isomorphisms
discussed in example The quotient space D(V')/S(V) is called the Thom space of V'; a
common notation is XV := D(V)/S(V). Summarizing, there is an isomorphism

Er (V)= EX(XY). (3.19)

If V is the trivial vector bundle X x R¥ — X, then the Thom space X" can be identified
with the suspension S* A X, where X, denotes the pointed topological space obtained by
adding a disjoint basepoint to X. Specializing the above isomorphisms we obtain

Ef(RF x X) 2 B*(S% A X,). (3.20)
Specializing further to X = pt, we obtain the isomorphism (3.15|).

The homomorphism 4,: EX(V) — E*(R"™*) was constructed in Definition m Here
V — X is the normal bundle of the compact n-manifold X in R"**. Due the compactness
of X, vertically compact subsets of V' are in fact compact, and hence E! (V) = EX(V).
After identifying the domain of 4, with E*(X") by equation and the codomain with
E*(S"+k) by equation (3.15)), it is a natural question whether there is a map from S"**
to the Thom space X" which induces 7;. The answer is yes, and the collapse map ¢ which
corresponds to 7, is described in the following lemma. We will not use this result, but it seems
useful to state this result, since algebraic topologists typically describe the umkehr map in
terms of the Thom space XV and the collapse map. The collapse map is also important for
other construction, e.g., it is the essential ingredient in the Pontryagin-Thom construction.
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Lemma 3.21. Let V' — X be the normal bundle of a compact n-manifold embedded in
R and let i: V — R"* be the embedding of V as tubular neighborhood of X in R*F.
Let c: "™ = R"™* U {co} — XV be the collapse map defined by

o(2) = {* ifx ¢ i(V) orz =00 (3.22)

v oifx=1i(v)
Then the following diagram commutes:

B (V) —— Ei(R")

% F

~ *

EX(XV) —S— E*(S™+F)

Generalizing the argument leading to the isomorphism (3.16)), we obtain the following
commutative diagram of isomorphisms.

5(X) S B X X)
H ) suspens}ion l%
E: (X) 1somo;p ism E:(Sk A X+)

Our goal is to generalize this diagram to the more general situation where the trivial vector
bundle R¥ x X — X is replaced by a general vector bundle 7: V' — X of dimension k.
Looking to generalize the top horizontal map, the projection map p, to the base X is simply
replaced by the projection map 7: V' — X. The problem is that for a non-trivial bundle V|
there is no projection map p; to the fiber R*. We note that the class pjU; € EF (R* x X)
restricts on each fiber R¥ to U, € E¥(R¥). This motivates the following definition.

Definition 3.23. Let 7: V' — X be a k-dimensional vector bundle over X. An E-orientation
or E-theory Thom class is an element Uy € E* (V) with the property that its restriction
to each fiber V, corresponds to the suspension class U, € Ef(R¥) via the isomorphism
EX(V,) = E¥(R*) induced by some vector space isomorphism V, = R*.

Theorem 3.24. Thom Isomorphism Theorem. Let V — X be a vector bundle of rank
k over a topological space X and let Uy € E* (V) be an E-oriention on V. Then the maps

Uy ur*(

OO e (y) and  E*(X)

Uyur*( )

E*(X) EZ(V)

are 1somorphisms of Z-graded abelian groups, called the E-theory Thom isomorphisms.
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Example 3.25. 1. Every vector bundle has a canonical E-orientation if E is ordinary
cohomology with Z/2-coefficients.

2. Let V' — X be a vector bundle and let F ordinary cohomology with Z-coefficients.
Then there is a natural bijection between the set of orientations on V' and the set of
FE-orientations on V.

Remark 3.26. Via the isomorphisms E* (V) = E*(V,Vy) = E*(XV) the Thom class Uy
can also be seen as an element in E¥(V, V) or E¥(XV), which is more common in algebraic
topology. The Thom isomorphism is then seen as the isomorphism

EY (X)) BV, Vy) o EY(X) = ERXVY).

Both of these isomorphisms are also described as an appropriate cup product with the Thom
class.

Now we have established all the ingredients for the construction of the umkehr map in
E-theory for a closed n-manifold X as the composition (?7). For future reference, we state
this as the definition of p,.

Definition 3.27. Let X be a closed n-manifold embedded in R"™* with normal bundle V.
Assume that V has an E-orientation Uy € EX (V). Then the umkehr map

pi: E*(X) — E*"(pt)
is the composition

Uy Ur*( ) Un+£Ug*( )

E*(X) Erth(V) —s Erth(RrR) T pren () (3.28)
Here the first map is the Thom isomorphism in E-cohomology given by the cup-product
with the Thom class Uy (Theorem the second is the extend by zero map i, (Definition
3.12)), and the third the suspension isomorphism (given by the cup-product with U, x, see
B.16)).

As mentioned, all of the maps of the composition above can be described alternatively in
terms of E-theory rather than E-theory with compact support, which is the more common
description in algebraic topology. The following commutative diagram relates both points
of view.

UvLJ’/l'*( ) Un+k:Uq*( )

E*(X) ErtE(V) —2 Erth(RrR) T pron(pt)

l Thom l% lg suspension lfv ; (3.29)

B (X) isomorphism E*+k (XV) c* E*(Sn+k) isomorphism E*_n<pt)

1%

~ ~

where c: S"** — XV is the collapse map (see equation ([3.22))).
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3.3 The umkehr map in K-theory

K-theory is a generalized cohomology theory; in particular, it associates to a pair (X, A),
consisting of a topological space X and a subspace A, a Z-graded abelian group

K*(X,A) = P K"(X, A).

ne”L

This cohomology theory is 2-periodic in the sense that
K"2(X,A) = K"(X, A). (3.30)

There is a simple geometric description of K°(X) for compact X in terms of vector bundles
over X, and more generally, for K9(X), K°(X, A), the compactly supported K-theory of X
resp. (X, A). Fortunately, this is sufficient for our purposes, since we are interested in the
umkehr map py given by specializing the composition to the generalized cohomology
theory K* in degree x = 0 and for n = dim X even.

UyUr*( ) UntxUYg* ()

K*(X) K (V) — KR e K (pt)
We note that we choose k = dim V' to be even. In that situation, thanks for the 2-periodicity
of the K-theory groups the above simplifies to

Uy Ur*( ) Un1Ug* ()

K(X) K (V) —— K (R"F) « = ——— K(pt)
where we write K( ) instead of K°( ).

Let Vect(X) be the set of isomorphism classes of finite dimensional vector bundles over
the compact space X. The direct sum of vector bundles gives Vect(X) the structure of an
abelian semi-group. Let K (X) be the abelian group obtained by the group completion of the
semi-group Vect(X). This is the procedure used to construct to abelian group Z from the

abelian semigroup Ny (the non-negative integers). Here is the formal definition.

Definition 3.31. For a compact topological space X, the set K(X) consists of equivalence
classes of pairs (E*, E7) of vector bundles, where the equivalence relation is defined by

(ET,E7) ~ (F7F7)
if and only if there is some V' € Vect(X) such that
Ef+F +V=F"+E +V

The set K(X) is an abelian group with addition defined by [(E*,E7)] + [(FT,F7)] =
[(ET + F*,E~ 4+ F~0)], unit element [(V,V)] for any V' € Vect(X), and inverse given by
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—[(E*T,E7)] = [(E~,E™)]. In particular, a vector bundle E — X represents an element
[E] == [(£,0)] in ( ), where 0 denotes the 0-dimensional vector bundle. Its inverse is
given by —[E] = —[(F,0)] = [(0, E)]. Any element [(E*, E7)] € K(X) can then be written

in the form
(ETED=[(ET®0,00 E7)] = [(ET®0)]+[0a E7)] = [ET] - [E7],
i.e., as a difference of element in K (X) represented by vector bundles.

Remark 3.32. Unlike Ny, the abelian semi-group Vect(X) does not have the cancellation
property, i.e., E®V = F @V does not imply F = F. For example, let T'S™ be the tangent
bundle of the n-sphere S™. It can be shown that 7'S™ is not isomorphic to the trivial vector
bundle R" of dimension n, unless n = 1, 3 or 7 (this is easy to see for n even, since the
Euler class x*(T'S™) € H"(S™;Z) is non-trivial, see ??7). The normal bundle (5™ R™"*!) of
S™ — R™! is isomorphic to the trivial bundle R! = S™ x R; an isomorphism from R to the
normal bundle is given by sending (z,1) € S™ X R to the outward pointing unit normal vector
at z. The direct sum of T'S™ @ v is isomorphic to the tangent bundle TR™*! restricted to
S™ which is the trivial bundle R"* of dimension n+ 1 on S™. This implies that in Vect(S™)
we have

TS"+R'=T8" +v=TR =R =R" + R,

but T'S™ # R".

For abelian semi-groups that have the cancellation property, the definition of the equiv-
alence relation can obviously simplified to (ET, E~) ~ (F*,F7) if and only if E* 4+ F~ =
F* + E~. For an abelian semi-group with cancellation property, the simplified relation is
not an equivalence relation since it lacks transitivity.

When describing relating the umkehr map and the Thom isomorphism in de Rham co-
homology, it was convenient for us to use relative de Rham cohomology H} (X, A) and de
Rham cohomology with compact support Hjg .(X). Similarly, it will be useful to utilise
relative K-theory K(X,A) and K-theory with compact support K.(X). We recall that
Hip(X, A) and Hi .(X) were defined in terms of the support of differential forms represent-
ing de Rham cohomology classes. Similarly, the definition of K (X, A) and K.(X) will be
based on a the notion of support of the geometric objects representing K-theory classes.

The objects used so far to represent elements in K (X) are pairs (E*, E™) of vector bun-
dles E*. We know that such a pair represents 0 € K (X) if there is an isomorphism between
these vector bundles, but there is no way to assign to (E™, E~) a subset supp(Et, E7) C X
in a functorial way such that supp(E™, E_) = () implies [(E*, E7)] =0 € K(X).

The idea is to replace the simple-minded pairs (E*, E~) with slightly more sophisticated
triples (E™, E~, ), where as before E* are finite dimensional vector bundles on X, and
a,: Et — E~ is a vector bundle morphism. The support of (ET, E~ a™) is defined by

supp(E", B~ ay) :=closure of {z € X | o)/ : E} — E, is not an isomorphism}.
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We observe that supp(E™, E~, o) = () implies that o™ is a vector bundle isomorphism, and
hence [(ET, E7)] = 0 € K(X) as desired. Based on these triples, we give a new definition of
K-theory.

Definition 3.33. (K-theory with compact support) Let X be a topological space (not
required to be compact), and let A C X be a subspace. Then the K-theory with compact
support of X resp. (X, A) is the abelian group defined by

K (X):={(E",E",a") | supp(E", E~,a") is compact}/ ~
K (X, A) :={(ET,E~,a") | supp(ET, E~,a") is compact, supp(ET,E~,a") C X \ A} ~

Here Et, E~ are finite dimensional vector bundles on X, and a*: E* — E~ is a vector
bundle morphism. The equivalence relation ~ is generated by the following relations:

An isomorphism between (E*, E~ a%) and (F*, F~,3%) consists of vector bundle iso-
morphisms f*: E* — F* such that the diagram

E+ , Oé+ E_

)l

B+ _
Fr——F

is commutative.
A homotopy between (ET, E~,af) and (E', E~,af) is a path o : ET — E~ of vector

bundle morphisms connecting oy and a; such that for all ¢ € [0, 1] the relevant support
condition for the triple (ET, E~, ;) is satisfied.

Adding a trivial triple A triple (F*, F~,8") is called trivial if supp(F*, F~,8%) = 0.
The sum of (E*, E~,af) and (F*, F~,3") is defined by

(EYE ag)+(FT F,87) = (BT F B0 F ,a" @ p").
If (F+, F~,37) is trivial, this sum is declared to be equivalent to (E*, E~, o).
The sum of these triple gives K.(X) and K.(X, A) the structure of an abelian group.

Example 3.34. (The Bott class). Let E* be the trivial complex line bundle over C. So
an element of the total space is a pair (v,w) € C x C; our convention is the bundle projection
map sends (v, w) to v, i.e., v is a point in the base space, and w is an element in the fiber.
Let

at: Et — E be given by (v,w) — (v,vw)

This bundle map is clearly an isomorphism for v # 0 € C; in other words, supp(E™, E~,a™) =
{0} C C. In particular, this triple B represents an element [B] € K.(C), called the Bott
class. It turns out that [B] is a generator of K .(C) = Z.
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The statement K.(C) = Z is a very special case of a much more general theorem known
as Bott periodicity.

Theorem 3.35. (Bott periodicity). For any space X there is an isomorphism
K.(X) = K.(X x C)

which is given by sending an element [E] € K.(X) represented by a triple E = (ET, E~,a™)
to the product [p5B @ piE]. Here p1: X x C — X, py: X x C — C are the projection maps
onto the factors, and piB resp. p5E are the triples over X x C obtained by pulling back the
vector bundles. The tensor product is constructed in Definition below.

Addendum. There is a variant of the above definition using Hermaitian triples, i.e., triples
(E*,E~,a') as above, where the complex vector bundles E* are equipped with hermitian
bundle metrics. The only modification necessary in the definition of the equivalence relation
for these triples is that that isomorphism of hermitian triples involves bundle isomorphisms
f* that are fiberwise isometries.

Exercise 3.36. (a) Show that the forgetful map from hermitian triples to general triples
induces a bijection on equivalence classes.

(b) Show that for a hermitian triple (E™, E~ a™) the inverse of [ET, E~,a"] € K.(X, A)
is given [E~, ET, (a™)*], where (a™)*: E= — ET is the adjoint of a™ with respect to
the Hermitian bundle metrics on E*. In more detail, (a™)* is a vector bundle map
whose restriction (a™)%: E — E} to fibers over x € X is the adjoint to the linear map
af: Ef — E with respect to the hermitian inner product on EF. This show a technical
advantage of working with Hermitian triples: there is a canonical representative for the
inverse of the class represented by a given Hermitian triple.

(c) Show that for compact X this new definition of K (X) agrees with the classical one as
the group completion of Vect(X).

There is a way to repackage Hermitian triples (E*, E~, a™) that is very convenient for
the construction of the tensor product of such triples. We recall that a Z/2-graded vector
bundle can be defined as

e a vector bundle E together with a decomposition £ = E* @ E~ as a sum of two
complementary subbundles, or

e as a vector bundle E together with an involution 7: £ — FE (i.e., a vector bundle map
7 with 72 = idg).
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Definition 3.37. A graded Hermitian triple is a triple (E, 7, ), where E is a Z/2-graded
Hermitian vector bundle with grading involution 7 (where E and E~ are perpendicular
with respect to the Hermitian metric), and a: E — E is an odd self-adjoint vector bundle
morphism.

Given a decomposition E = ET@® E~, the corresponding grading involution 7: £ — F as
id 0

0" i,

a vector bundle decomposition E = E* @ E~, where the fiber EZ is the +1-eigenspace of
the involution 7,.: £, — FE,.

Given a Hermitian triple (E+, E—,a™), let (E, T, «) be the triple consisting of the Z/2-graded
vector bundle £ = E* @ E~ with grading involution 7. The vector bundle map a: £ — E
with respect to the decomposition F = Et & E~ is given by the 2 x 2-matrix

o= (2 ).

where (a™)*: E~ — ET is the adjoint of a™ with respect to the bundle metrics on E*. We
note that a: £ — E is an odd endomorphism of E (i.e., it sends vectors in E* to vectors
in EF, or, equivalently, it anti-commutes with the grading involution 7, i.e., Tae = —ar).
Moreover, « is self-adjoint with respect to the bundle metric on £ = Et @ E~ determined
by the bundle metrics on E*.

Conversely, if (E,7) is a Z/2-graded hermitian vector bundle (the bundle metric is re-
quired to be compatible with the grading in the sense that E is perpendicular to E ), and
a: E — FE is an odd, self-adjoint endomorphism, then (E*, E~ a™) is a Hermitian triple,
where at: Et — E~ is the restriction of a to Fy (which maps to E~ since « is odd). In
other words, there is a natural bijection between the Hermitian triples (E*, E~,a™) and
(E,T,q).

We will use this to move freely between these two descriptions, since there are pro’s and
con’s for both points of view. The graded Hermitian triples (E, T, ) are very convenient for
the construction of a tensor product of such triples which will induce a product on K-theory.

a 2 X 2-matrix has the form < > Conversely, an involution 7: ' — E determines

Definition 3.38. (Tensor product of graded hermitian triples.) Let (E;, 7, a1) and
(Es, 79, rg) be graded hermitian triples over the same space X. Their tensor product is the
hermitian triple defined by

(Er, 71, 01) ® (Ea, o, 00) 1= (Ey @ Eo, 71 ® T2,idp, @as + ay ®idg,). (3.39)
A number of comments are in order.

e Hermitian inner products on vector spaces V, W induce a hermitian inner product
on V ® W defined by (v; ® wy,ve ® ws) 1= (vq, va)(wy, ws). If these hermitian inner
products on V', W are compatible with gradings on V resp. W, then so is the product
on V®W. If Ei, Ey are vector bundles , these remarks apply to the fibers to show
that hermitian bundle metrics on F;, E5 determine a bundle metric on £ ® Ej.
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e It is easy to check that 7, ® 75 is again an involution. Suppose v;" € E*. Then

(11 @ 1) (v @v) = 1 (v]) @ (vy) = vf @ v
(11 ®@ ) (v; ®vy) =T1(v]) @ T2(vy) = (—v] @ (—vy) =v] ®uy

which shows that (Ef @ ES) @ (E] ® E; ) belongs to the positive eigenspace of 71 ®
7. Similarly, (E ® Ey) @ (Ey ® EJ) belongs to the negative eigenspace of 71 ®
Ty, which shows that this construction of the tensor product of Z/2-graded vector
spaces/bundles in terms of grading involutions agrees with the more definition in terms
of a decomposition into E* and E~.

e Some care has to be taken when dealing with tensor products of maps between graded
vector spaces. Suppose V., V' W W' are Z/2-graded vector spaces and f: V — V'
and g: W — W' are linear maps which are either odd or even (f and g don’t need to
have the same parity). Then their tensor product

fRg VW —V oW

is defined by

(f®gvew) = (=)fv) @ g(w)

for homogeneous elements v € V, w € W. Here |v| € {0,1} is the degree of v (i.e.,
lv| =0 for v € V* and |v| = 1 for v € V), and |g| € {0,1} is the degree of g, i.e.,
lg| = 0 if g is even, and |g| = 1 if g is odd.

e An explicit calculation is needed to determine the support of the tensor product (3.39)).
We need to determine for which x € X the linear map

idg, ®ag + a1 @idg,: (1), @ (B2)s — (E1)z @ (Ea),

is an isomorphism, or — equivalently its square — is an isomorphism. Simplifying nota-
tion, let a ;= @1+ 1Q@ ag: (E1)z @ (F2)y — (F1)s ® (Es),. Then

CYQ :(a1®1)(a1®1)+(a1®1)(1@@2)+(1®a2)(a1®1)+(1®a2)(1®a2)
=R+ @ —a@a+1® a3
=i ®1+1®a

Here the minus sign in the equation (1 ® as)(a; ® 1) = —a3 ® ay is due to the
transposition of the two odd endomorphisms aq, as. It is a consequence of the definition
of the tensor product (??) of linear maps between graded vector spaces. We recall that
a;, © = 1,2 is self-adjoint, and hence its eigenvalues are real. It follows that the
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eigenvalues of a? are non-negative (denoted by writing o? > 0, and o7 is invertible if
and only if all its eigenvalues are positive (denoted o > 0). Using that notation, the
calculation above shows that a? > 0 and a3 > 0 implies o® > 0 and

a® >0 — a?>0o0rai>0

Equivalently, « is not invertible if and only if oy is not invertible and a5 is not invertible.
It follows that

supp((E£1, 71, 1) ® (Ey, T2, a)) = supp(Ey, 71, a1) N supp(fa, 72, ap)

Our next goal is to construct a Thom class for K-theory. To motivate the upcoming
construction, we recall that the principal symbol of the de Rham operator

d+d*: Q(X) — Q(X) = T(X; AT"X)
is given by
of T (x) =i(EN_ — 1) NT;X — NTX  for £ e Th X, (3.40)

Here £ A_is given by w — { Aw and ¢ : AT X — A*T X is the graded derivation of degree
—1 that is determined by t¢(w) = (§,w) for w € A'TF X = T X where (£, w) € R is the inner
product of {,w € T;X. Earlier, in Lemma [1.15] we proved that the de Rham operator is
elliptic, i.e., we showed that the map is an isomorphism for £ # 0 (by showing that
its square is simply multiplication by [|¢][?).

This example serves as an inspiration for the following construction.

Definition 3.41. (K-Thom class for complex vector bundles). Let 7: V — X be
a complex vector bundle equipped with a hermitian metric. Let U (V) be the following
hermitian triple over the total space of V:

a: N (V) — A*(7*V)
which at a point (z,v) € V is the linear map
oy NV, — A*V, given by ay = i(VA_ — 1)

Here the vector spaces are complex, so the exterior algebra A*V,, has to be understood over
the base field C. A little care is needed to ensure that ¢, is complex linear: for w € AV, =V,
it is defined by ¢,(w) = (v,w). Hence to ensure complex linearity in w, we require our
hermitian inner products to be complex linear in the second slot, and complex anti-linear in
the first (due to the Koszul sign convention, I try hard to minimize unnecessary permutations
of symbols).
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Theorem 3.42. [UX (V)] € K.(V) is a Thom class.

Remark 3.43. The factor of i in the definition above is convenient, but not essential. It is
necessary if we wish to think in terms of hermitian triples: without the factor ¢ the operator
is skew-adjoint rather than self-adjoint. However, if we just extract the corresponding triple
at: Et — E~ there is no requirement on at to be self- or skew-adjoint, and in fact the
triples (E*, E~,a%) and (E1, E~,ia™) represent the same K-theory class.

Exercise 3.44. Prove Theorem [3.42] i.e., show that the restriction of UX (V) to each fiber
V, is a generator of K.(V,). Hint:

(a) Show that for dimV = 1 the class [UX (V)] € K.(V) restricts to the Bott class [B] €
K.(V,) on each fiber.

(b) Show that the Thom class UX (V) is exponential in the sense that for complex vector
bundles V, W — X

[UE (V& W)F] = [piUE (V) @ pUE (W)] € K(V & W),

where p1: VW =V, py: VW — W are the projection maps. In particular, if V'
is an n-dimensional bundle, then the restriction of the Thom class UX (V) to the fiber
V., = C" is the tensor product of n copies of the Bott class. This is the generator of

K .(C™) by the Bott Periodicity Theorem.

The limitation of the Thom class UX (V) € K.(V) is that it requires V to be a complex
vector bundle. Since the Thom class for the normal bundle V' of a compact manifold X in
Euclidean space is the crucial ingredient for the construction of the umkehr map p;: K(X) —
K~"(pt), this is an unwelcome restriction to the manifolds we can construct p, for. It turns
out that a spin structure (or spin® structure) on an even dimensional real vector bundle V
determines a Thom class UX (V) (which does not agree with the Thom class UX (V) if V
happens to be a complex vector bundle whose underlying real vector bundle is equipped with
a spin structure). The construction of UX (V) for a real vector bundle of dimension 2n for
n > 1 will have to wait until we discuss Clifford algebras, but here is the construction for
n = 1.

Definition 3.45. Let 7: V' — X be an oriented real vector bundle of dimension 2, equipped
with a bundle metric. Note that equivalently, V' can be viewed as a complex 1-dimensional
vector bundle with hermitian metric. A spin structure on V' can be interpreted as a square
root of V, i.e., as a pair (L, ), where L is a complex line bundle and 3: L®? = Visa
vector bundle isomorphism (exercise: prove this!). Abusing language, we write V'/2 for the

square root of V' determined by its spin structure, and V12 := (V/2)* for its dual vector
bundle. Then

Hom(vxflm’ me) o (‘/;1/2)* ® ‘/11/2 ~ ‘/;1/2 2 le/g >y
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and hence we can construct the vector bundle map
ot VYR L2 given by (v,w) = (v,v-w)

forveV,, we Vi 2. Since the support of this triple is the zero section in V', this triple
represents an element in K.(V'). Restricted to each fiber of V' it is isomorphic to the Bott
triple, and hence it is a Thom class which we denote UX (V) € K (V).

3.4 Chern classes

For general vector bundles it is difficult to decide whether two vector bundles over the same
topological space X are isomorphic; for example the result that the tangent bundle T'S™
of the n-sphere is isomorphic to the trivial bundle if and only if n = 1, 3, or 7 is a result
that is relatively hard to prove. Fortunately, complex line bundles are easy to classify up to
isomorphism due to the following two facts:

o Let CP*> the complex projective space, and let v — CP*> be the tautological line
bundle. For a topological space X, let [X, CP*>] be the homotopy classes of maps
f: X — CP>. Then the map

[ X, CP*] — {complex line bundles over X}/isomorphism  given by [f]— [y

is a bijection. This statement motivates calling CP* the classifying space for complex
line bundles, and v the universal complex line bundle.

o Let v € H*>(CP>;Z) = Z be the generator characterized by (z,[CP!]) = 1. Here
[CP'] € Ho(CP';Z) is the fundamental class of CP! C CP*> with respect to the
orientation given by the complex structure on CP!, and (z, [CP']) € Z is the evaluation
of z on [CP!]. Then the map

[X,CP>*] — H*(X;Z) givenby [f]— —fx

is also a bijection. So we could also refer to CP*> as the classifying space for 2-dimensional
cohomology classes and to x € H?(CP>; Z) as the universal 2-dimensional cohomology
class.

The composition of these two bijections then gives a bijection
{complex line bundles over X }/isomorphism +— H?*(X;Z).

This is actually an isomorphism of abelian groups, with the obvious group structure on
H?(X;Z), and the group structure on the left given by tensor products of line bundles. The
cohomology class associated to a complex line bundle L — X is called the first Chern class,
denoted ¢ (L) € H*(X;Z).
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Remark 3.46. Why is there a minus sign in the definition of ¢;(L)? For a closed surface
>, we would like to have

(1 (T%),[X]) = x(X), the Fuler characteristic of X. (3.47)
Let’s check this for ¥ = S = CP! with tangent bundle T'S? = (v*)®? (prove this!).
a(TS?) = ai(v" @ 27") = 2a1(7") = —2c1(v),
and hence {(c;(T'S?),[S?]) = —2(c1(7), [S?]) = 2 = x(S?).

T For complex vector bundles £ — X, there are characteristic classes called Chern
classes c;(E) € H*(X;Z) for i = 0,1,..., which only depend on the isomorphism class of
E. They have the following properties:

vanishing cy(E) € H°(X;Z) is the unit in the cohomology ring H*(X;Z) (we denote the
unit by 1), and ¢;(E) = 0 for ¢ > dimc¢ E (the dimension of the fibers of E).

naturality If f: Y — X is a continuous map, then ¢;(f*E) = f*c;(E) € H*(Y;Z).

Exponential property Let ¢(E) :=14c¢(E)+co(E)+--- € H*(X;Z) be the total Chern
class of E — X. If F'is another complex vector bundle over X, then the total Chern
class of the direct sum F & F is given by the formula

o(E & F) = c(B)e(F) € H*(X;Z),
where ¢(F)c(F) is the cup product of these classes.

Normalization For the tautological line bundle v — CP!,

(e1(), [CP]) = —1.

In other words, the first Chern class for complex line bundles agrees with our earlier
construction at the beginning of this section.

Theorem 3.48. Axiomatic characterization of Chern classes. There are cohomology
classes ¢;(E) € H*(X;Z) for complex vector bundles E. They are uniquely characterized by
the four properties above.

Exercise 3.49. 1. Show that for the trivial bundle C¥, its total Chern class is ¢(C*) =
1 € H*(X;Z). Hint: use naturality for the projection map p: X — pt.

2. Show that ¢(E @ C*) = ¢(E).

3. Show that if L, Ly are complex line bundle over X, then ¢; (L1 ® La) = ¢1(L1) +c¢1(Lg).
Hint: Use naturality of ¢; for the diagonal map A: X — X x X, x — (z,x).
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A little later, we will construct the Chern classes ¢;(F) € H*(E;Z), but we won’t show
that the cohomology classes constructed we construct have all the properties listed above.
There is an additional property of Chern classes: If X is a closed complex manifold of
complex dimension n, then

{en(TX), [X]) = x(X).
This is the generalization of our earlier statement (3.47)) for n =1

The Grassmann manifold G,(W) and its tangent bundle. Let W be a complex vector
space of dimension n equipped with a Hermitian metric, and for 0 < k < n, let Gx(W) be
the Grassmann manifold defined by

Gr(W):={V Cc W |V is a k-dimensional linear subspace of W'}.

In particular, G1(C") = CP" ! is the complex projective space of 1-dimensional subspaces
of C". For V € Gi(W), let VLt C W be the orthogonal complement of V', and let

¢y : Hom(V, VL) — GL(W) be the map defined by f > graph(f).

Here graph(f) C V x V+ = W is the graph of the linear map f: V — V=, which is a
k-dimensional subspace of W. It can be shown that ¢y is a homeomorphism, and that the
collection of these homeomorphisms provides a holomorphic atlas for Gi(W), thus giving
the Grassmann manifold G (W) the structure of a complex manifold. In particular,

dime G(W) = dime Hom(V, V*) = dime V dime V* = k(n — k).

Moreover, for V- € Gy (W) the tangent space Ty Gy (W) can be expressed in terms of V' and
V1 via the vector space isomorphism

Ty Gy(W) +—— Hom(V, V) (3.50)

given by mapping f € Hom(V, V=) to the tangent vector at V given by the equivalence class
of the path R — Gi(W), t — graph(tf).

The tautological vector bundle over G (W) is the k-dimensional subbundle v of the trivial
bundle W := G (W) x W given by

v = {(‘/, w) | Ve Gk(W), w € V} C Gk(W) x W.
Similarly, we define a n — k-dimensional subbundle v+ by
yhi={(V,w) |V € Gx(W), we VY C G(W) x W.

By construction, v and v+ are complementary subbundles of the trivial bundle W and hence
the inclusion maps give a vector bundle isomorphism

Yoyt 2 W.
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Moreover, the vector space isomorphism ({3.50) depends smoothly (actually holomorphically)
on V', and hence leads to an isomorphism of complex vector bundles

TGr(W) «—— Hom(y,~%). (3.51)
Putting these vector bundle isomorphisms together, we obtain the following isomorphism
TG(W) @© Hom(,7) 2 Hom(y,y") & Hom(y,7) = Hom(v,7 ®~") = Hom(y, W).

For k = 1, the vector bundle Hom(~,~) has dimension 1, and the identity section provides
a trivialization, allowing us to identify it with the trivial line bundle C'. Hence for the
complex projective space CP"~! = CP(C") = G1(C") we have the bundle isomorphism

TCP"' @ C' = Hom(y,C") =" @ - &7, (3.52)

n

where v* = Hom(v, C) is the complex line bundle dual to .

Example 3.53. The total Chern class of the tangent bundle of CP""!. We recall

that the cohomology ring H(CP"~!;Z) is the truncated polynomial ring Z[z]/(z"), where

r € H?(CP"';Z) is the element characterized by (z,[CP']) = 1, and (z") is the ideal

generated by 2". Let v — CP"! be the tautological bundle and v* — CP"! its dual. Then
7" @y = Hom(y,7)

is trivializable (via the nowhere vanishing identity section), and hence by Exercise 77,

0=c(v" ®7)=al)+al)

and hence the normalization condition (and the fact that the bundles v, v* over CP" !
restrict to the bundles over CP! with the same names) implies

(c1(7), [CPY]) = —{e1(7), [CP']) = 1.

Hence ¢, (7*) = x, and c(y*) = 1 + 2z € H*(CP"1).
Using the bundle equation (3.52) we can calculate the total Chern class of the tangent
bundle TCP" 1

o(TCP"™) =«(TCP" ' & C') = c(ny") = c(y")" = (L +a)" = ) (Z) z*

The Chern class ¢, (TCP"!) € H*(CP"!;Z) is the degree 2k component of the total Chern
class, and hence

co(TCP™1) = (Z) a*.
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In particular, the top Chern class of this n — 1-dimensional tangent bundle evaluated on the
fundamental class gives

(Cpt (TCP*™ ), [CP" 1) = (na" ', CP" ') =n
which agrees with the Euler characteristic of CP"~1.

Example 3.54. Let £ — X be a complex vector bundle which is a sum of complex line
bundles Ly, ..., L,. Let z; := ¢;(L;) € H*(X). Then by the exponential property of the
total Chern class, we have

co(B) =c(Ln) - e(Ln) = (L+a1) -+ (L +25)

=1+o1(x1,...,2) + 0221, ..., 20) + -+ op(T1,...,2,)

Here 0;(x1, ..., x,) is a homogeneous polynomial of degree i in the variables z1, . . ., z,, called
the i-th elementary symmetric polynomial. Explicitly,

o1(T1, .., Tn) = Z T,

1<j<n
oo(T1,. .., xy) = 5 Ty,
1<j<k<n
o3(T1,. .., x,) = g LT
1<j<k<I<n
on(T1, .., Tp) =T122 ... T,

This is a very useful statement and for future reference we state it as a lemma.

Lemma 3.55. Let Ly, ..., L, be complex line bundles over a space X and let z; := ¢1(L;) €
H?(X;Z) be the first Chern class of L;. Then

(L @ ® Ly) = o, ..., 2,) € H¥( X, Z),

where oy (x1,...,x,) is the k-th elementary symmetric function of x1,...,x,.

3.5 The Leray-Hirsch Theorem and the splitting principle

Let 7: (E, Ey) — X be a fiber bundle with fiber (F, Fp). Then the cohomology of the
total space H*(E, Fy) is a module over the cohomology of the base space H*(X), where the
module structure

H*(E,Ey) ® H(X) — H*(E, Ey) is given by  a®b+— aUx" (D).
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If E is an oriented vector bundle of dimension k£ and Ej is its complement of the zero-
section, the Thom isomorphism implies that H*(E, Ey) is a free module over H*(X) of rank
1 with basis element given by the Thom class U € H*(E, Ey). The following result is a
generalization of the Thom isomorphism.

Theorem 3.56. (Leray-Hirsch Theorem). Let 7: (E, Ey) — X be a fiber bundle with
fiber (F, Fy). Let R be a commutative ring, and assume that the cohomology with R-coefficients
H*(F, Fo; R) is a free R-module. Assume further that there are (homogeneous) elements
Uy, ...,U, € H*(E, Ey; R) whose restriction to each fiber (E, Ey), is an R-basis for the
R-cohomology of this pair. Then the cohomology H*(E, Ey; R) is a free module over H*(X; R)
with basis {Uy, ..., U,}. In particular, any element a € H*(E, Ey; R) can uniquely be written
in the form
a=Ua; +Usay +---+ U,ay, fora; € H*(X; R).

For notational simplicity we suppress here the cup product and the pullback 7*.

We will apply the Leray-Hirsch Theorem to the complex projective space bundle
m: CP(W) - X

associated to a complex n-dimensional vector bundle W — X. The total space of this bundle
is

CP(W) :={(z,V) | x € X, V C W, 1-dimensional subspace of the fiber W, },

and the projection map 7 sends the pair (z,V) to € X. So the fiber CP(W), = 7 ()
is the complex projective space CP(W,). In other words, we can think of this bundle as a
family of complex projective spaces parametrized by X.

The construction of the vector bundles v and v+ over projective space extend to this
parametrized situation. The bundles v — CP(W), v+ — CP(W) are now complementary
subbundles of the pullback bundle 7*WW — CP(W) defined by

vi={(z,Viw) |z e X, VCW, weV}
vE={(z,Vw) |z e X, VCW,, weV+}

These vector bundles generalize what we did for a single complex projective space, and on
each fiber CP(W), = CP(W,), these bundles restrict to the bundles constructed earlier.
In particular, the cohomology class x := ¢(7*) € H?*(CP(W) restricts to the generator
of H?(CP(W);Z). Hence the cohomology classes {1,z, 2% ..., 2" '} restrict to a basis of
H*(CP(W);Z). Then the Leray-Hirsch Theorem implies the following result.

Corollary 3.57. Let W — X be complex vector bundle of dimension n, and let w: CP(W) —
X be the associated complex projective space bundle. Let x = ci(v*) € H*(CP(W);Z) be
the first Chern class of the dual of the tautological line bundle v. Then H*(CP(W);Z) is
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a free module over H*(X;Z) with basis {1,z,..., 2" '}. In particular, any element a €
H*(CP(W);Z) can uniquely be written in the form

a=ag+za +2as+ -+ 2" ta,_; with a; € H (X 7).

Corollary 3.58. (The splitting principle.) Let W — X be a complex vector bundle of
dimension n. Then there exists a continuous map f:Y — X with the following properties

o the pullback f*W 1is isomorphic to L1 @ --- @ L,, a sum of complex line bundles.
o the induced map f*: H*(X;Z) — H*(Y;Z) is injective.

Proof. By the previous corollary, the bundle map 7: CP(W) — X induces an injective map
on cohomology. The pullback 7*W splits as the direct sum v @ v+ of the complementary
subbundles 7, y*. If dim W = 2, then 7+ has dimension one, and map 7 does the job. If
dim W > 2, we consider the projective bundle CP(y+) — CP(W) associated to the vector
bundle v+ — CP(W) of dimension n — 1. So applying this procedure repeatedly, we end up
with a sequence of maps, each of which is injective in cohomology, such that W pulled back
via their composition splits as a sum of line bundles. O

3.5.1 Construction of the Chern classes

Another application of the Leray-Hirsch Theorem, or more precisely its corollary 7?7, is a
construction of the Chern classes. A little care is required to avoid logical loops, since we
used Chern classes to argue that the powers of z = ¢;(y*) form a basis of H*(CP(W);Z) as
a module over H*(X;Z).

The construction of the vector bundles v and ¥+ over projective space extend to this
parametrized situation. The bundles v — CP(W), v+ — CP(W) are now complementary
subbundles of the pullback bundle 7*W — CP(WW) defined by

v={(z,Vw) |z e X, VCW,, weV}
vh={(z,Vw) |z e X, VCW,, weV+}

These vector bundles generalize what we did for a single complex projective space. In
particular, on each fiber CP(W), = CP(W,,) these bundles restrict to the bundles constructed
earlier. Let VCP(W) — CP(W) be the vertical tangent bundle, which restricts to the tangent

bundle on each fiber CP(W,). The vector bundle isomorphism ({3.51)) generalizes to the
parametrized situation to give a vector bundle isomorphism

VCP(W) =2 Hom(vy, v*).

Next we want to generalize the vector bundle isomorphisms (3.52)) to the parametrized
version. The only difference is that v, v* are no longer complementary subbundles of a
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trivial bundle, but rather of the pullback bundle 7*W, which leads to the isomorphism
vy @y =7 W. Hence

VICP(W) @ C" = Hom(y,y & y") = Hom(y, 7" W)

Let us calculate the total Chern class of the vertical tangent bundle. Let us assume that the
n-dimensional complex vector bundle W splits as a sum of complex line bundles

Wng@...@Ln

and let z; := ¢1(L;) € H*(X;Z). Then the total Chern class of the vertical tangent bundle
VCP(W) is

c(VCP(W) =c(VCP(W) & C)

c(y" @ W)

(VMWL @ - ®@n*WLy,))
=c(v" @ Ly) - e(v @ L)

=1+x+x) - (1+z+z,

In particular, the n-th Chern class of VCP(WV) is given by

cn(VCPW)) = (z+21) - (x4 2,) = 2" + 2" oy + 2" 209+ - + 20,1 + 0, (3.59)

where 0; = 04(x1,...,2,) is the i-th elementary symmetric function of the z;, e.g.,
opL=21+ - +x, oy = 5 T;Tj Op =21+ Tnp
1<i<j<n

We note that the (complex) dimension of the vertical tangent bundle is equal to the dimension
of the fibers of CP(W) — X. These are complex projective spaces CP(WW,) of (complex)
dimension n — 1, and hence ¢,(VCP(W)) = 0. Hence

— 2" =7m"c,(W) + zr*cp (7*(W) + - - + 2" e (W) (3.60)

This equation shows one way to construct the Chern classes of a complex vector bundle
W — X of dimension n:

e form the projective bundle 7: CP(W) — X. By the Leray-Hirsch Theorem, its coho-
mology H*(CP(W);Z) is a free module over H*(X;Z) with basis {1,z,2?,... 2" '}
where x = ¢, (v*) € H*(CP(W); Z) is the first Chern class of the dual of the tautological
complex line bundle ~.

e Expressing the cohomology class —x™ € H*'(CP(W);Z) in terms of this basis, the
coefficient of the basis element 2" is the Chern class ¢;(W) € H*(X;Z).
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3.5.2 The Chern character

Let E, F' be complex vector bundles over a space X. Then the total Chern class of the
direct sum F @ F is given by the simple formula ¢(F & F) = ¢(E)c(F). By contrast, it is
cumbersome to calculate the total Chern class of the tensor product £ ® F"

e if E, F are line bundles, then ¢;(E ® F) = ¢1(E) + ¢;1(F) by Exercise [3.49(3);

e If £ and F are sum of line bundles, so is £ ® F, and for each summand we can use
(1) to calculate its total Chern class; multiplying them gives the total Chern class of
E®F,

e By the splitting principle, it is ok to assume that F, F' split as a sum of line bundles.

The Chern character ch(E) € H®V(X;Q) of a complex vector bundle is much more pleasant
for calculations; it is designed to have the properties

1. ch(E & F) = ch(F) + ch(F) and
2. ch(E ® F) = ch(E) ch(F).

Let’s reverse engineer ch(FE), first defining ch(L) for a complex line bundle L. Since L is
determined by its first Chern class x := ¢;(L) € H*(X;Z), the cohomology class ch(L) should
be some function f(z) of z. If Ly, Ly are two line bundles over X with z; = ¢,(L;) € H*(X),
then the desired property (2) and ¢1(L; ® Ly) = x1 + x5 forces

f(z1 + x2) = ch(L; ® Ly) = ch(Lq) ch(Lg) = f(z1) f(x2).

This shows that defining

=1
Z R e HV(X;Q) for a complex line bundle L — X with = = ¢;(L)
k=0

satisfies property (2). If E = L1 @®---® L,, is a sum of line bundles L; with z; = ¢;(L;), then
property (1) requires to define

ch(E) =ch(Li ®---® L,) = ch(Ly) +---+ch(L,) =™ 4+ --- + ™ € H¥(X;Q).

Can we express ch(E) in terms of the Chern classes cx(E) € H?**(X;7Z) of E? According to
Lemma [3.5))

cx(E) = op(xy, ..., 2,),
the k-th elementary symmetric function of the z;. Let ch(E)y, € H*(X;Q) be the degree

2k part of ch(F), which is a homogeneous polynomial of zy,...,z, of degree k. It is a
symmetric polynomial, i.e., invariant under permuting the variables ;. Then according to
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the fundamental theorem of symmetric polynomials ch(E)s can be expressed as a polynomial
of o1,...,0,, ie.,
Ch<L1 @"'@Ln)% = P]?(O'l,...,an).

Here the polynomial P} is independent of the line bundles L; at hand. For example,
T T 1 2 1 2
et +e? :1—|—Z‘1+§I1+"'+1—|—])2+§I2+...

1

1
:2—{—0'14‘(50'%—0'2)4‘...

Here the last equality follows from o2 = (21 +2)* = 22 + 23 + 22179 = (2% + 23) + 205. This

shows that 1

P}=2 Pl=o P§=§a$—ag.
Definition 3.61. Let £ — X be a complex vector bundle over X with Chern classes
c(E) € H*(X). Then the Chern character ch(E) € H®(X;Q) is the cohomology class

whose degree 2k part ch(E)y € H*(X;Q) is given by
Ch(E)2k = PgL(Cl(E)? te 7Cn(E))
By construction of the Chern character, it is clear that it has the desired properties (1)
and (2). For future reference, we state this as a lemma.

Lemma 3.62. The Chern character of a complex vector bundle E — X is an element
ch(FE) € HY(X;Q), which has the properties

ch(E & F) = ch(E) + ch(F) ch(E ® F) = ch(E) ch(F)
for complex vector bundles E, F' over X.
Remark 3.63. If E=L; & ---® L, is a sum of line bundles L;, then by construction
ch(E) =e" 4 - +e™ for x; = c1(L;)
Motivated by the equation
(14+x) - 14z,) =c(L1 @D Ly,) = c(E),

the classes z; € H*(X) are often referred to as Chern roots of E. This terminology is used
even in cases where F does not split as a sum of line bundles: in that case, the splitting
principle guarantees that a pullback of E via some map f: Y — X splits as a sum of line
bundles, and hence the Chern roots of E' don’t live in the cohomology of X, but rather
the cohomology of Y. The injectivity of the induced homomorphism f*: H*(X) — H*(Y)
guarantees that this is good enough for calculations in cohomology. In particular, since the
properties (1) and (2) of the Chern character hold by construction for sum of line bundles,
by the splitting principle they hold in general.
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3.6 Comparing Orientations in K-theory and ordinary cohomol-

ogy
We recall that for a compact topological space X the elements of the K-theory group K (X)
are of the form [E] — [F] where E, F are complex vector bundles over X (see Definition

3.31)). Let
ch: K(X)— HY(X;Q) be defined by [ET] — [E7] = ch(ET) —ch(E™).

The additive property ch(E @& F') = ch(E) + ch(F') of the Chern character guarantees that
the above map is a well-defined homomorphism. The multiplicative property ch(E @ F') =
ch(£) Uch(F) implies that the Chern Character is a ring homomorphism, with the product
in K-theory given by the tensor product of vector bundles, and the product in cohomology
given by the cup product.

We recall that we constructed K-theory orientations (also known as K-theory Thom
classes) for suitable vector bundles V' — X. In fact, we mentioned two different K-theory
orientations:

(i) f V. — X is a complex vector bundle of (complex) dimension n, we constructed a
K-theory orientation UX (V) € K.(V), see Definition [3.41}

(i) if V — X is a real vector bundle of real dimension 2n with spin structure, there is a
K-theory orientation UX (V') € K (V). This orientation we have so far only constructed
for n = 1, i.e., if V is a complex line bundle with spin structure, see Definition [5.16]
The general construction will be done later.

The goal of this section is compare the images of our K-theory orientations UL (V'), UK (V)
under the Chern character map with the usual orientation class U# (V) € H*(V;Z) in
ordinary cohomology. We will first do this in the case where the vector bundle V is a
complex line bundle; later we will deal with the general case.

Proposition 3.64. Let 7: V — X be a complex line bundle over a compact space X, and
let x = ¢ (V) € H*(X;Z) be the first Chern class of V. Then

1.
ch(UE (V) =U" (V) U w*( ;6 ) € H'(V;Q) (3.65)
2. If V is equipped with a spin structure, then
ch(UX (V) =U"(V) U =¥ (—%) c HY(V;Q) (3.66)
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Before delving into the proof, we start with some general remarks. Both sides of the
equation above are compatible with pullback in the sense that for a map f: Y — X both
sides of the above equation for the bundle f*V are pullbacks of the corresponding side for
the bundle V. In particular, if equation holds for V, then it also holds for f*V

The complex line bundle V' — X is the pullback of the tautological line bundle v — CP*°
via some map X — CP*>. Alas, we don’t want to work directly with CP*> due to its non-
compacness. Fortunately, since X is compact, this map in factors in the form

x L cpt — s Cp>

for some sufficiently large k. Hence it suffices to prove the proposition in the case of the
tautological line bundle v — CP*.
The proof of the proposition is further simplified by the following result.

Lemma 3.67. Let w: v — CP* be the tautological complex line bundle and let i: CP* — v
be the zero section. Then the induced map in cohomology i*: H'(v;Z) — H*(CP*;Z) is
injective in degree x < 2k + 2.

Exercise 3.68. Prove this lemma. Hints:

e as discussed earlier this semester, the compactly supported cohomology H} (V') of a
vector bundle V' — X over a compact base X can be identified with the reduced
cohomology H*(X"V) of the Thom space X". Moreover, ifi: X < V and j: X — XV

are given by the inclusion of the zero section, then the diagram

H* (V) —2— H*(X)

el

H*(X V
is commutative.

e Show that the Thom space (CP*)” of the tautological bundle v — CP* is homeomorphic
to CP**! such that the diagram

H*((CPk)7) SN H*(CP*)

*| /

H* ( Pk—i—l

is commutative, where ¢: CP* — CP**! is the inclusion map.
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Hence to prove Proposition [5.17 it suffices to calculate the image of both side under the
map ¢*.

Remark 3.69. Let V — X be a vector bundle and U¥ € E*(V) an E-theory orientation
of V. Then the cohomology class x := i*Uf is referred to as E-theory Fuler class of V. Tt
is an obstruction to the existence of a nowhere vanishing section s of the vector bundle V.
In other words, if such a section exists, then i*U¥ is trivial. This is evident, since the zero
section ¢ is homotopic to the section s, and hence *U¥ = s*U{?. By scaling, the section s
can be modified such that its image is disjoint from the compact support of U and hence
i*UE = 0.

Exercise 3.70. 1. Show that for the tautological complex line bundle v — CP* its Euler
class X7 (y) = i*U*(vy) € H?*(CP*;Z) in ordinary cohomology is given by i*U*(v) =
c1(7y). Use the second hint for the previous exercise.

2. More generally, show that for any complex vector bundle V' — X of dimension n
the Euler class of V' is equal to the n-th Chern class ¢, (V) € H**(X;Z). Hint: The
orientation U* is exponential in the sense that for oriented vector bundles V', W over
X

UR(VeWw)=U"(V)uUR(W) e H}(V o W). (3.71)

Here we suppress the projection maps from V@& W to V resp. W in the notation. Show
the statement assuming at first that V' is a sum of complex line bundles, then use the
splitting principle to deal with the general case.

Proof of Proposition[5.17. We recall from Definition that for the complex vector bundle
7: V — X over a compact space X the K-theory orientation UX (V) € K.(X) is given by
the Hermitian triple of the form a: 7*A*(V') — 7*A*(V'), where A*(V) is the exterior algebra
bundle generated by the vector bundle V', and 7*A*(V) is its pullback via the projection map
m: V — X. This implies that *(7*A*(V)), the restriction of 7*A*(V') to the zero section
X — V is the Z/2-graded vector bundle A*V. Over the compact base space X the vector
bundle map a becomes irrelevant, and so the K-theory element i*UX (V) € K(X) is just
given by the formal difference of the even and the odd part of the exterior algebra bundle:

FUE (V) = AV — AV € K(X).

In particular, if V is a line bundle, then AV = A%V = C is the trivial line bundle, and
Ay = AWV = V. Now we specialize to V = v — CP* and set x := ¢;(7y). Then

i*(ch UE (7)) = ch(i"UE (7)) = ch(C = 7) = ch(C) —ch(y) =1 — D) =1 —¢*
Since by Exercise W(l) *Ul" = ¢1(7) = z, it follows that

1—e¢"

X

eﬂ?

1; = (UH(V) U w*(l_xex))

(UK (7)) = U

_ x77H
—zU7 U
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Since ¢* is injective, this implies ch(UZ (7)) = U(y) U = (1=%), thus proving the first
part of the Proposition.

The second part of the proposition is proved similarly, but some care is needed due to
the fact that the tautological line bundle v — CP* does not have a spin structure. We recall
from Definition that a spin structure on a line bundle V' amounts to a “square root”
of V, i.e., a complex line bundle L and an isomorphism [: L®? = V. In particular, this
implies that ¢; (V) = ¢;(L®?) = 2¢;(L) must be divisible by 2; this is not the case for the
tautological line bundle v for which ¢;(y) € H2(CP*;Z) is a generator.

Let f: X — CP* be a map that classifies the line bundle L — X in the sense that f*y
is isomorphic to L. Then f*y®? is isomorphic to V, and hence it suffices to prove part (2)
for the spin bundle V = 4®2? with square root V1/2 = ~. Setting z := ¢,(V), we have

alV)=z a (VY% =z/2 a(VVh = —x/2.
It follows that
i* ch(UK(V)) =ch(i*UX(V)) = ch(V~Y2 = V%) = ch(V~1/2) — ch(VV/?)

_eea (VTR (V) /2 /2 —9sinh(z/2)

=i (UH(V) U (_—Si“};%/ 2) ))

Since ¢* is injective, this implies

_ sinh(z/2)

ch(UK(V) =U"(V) U w*< )2

) e

as claimed. n

3.6.1 Exponential characteristic classes

The main result so far is Proposition m which compares the orientations ch(UZ (V)),
ch(UX(V)) and U#(V) for complex line bundle. The goal of this subsection is to do the
same for more general vector bundles V. In the literature this often goes under the name
multiplicative sequences (see for example that section in the excellent book Characteristic
Classes by Milnor and Stasheff), but I don’t like that terminology since I find it not very
descriptive.

As motivation, let us first calculate ch(UX(V)) in the special case where V is a sum of
complex line bundles V = L; & --- & L,,. The K-theory orientation UX is ezponential in the
sense that for complex vector bundles V', W over a compact space X we have

UE(VaeW)=UV)2UEW) e K. (VaWw). (3.72)
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It follows that for z; := ¢;(L;)

ch(UZ (V) =ch (UE (L1) @ - @ U (L))
=ch(Ug (L1)) -+ - ch(U (L))

_ (UH(Ll) U (1;16» (UH(Ln) U (i:)) (3.73)

] —en 1 — e
:UH(V)Uyr*< S )

T Tn

Here the last line follows from the exponential property of the orientation U in ordinary
cohomology. Now we can argue as we did in the case of the Chern Character in section
that the second factor of the right hand side can be expressed in terms of the Chern classes
of the complex vector bundle V.

Definition/Construction 3.74. Let ¢(z) = 1 + a1x + axx® + ... be a power series with
coefficients in a ring R. Then q determines an associated exponential characteristic class
T,(V) € H¥(X;R) for complex vector bundles V- — X with the following properties:

normalization: IfV is a complex line bundle, then T,(V) = q(c1(V)) € H¥(X; R).
naturality: For any map f:Y — X, T,(f*V) = f*T,(V).
exponential property: T,(V & W) =T,(V)T,(W) for complex vector bundles V., W.

Again, the argument used to construct the exponential characteristic class T, (V) is en-
tirely similar to the construction of the Chern Character of a complex vector bundle (despite
the fact that the Chern Character is not exponential, but rather additive in the sense that
ch(V & W) = ch(V) + ch(W)!). First assume that V' is a sum of complex line bundles
V=L& - &L, and let z; := ¢;(L;). Then
Since the degree 2k-component T,(V )y, € H?*(X;R) is a polynomial of the z; which is
symmetric under permutation of the z;, the class T,(V )a is a polynomial of the elementary
symmetric functions o;(x1,...,2,). Since o;(xq,...,x,) = ¢;(V), this can then be used as
the definition of T, (V) of a general complex vector bundle V.

Example 3.75. (Examples of exponential characteristic classes). Let V' — X be a
complex vector bundle. Then the following characteristic classes are examples of exponential
exponential characteristic classes:

1. The Todd class Td(V) :=T,(V) € H*(X;Q) associated to ¢(x) =

l—e— 27
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2. The A-roof class A\(V) =T,(V) € HY(X; Q) associated to q(x) = sinﬁ(/j/zy

3. The L-class L(V) :=T,(V) € H*(X; Q) associated to ¢(z) =

_x
tanh(x) *

Proposition 3.76. Let V' be a complex vector bundle of dimension k over a compact space
X. Then

1. ch(UE(WV)) =UHE (V) u 7 ((=1)*Td(V)).
2. If V has a spin structure, then ch(UX(V)) = U2 (V) U 7 ((=1)FA(V)™Y).

Proof. If V is a sum complex line bundles V = L; & --- & L and let x; = ¢;(L;) € H*(X).
Then the calculation (3.73]) shows that

The general case follows by applying the splitting principle.

The statement concerning the Chern character of the orientation class UX (V') for com-
plex vector bundles with spin structure follows similarly. If V' is a line bundle, part (2) of
Proposition shows that

ch(UK(V)) =U"(V) U 7*(=A(V)™).

The exponential property of the orientions U K UM as well as the exponential property for
the exponential characteristic class A(V') then implies the statement in the case where V' is
a sum of line bundles. By the splitting principle the statement holds for any complex vector
bundle V. O]

3.7 Characteristic classes for real vector bundles

In the last section we showed that for a k-dimensional complex vector bundle 7: V' — X
with spin structure the Chern character of the K-theory orientation UX (V) € K (V) is given
by

ch(US(V) =U"(V) U (=17 A(V)~,

where A(V)) € H*(X; Q) is the A-class of V. Back when we first mentioned the orientation
class UX(V) we emphasized that it can be constructed for even dimensional real vector
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bundles with spin structure. This leads to the question of how to extend the definition of the
characteristic class A(V') from complex bundles to real vector bundles such that the above
equation holds.

More generally, we can ask whether the exponential characteristic class T;,(V') associated
to a power series q(z) € R[[z]] (see Definition/Construction can be extended from
complex vector bundles V' to real vector bundles. More formally, we can consider 7, as the
map from Vect®(X), the isomorphism classes of complex vector bundles over X to H*(X; R),
and we ask whether this map factors through VectR(X ), the set of isomorphism classes of
real vector bundles over X. In other words, we ask whether there is a map TéR (which is

natural in X, i.e., compatible with pullbacks) making the following diagram commutative.

Vect®(X) oL > Vect™(X)

S e (3.77)

H®(X;R)

Here ( )g is the map that sends a complex vector bundle V' to the real vector bundle Vg
obtained by forgetting the complex structure on the fibers V., just regarding them as real
vector spaces.

Proposition 3.78. Let q(x) = 1+ a1z +asz*+- - € R[[z]] be a power series with coefficients
in a ring R. Assume that 2 € R is invertible in R (R = Q is the case we will be most
interested in). Then there is a unique map TéR making the diagram commutative if
and only if q(x) is an even power series, i.e., the odd coefficients ag;iy1 vanish. Moreover,
for q(z) even the map T} (and hence also T,) has values in H*(X; R) =[]0 H¥(X; R).

In Example we mentioned three exponential characteristic classes T, (V') defined for
complex vector bundles V', namely the Todd class Td(V) (for ¢(z) = == ), the A-class
E(V) (for q(x) = %), and the L-class L(V) (for ¢(z) = 7niy- Lhe last two power
series are even, which implies that the corresponding exponential characteristic classes can
be defined for real vector bundles.

For reference purposes, we state this explicitly.
Definition 3.79. Let V — X be a real vector bundle. Then the

A-class E(V) =T, (V) € H*(X;Q) is the exponential characteristic class determined by
x/2

the even power series ¢(z) = Smh(z/2) € Q[[z]], and

L-class L(V) := T(V) € H"*(X;Q) is the exponential characteristic class determined by

the even power series ¢(r) = —— € Q[[]].

In particular, now we can conclude:
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Proposition 3.80. Let w: V — X be real vector bundle of dimension n = 2k equipped with
a spin structure, and let UK (V) € K.(V) be the K-theory orientation. Then

ch(UK(V)) = U"(V) U (=D)Fa*(A(V)7).

The Thom isomorphism in K-theory (resp. cohomology) is given by multiplication by the
K-theory orientation UX (resp. cohomology orientation U). Hence the interplay between
these orientations via the Chern character expressed by the previous result allows us to
express how the Chern character interacts with the Thom isomorphisms.

Corollary 3.81. For m: V — X as above, the following diagram is commutative.

K *
K(X) Y s Ko(V)
chl lch
—1DRAV)-1 U UHWV) U n*
H*(X;Q)(L’H*(X;Q) W ()HZ(V;@)

Proof. Let E — X be a complex vector bundle and let [E] € K(X) the element it represents
in K(X). Then

where the second equation is a consequence of the proposition. It is evident that chasing [E] €
K(X) along the other path in the diagram (first down to H*(X;Q) and then horizontally
to H*(V;Q)) we obtain the same element. O

The rest of this section is devoted to the proof of Proposition It is easy to see that
the requirement that ¢(z) is an even power series is a necessary condition for 7, to factor in
the form . We prove this now. Then we introduce characteristic classes for real vector
bundles known a Pontryagin classes and use them to construct T(;R.

Let v — CP* be the tautological complex line bundle and ¥ — CP* its complex
conjugate bundle. These two bundles are equal as real vector bundles, and hence assuming
that T, factors through T}%, then T,(L) = T;*(Lg) = Ty (Lg) = T,(L). But by construction
of T, (see Definition/Construction [3.74)), the exponential characteristic class T, for the line
bundles v, 7 is given by evaluating ¢ on their first Chern classes. Let x = c¢i(7); then
¢1(7) = —z and hence

T,(v) = q(x) € H*(CP*;Q) = Q[[z]]  and  T4(7) = q(—x).
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It follows that ¢(—z) = q(z), i.e., the power series ¢(x) is even.

The basic idea for obtaining characteristic classes for a real vector bundle V' — X is to
take the Chern classes of the complexfication Ve =V ®g C of V. This is the complex vector
bundle whose fiber (), over a point € X is the complexification (V;)c¢ := (Vi) ®gr C of
the fiber V,, (which is a real vector space). We observe that the complex conjugate bundle
Ve is isomorphic to Vg; the isomorphism

Ve — Ve is given by VRr 22— U Rp Z.

Lemma 3.82. Let W — X be a complex vector bundle. Then the k-th Chern class of
the conjugate bundle W is given by cp,(W) = (=1)kci,(W) € H?**(X;Z). In particular, if
W = Vg, then 2¢,(W) =0 € H*(X;Z) for k odd.

Proof. If W is a complex line bundle, then W is isomorphic to the dual bundle W* (via the
choice of a hermitian metric on W), and hence ¢, (W) = ¢;(W*) = —c,(W). If W is a direct
sum of complex line bundles W = Ly & - - - & L,, with x; := ¢;(L;), then the total Chern class

of W is given by

c(W)=c(Ly® - @®L,)=c(Ly) - c(L,)=(1—m)-- (1 —1,)
It follows that

(W) = op(—x1,...,—x,) = (=) op(21, ..., 2,) = (=1)Fcr (W),

where the second equality follows from the fact that the elementary symmetric polynomial
or(xq,...,xy,) is a homogeneous polynomial of degree k in the variables ;. O

Definition 3.83. Let V' — X be areal vector bundle of dimension n. Then the characteristic
class p;(V) := (=1)'cy;(Ve) € H¥(X;Z) is the i-th Pontryagin class of V. This implies
po(V) =1 € H°X;Z) and p;(V) = 0 for 2 > n from the corresponding properties of the
Chern classes. The total Pontryagin class p(V') is defined by

p(V)=1+p(V)+p(V) +--- € H*(X;Z).

The sign (—1)" in the definition of p;(V') is motivated by a more pleasant formula for the
first Pontryagin class p;(Lg) € H*(X;Z) of a complex line bundle L — X in terms of its
first Chern class ¢;(L) € H*(X;Z). Here Lg is the complex line bundle L considered as a
real vector bundle of dimension 2. More precisely and generally, if W — X is a complex
vector bundle of dimension n, we can forget the complex structure on the fibers W, and can
regard W as real vector bundle of dimension 2n, which we denote by Wg.

Exercise 3.84. Show that the complexification (Wg)c is isomorphic to W & W.
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Let L be a complex line bundle and let x := ¢1(L) be its first Chern class. Then
c((Lr)c) =c(L® L) =c(L)e(L) = (1+2)(1 —2) =1 — 2%
This implies p;(Lg) = —c1((Lr)c) = 2 and p(Lg) = 1 + 2.
Exercise 3.85. Let V7, V5 be real vector bundles over X. Show that
p(Vi & Va) = p(V1)p(Vz) modulo 2-torsion

Let V' be a real vector bundle of the form V = (L1)g @ - - - & (L,,)r where L; are complex
line bundles. Let x; := ¢;1(L;). Then

p(V) =p((L1)r @ - -+ & (Ln)r) = p((L1)r) - - P((Ln)r)
=(1+23)---(1+23)=1+0,+00+ 40, € H*(X;7Z)
where = stands for equality modulo 2-torsion, and o; = o;(2?, ..., x2) is the i-th elementary

symmetric function. It follows that for V.= (L1)g @ -+ ® (L, )r

Proof of Proposition[3.78 Let q(x) = 1+ a1x + aox® + ... be an even power series with
coefficients in a ring R with 2 € R*. Our goal is to construct the characteristic class
T;(V) € H*(X;R) for real vector bundles V making the diagram commutative. In
other words, it should have the property that for any complex vector bundle W we have the
equality
T,(W) =T, (Wg).

Let us use reverse engineering to find a formula for T, (Wg) in terms of the Pontryagin classes
of Wg. First assume that W = L is a line bundle with ¢;(L) = x. Then

T,(L) = q(ci(L)) = q(z) = 1 + apa® + agx* + - - - = r(a?),
where r(x) € R[[z]] is the power series
r(z) =14 agx + agx® + . . ..

This shows that for real vector bundles of the form Lg for a complex line bundle L, we can
express T,(L) in terms of z* = p;(Lg), the first Pontryagin class of the real vector bundle
Lr. Hence for real vector bundles of the form Ly, we define

TF(LR) = r(p1(Lr)).
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More generally, if W is the sum W = L; @& --- & L,, of complex line bundles L; with
c1(L;) = x; € H*(X;Z), then
T, (W) = T, ((Ly)w) - - T, (La)r) = r(2i) - - - r(2).

q n

To define T}}(V) for a general real vector bundle V, we proceed as in the construction of
the Chern character in Definition [3.61 The component (r(22)---7(22))s € H*(X; R) of
r(z3)---r(z?) of degree 4k is a polynomial of z? which is invariant under permuting the .
Hence by the fundamental theorem of symmetric functions,

(r(z1) - r(27))ax = Qi(ou, ..., o),

where Q7 is a polynomial of the elementary symmetric functions o; = o;(2%,...,22) of the

variables #?. By equation (3.86) and our assumption that 2 is invertible in the ring R, we
have .
oi(a?, .. a2) = pi(V) € HY(X; R).

This suggests to define for any real vector bundle V/
(T3 (V))aw = Qi (pr(V), ..., pa(V)) € H*(X; R),
which generalizes what we have done above for real vector bundles of the form

V=L @ Ly

3.8 Relating the umkehr maps in K-theory and cohomology
Theorem 3.87. Let X be a closed n-manifold, n even, with a spin structure. Let
p: K(X)— K(pt) =2

be the umkehr map in K-theory, and let E — X be a complex vector bundle and [E] € K(X)
the class represented by E. Then

p([E) = (A(TX) U ch(E), [X]),

where A(TX) € H*(X:Q) is the A-class of the tangent bundle TX (see , ch(FE) €
H®(X;Q) is the Chern character of E (see , and the right hand side above is the
evaluation of the cup product of the classes on the fundamental class [X]| € H,(X;Z).

We recall that at the beginning of section |3| we stated two versions of the Index Theorem
for twisted Dirac operators Dy on a closed spin manifold X of dimension n = 2k
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K-theory version: index(D}) = (—1)*n([F]) € K(pt) = Z, where p;: K(X) — K(pt) is
the umkehr map in K-theory for spin manifolds;

Cohomology version: index(D};) = (A(TX) U ch(E), [X])

The K-theory formulation is the slick, abstract formulation good for generalizations and
the proof of the index theorem, the cohomological formulation is well-adapted to explicit
calculations. So the tremendous amount of time we spend to talk about characteristic
classes and the Chern character is well-spent, since it provides the necessary toolbox for
many explicit calculations. In particular, the theorem above shows that the K-theory version
of the Index Theorem is equivalent to its cohomological formulation.

Proof of Theorem[3.87 Let X — R"™* be the imbedding of X into Euclidean space with k
even. Let 7V — X be the k-dimensional normal bundle of this embedding, let i: V — R**
be the embedding of the total space of V as a tubular neighborhood of X C R"**. Consider
the following commutative diagram.

K(X) y K (V) —2— K (R «—= K(pt)

J Jo Jo Jo

D AT U VW U0, ek (v, Q) —s HAHR™) «=— H*(pt; Q)

H(X;Q) —— H*(X;Q)\_/

pf=( ,[X])

The top row is the definition of the umkehr map pff in K-theory: the composition of the
Thom isomorphism for the normal bundle V' — X, followed by the map 4, induced on
K-theory with compact support by the proper embedding i: V — R"**_ followed by the
(inverse of the) suspension isomorphism. Similarly, the composition of the last three maps
in the bottom row is the umkehr map pf in ordinary cohomology, which alternatively can
be described as ( ,[X]), i.e, as evaluation on the fundamental class [X] € H,(X;Z). The
vertical maps are given by the Chern character and the commutativity of the right two
squares is evident. The commutativity of the left part of this diagram is the statement of

Corollary n
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4 Calculations with characteristic classes

4.1 Hirzebruch’s Signature Theorem

Let X be a closed oriented manifold of dimension n = 2¢ with ¢ even. We recall from section

that
Iy: Hin(X) x Hig(X) — R givenby ([}, [5]) = / an B
X

is a non-degenerate symmetric bilinear form. The signature of X sign(X) is defined to be
the signature of this symmetric bilinear form, i.e.,

sign(X) = dim H: — dim H,

where H _‘L, H' C Hfg are complementary subspace such that the form Ix is positive definite
on H fr and negative definite on H°.

Theorem 4.1. (Hirzebruch’s Signature Theorem). Let X be a closed oriented manifold
of dimension n = 0 mod 4. Then the signature of X is equal to L(X) the L-genus of X,
defined by

L(X) = (L(TX), [X]).

Here L(TX) = T (TX) € H"(X;Q) is the exponential characteristic class associated to

the power series q(x) = —— (which makes sense for the real vector bundles like TX since

q(z) is an even power series; see Pmpositz’on and Definition .

We would like to emphasize the different flavors of both sides of the equation

sign(X) = L(X).

e The signature of X is an integer by construction, while L(X) = (L(TX),[X]) is a
priori only a rational number, since the construction of the L-class L(T'X) involves
denominators (coming from the fact that the coefficients of the power series —5— are
rational), and hence its evaluation on the fundamental class [X] € H,(X;Z) can at
first only expected to be in Q.

e The signature of X depends only on the homotopy type of the n-manifold X (plus
a choice of the generator of H,(X;Z) = Z). By contrast, the construction of L(X)
involves the tangent bundle of T'X, i.e., it a priori depends on the smooth structure of

X.

Proposition 4.2. The signature sign(X) of oriented closed manifolds of dimension divisible
by 4 has the following properties:
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1. sign(X 1Y) = sign(X) +sign(Y'), where X 1Y is the disjoint union of the manifolds
X, Y of the same dimension.

2. sign(X x Y) = sign(X) - sign(Y).
3. If X is the boundary of an oriented manifold W, then sign(X) = 0.

For the proof of these properties of the signature, it will be useful to have a good criterium
for the vanishing of the signature of a non-degenerate symmetric bilinear form.

I:VxV —R
on a finite dimensional real vector space V.

Definition 4.3. Let I: V x V — R be a non-degenerate symmetric bilinear form on a
finite dimensional real vector space V.

1. A subspace L C V is isotropic if I(¢,¢") =0 for all ¢,¢' € L. Equivalently, if
LcLt={veV ]Il =0foralllcL}.

2. A subspace L C V is Lagrangian if L = L*.

Proposition 4.4. Let I: V xV — R and J: W x W — R be non-degenerate symmetric
bilinear forms.

1. sign(Vao W, 1@ J) =sign(V,I)+ sign(W, J).

2. sign(V W, I® J)=sign(V,I)-sign(W, J)

3. Let I:'V xV — R be a non-degenerate symmetric bilinear form. If L C V s La-

grangian, then sign(l) = 0.

The proof of this lemma is left to the reader.
Proof of Proposition [4.4. The property sign(X1IIY") = sign(X)-+sign(Y") follows from Lemma
5.40(1).

To prove the multiplicative property sign(X x Y) = sign(X)-sign(Y’), we need to analyze
the cup product pairing on the middle dimensional cohomology of the product X x Y.

For dim X = 2k and dimY = 2¢ with k,¢ even, we decompose the middle dimensional
cohomology H := H**(X x Y) (working with coefficients in R throughout) as follows:

HHYX xY)> @ H'(X)e H(Y)

itj=k-+e
:Hk<X) ® HZ(y) @ @ HZ(X) ® ch+€—i(y> D @ Hz(X) ® HkJrffi(Y)
‘U’ 0<i<k k<i<2k

~~ ~\~
\%4 w
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Let Ixwy = I: H x H — R be the cup product pairing. We note that for u € U the pairing
I(u,v) vanishes if v € V or v € W; if u = u; ®@ up with u; € H¥(X), uy € HYY), and
v =1 ® vy with v; € H(X), v € HFH=(Y), then

I{u,v) = (uUv, [X X Y]) = (ug Uvy, [X]) - (ug Uwg, [Y]) =0,

since the cohomology class u; Uv; € H*(X) is in degree k + i < 2k = dim X. For v € W
the class u; Uy is in degree > 2k and hence again I(u,v) = 0. This shows that (H, I) splits
as a direct sum
(H,1) = (U ly) & (Ve W lvew),

and hence sign(H,I) = sign(U, jy) + sign(V @ W, Iygw). It should be emphasized that
(V@& W, Iyaw) does not split as a direct sum of V and W equipped with the restriction
of the form I, since the pairing I(v,w) for v € V, w € W is typically non-zero. Rather,
we note that for v = v; @ vy € V and v/ = v} ® v), € V the pairing I(v,v’) vanishes
(again since v; Uv] € H*(X) are in degree < 0). In fact, V is a Lagrangian subspace of
(V@& W, Iyew), since if w belongs to V- C V @ W, then Poincaré duality implies that the
W-component of w must be trivial, i.e., w € V. By part (3) of Lemma this implies that
sign(V & W, Iygw) = 0, and hence

sign(X x Y) =sign(H,I) = sign(U, Ijy) + sign(V & W, Iygw)
=sign(U, I;y) = sign(H"(X) @ H(Y), Ix ® Iy)
=sign(H*(X), Ix) - sign(H*(Y), Iy’) = sign(X) - sign(Y))
Here the second to last equation follows from part (2) of Lemma [5.40}

To prove the third part, suppose the 2k-manifold X is the boundary of an oriented
2k 4 1-manifold W. Consider the following commutative diagram, known as Poincaré-
Lefschetz duality whose rows are the portion of the long exact (co)homology sequence of the
pair (W, X)), and whose top vertical isomorphisms are the Poincaré duality isomorphisms
and whose bottom vertical isomorphisms come from the universal coefficient theorem.

HF(W;R) » H*(X;R) —2— H*(W, X;R)
Hit(W, X:R) —2 5 H(X;R) —* % H,(W;R)
Hom(H* (W, X),R) Hom(H"*(X),R) Hom(H*(W),R)

Unwinding the definitions, we can check that the compositions of the vertical isomorphisms
are given by the appropriate non-degenerate cup product pairings:

Ix: H*(X;R) x H*(X;R) — R (a, ) = (U, [X])
Iy« HY(W:R) x H*"{(W, X;R) — R (8,7) = (BU, [W,0W])



4 CALCULATIONS WITH CHARACTERISTIC CLASSES 73

Moreover, these pairings are related by
(*BUa,[X]) = (BUSQ),[V,0W])) o€ HYX:R), 3 € H(W;R).

We claim that L := im(i*) is a Lagrangian subspace of H*(X;R) which by part (3) of Lemma

then implies sign(X) = 0.
So let i*3,1*3" € L. Then

Ix(i*B,0*p) = (FpuUdp, [X]) = (BUIE*S), [W,0W]) =0
shows that L is isotropic. To show that L is Lagrangian, let a € L*, i.e.,
0=Ix(i*"B,a) = (*BUa, [W,0W]) = (BU (), [W,0W])  for all B € H*(W;R).

By the vertical isomorphisms on the right side, this implies 6(«) = 0 which by the exactness
of the top sequence implies that « is in the image of ¢*, i.e., it belongs to L. O

Proposition 4.5. Let q(z) = 1 + asz® + agz* + - -+ € R|[[z]] be an even power series with
coefficients in a ring R with 2 € R*. For a closed oriented manifold [X], let T,(X) € R be
the T,-genus of X, defined by

T,(X) = (T,(I'X), [ X]) € R.
The T,-genus has the following properties:
1 T,(XHOY)=T,(X)+T,Y)
2. T,(X xY)=T,(X) -T,(Y)
3. If X = OW for a compact oriented manifold W, then T,(X) = 0.
Exercise 4.6. Prove this proposition.

Definition 4.7. Let X, Y be closed oriented n-manifolds. They are bordant if there is an
oriented (n + 1)-manifold W whose boundary W is diffeomorphism to the disjoint union
X IIY as oriented manifold. Here the orientation on W induces an orientation on OW, and
Y denotes the manifold Y, but equipped with the opposite orientation. Let €2, be the set of
bordism classes of closed oriented n-manifolds.

Disjoint union of n-manifolds gives €2, the structure of an abelian group, called the
oriented bordism group of dimension n. The unit of €2, is represented by the empty set, and

the inverse of the bordism class [X] € €2, of a closed oriented n-manifold X is given by [X].
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Older source often use “cobordant” rather than “bordant”, and refer to €2,, as “cobordism
group”. Since bordism groups lead in a natural way to a homology rather than a cohomology
theory, the “bordism” terminology has become more prevalent.

The cartesian product of manifolds gives a bilinear map

QX Q= Qg defined by ([X],[Y]) — [X x Y].

In other words, the cartesian product gives

Q, = éﬁn

the structure of a Z-graded ring. Then Proposition [4.5] implies.
Corollary 4.8. The map L: Q, — Q defined by [X] — L(X) is a ring homomorphism.

Similarly, we want to say that proposition implies that assigning to a closed oriented
n-manifold X its signature sign(X) € Z gives a ring homomorphism from €, to Z. This
is not clear at this point, since so far we have defined the signature of a closed oriented
manifold X only for manifolds of dimension n = 0 mod 4. Now we extend this definition
to oriented closed n-manifolds for any n by declaring sign(X) = 0if n # 0 mod 4.

Corollary 4.9. The map sign: Q, — Z defined by [X| — sign(X) is a ring homomorphism.

It should be pointed out that this result is not a corollary of proposition alone. That
proposition does not exclude the possibility that there are manifolds X, Y of dimension # 0
mod 4 such that X x Y has dimension =0 mod 4 and sign(X x Y) # 0. It turns out that
this is not possible as we will argue below.

The proof of Hirzebruch’s signature theorem is based on the calculation of €2, ® Q due
to Thom.

Theorem 4.10. (Thom). The rational oriented bordism ring Q. ®z Q is equal to the
polynomial algebra Q[[CP?], [CPY],. .., [CP?"],...] generated by the bordism classes [CP?"] €
Qo of even dimensional complex projective spaces.

Remark 4.11. The proof to this important result is based on the Pontryagin-Thom iso-
morphism

Q, = m, MSO

which expresses the oriented bordism groups as the homotopy groups of the Thom spectrum
MSO (which is a special case of a statement expressing very general bordism groups as
homotopy groups of associated Thom spectra). The k-th space MSOy in the spectrum MSO
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is the Thom space of the universal oriented vector bundle V* — BSO(k) of dimension k; the
universality of V¥ means that the map

[X,BSOy] — {vector bundles over X of dimension k}/isomorphism

which sends a map f: X — BSO,, to the pullback bundle f*V* — X is a bijection. In more
elementary terms, the Pontryagin-Thom construction yields an isomorphism

Q, 2= lim BSO(k)"",

where BSO(k)V" is the Thom space of V¥ — BSO(k).
Then the calculation of €, ®7 Q then boils down to calculating the rational homology
groups of BSO = J, BSO(k) thanks to the isomorphisms

02, ®Q =71, MSO®Q = H,(MSO; Q) = H.(BSO; Q)
the last which is the Thom isomorphism.

We note that Theorem [4.10] in particular implies that €2, is a torsion group for n #
0 mod 4, since all the generators of 2, ® Q have degree = 0 mod 4. This implies that
sign: 2, — Z is in fact a ring homomorphism as claimed in Corollary [4.9]

To show that sign(X) = L(X) for all oriented closed manifolds, we will now view sign
and L as ring homomorphisms from the oriented bordism ring €2, ® Q to Q, and hence it
suffices to show that sign(X) = L(X) for X = CP?", the generators of the ring Q, ® Q.
Hence the Hirzebruch signature theorem follows from the following explicit calculations of
the signature and the L-genus for complex projective spaces.

Lemma 4.12. sign(CP") =1 for n even.

Proof. We recall that the cohomology ring of CP" is given by H*(CP";Z) = Z[x]/(z" 1),
where z € H?(CP";Z) and (x" ') is the ideal generated by z"~!. As generator z we will
choose the first Chern class of v*, the dual of the tautological line bundle. We claim that
(z™,[CP"]) = 1, where [CP"| € H,,(CP";Z) is the fundamental class of CP" determined by
the orientation of CIP" as a complex manifold.

To prove this, we use the fact that for a complex manifold X of complex dimension n its
Euler characteristic x(X) is given by

X(X) = (en(TX), [X]).

We recall from ({3.52)) that
TCPeC=y"d--- B, (4.13)
—_———

n+1
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which implies
c(TCP") = (1+2)"*"  and hence  ¢,(TX) = (n+ 1)a"

On the other hand, xy(CP") = n + 1 and hence (2", [X]) = 1 as claimed.

For n = 2£ the middle dimensional cohomology group H"(CP") is generated by z¢, and
since (zf U 2%, [CP"]) = 1, it follows that the cup product pairing on H"(CP") is positive
definite, and hence sign(CP") = 1. O

1 forn even

Lemma 4.14. L(CP") =
0 formn odd

Proof. To compute L(CP") = (L(TCP"), [CP"]) € Q, we recall that L = T is the exponen-
tial characteristic class for real vector bundles associated to the power series q(z) = ——.
Due to (3.52)) we have

L(TCP") = @’y et = q(:z:)”“:( < )n+1

tanh z
n+1
Then
€T n+1
L(CP™) = ) pr
(CP") <<tanh$ - [CP"])
€T n+1
=coeflicient of 2" in ( )
tanh x

1 n+1
=residue at 0 of .
tanh z

1 1 n+1
L(CP") = —
(CP) 2m1 ?{ (tanhx)

where the contour integral is taken over a small circle with center the origin of the complex
z-line. Substituting z = tanh 2 and using dz = (1 — tanh® z)dr = (1 — 2?)dx, this integral
can be simplified to

By the residue theorem

1 dz 1 1+22+z4+...d
B z
2mi J (1 —22)zn+l 27 Zntl
— coefficient of 2" in 1+ 2%+ 24+ ...

B {1 for n even

0 for n odd
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4.2 The topology of the Kummer surface
The Kummer surface is defined by

K= {[20722722723] S C]P3 | Zg + Zil + Z;l -+ Zg = O}

It is easy to check that this a smooth complex hypersurface of the complex projective space
CP3. Hence it is a closed complex manifold of complex dimension 2 and real dimension 4.
Our goal here is to completely determine the (co)homology groups of K and in particular to
compute the intersection form of K. Many of the techniques we use can be applied to much
more general situations, and so where appropriate, we make more general statements than
necessary to analyze K.

Definition 4.15. Let f(zo,...,z,11) be a homogeneous polynomial of degree d. Then

X(f) = {[Z(], R ’ZnJrk] S (C]Perl | f(Zo, e 7Zn+1> = 0}

is hyperplane of degree d. If X(f) is smooth, then it is a closed complex manifold of complex
dimension n.

Theorem 4.16. (Lefschetz hyperplane theorem). For a smooth hyperplane X the
embedding i: X — C"" is an n-equivalence, i.e.,

Uyt ;X — ﬂjCIP’”+1 1s an 1somorphism for j < n and surjective for j + n.

There are different approaches to prove this. Appealing to topologists might be the proof
by Bott using Morse theory.

Now let us explore what the Lefschetz hyperplane theorem implies for the homology
groups of the hyperplane X. First off, the fact that i: X — CP""! is an n-equivalence
implies that

iv: Hj(X;Z) — H,;(CP"*': 7Z) is an isomorphism for j < n and surjective for j + n.

It follows that
Z 0<j<n,jeven

H.(X:Z) = .
(X 2) {0 0<j<mn,jodd

Next, we determine the homology groups H;(X;Z) for j > n by using Poincaré duality and
the universal coefficient theorem to obtain the isomorphisms

H;(X;7)~ H*(X;Z) ¥ Hom(Ha, ;(X;Z),Z).

We note that the term Ext(Ha,—;_1(X;Z),Z) in the universal coefficient theorem vanishes
since the homology groups of X below the middle dimension n are either Z or 0.
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Finally, we look at the middle dimensional homology group H,,(X;Z):
H,(X;Z) = H"(X;Z) = Hom(H,(X;Z),Z) ® Ext(H,_,(X; Z), Z).

Here the first isomorphism is Poincaré duality and the second isomorphism comes from the
universal coefficient theorem. The latter is usually formulated as a short exact sequence,
which splits (not naturally), thus leading to the isomorphism above. Since H,,_1(X;Z) is Z
or 0 by our considerations above, the Ext-term vanishes. So we conclude

H,(X:7) = Hom(H,(X;Z), 7).

In particular, H,(X;Z) is a finitely generated free Z-module, i.e., isomorphic to a direct
sum of copies of Z (but the Lefschetz theorem does give no information about the rank of
H,(X;7Z)).

Summarizing our discussion of the homology groups of the hyperplane X — CP"*! we

have:
Z 0<j3<2n,jeven,j#n

H{(X;Z)=4Z" j=n . (4.17)

0  otherwise

Specializing to the Kummer surface K C CP? we obtain

7 =04
H(K;Z)=!7" j=2 . (4.18)

0  otherwise

Besides the Lefschetz hyperplane theorem we will need the following fact to evaluate
cohomology classes on the fundamental class [X] € Hy,(X;Z). Let v — CP"™* be the
tautological line bundle and ~* its dual. Let z := c;(v*) € H?*(CP"**;Z) the first Chern
class of v* and y := i*x € H?(X;Z) its pullback to the hyperplane X. Then

(v*, [X]) = d, (4.19)

where d is the degree of the hyperplane X = X(f), i.e., the degree of the homogeneous
polynomial f whose zero locus is X.

Question: What is the rank of the middle dimensional homology group H, (X;Z)?

The idea is to look at the Euler characteristic of X. By the calculations of the homology

groups of X above
2n

X(X) = 1kH;(X;Z) = n + 1kH,(X; Z).

J=0
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On the other hand, the Euler characteristic can be calculated in terms of the Euler class
xA(TX) € H*™(X;Z), which for the complex vector bundle TX agrees with the the n-th
Chern class ¢,(TX). Hence

X(X) = ((TX), [X]) = {ea(TX), [X]).

In order to calculate ¢,(TX) we need to understand the tangent bundle 7X. Since X is a
submanifold of CP"*!, we have the vector bundle isomorphism

TX ®v(X < CP"") = TCP[{,
where v(X — CP"!) is the normal bundle of X in CP"*!. Previously we have determined
the tangent bundle of CP"*! (in terms of v*, the dual of the tautological line bundle). So
our next goal is to determine the normal bundle v(X — CP"*1).

We note that the homogenous polynomial f is not a function on CP**!, but it can be
interpreted as a section sy of (y*)®¢:

sp: CP"HE — (49)%d,
If L € CP" ie., L C C"?2is a 1-dimensional complex subspace, then
s7(L) € (3)%" = (L*)*" = Hom(L®", C)
is given by

sp(L): L¥ — C 2R Rz = f(2) for 2 = (20,...,2041) € L C C"2
d

We note that the assumption that f(z) is homogeneous of degree d implies that the map
2®---®z — f(2)is a complex linear map, i.e., an element of (7} )®%.

This means that the hypersurface X (f) can be interpreted as the vanishing locus of the
section s;: CP"1 — (*)®4, The assumption of f implying that X (f) is smooth translates
into requiring sy to be transversal to the zero section. This implies the vector bundle
isomorphism

p(X(f) = CP™1) = (y)30

leading to

We recall from (3.52) that
TCPH oC=y o-- -0
—_———

n+2
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Putting these isomorphisms together, we have

TX(floi()*™ e C2i*(v" @ - ®vY). (4.20)

Specializing to the Kummer surface with of complex dimension n = 2 and degree d = 4 we
obtain

TKQi*(Y)* o C2i*(v @ - O ). (4.21)
4

This bundle equation allows us to calculate the total Chern class of the tangent bundle T'K
in terms of the total Chern class of the line i*y* with ¢;(i*y*) = y € H*(K;Z). Using the
exponential property of the total Chern class we obtain

o(TK) =c(i™ ) e(i*(v")*) ™
=(1+y)*(1+4y)~
=(1 +4y + 6y°)(1 — 4y + 16y°)
=1+ 6y°

(4.22)

In particular, ¢o(TK) = 6 and hence by
X(K) = (eo(TK), [K]) = (6y°, [K]) = 6(y* [K]) = 24.
From the calculation of the homology groups of K it follows that
X(K) =1kHo(K) + rkHy(K) + rkHy(K) = 2 + rkHy (K),

and hence rkHy(K) = 22.
Question: What is the signature of K7

By the signature theorem, it suffices to calculate the L-class L(T'K). We recall that L(V)
is the exponential characteristic class T;R(V) for a real vector bundles associated to the even
power series

x 1
= =1+_2"+...
a(r) tanh x +3x *
In particular from the bundle isomorphism (4.21)),
% . 1 1 B
L(TE) =L(y) L (7)) = (1 + 39) (1 + 5 (49)*) ™
4 16 4 16
— 1 - 2 1 - 2\—1 — 1 - 2 1 - 2
A+ y) A+ 5y)7 =0+ 2y)0 = 5y
12

=1 — = =1 —4y?
5 Y Y
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Hence
sign(K) = (—4y*, [K]) = —4(y* [K]) = —16

Question: What is the intersection form Iy on H*(K;Z) = 7**?

Definition 4.23. A lattice is a free Z-module A equipped with a symmetric bilinear form
I:AXA—7Z.
The lattice (A, ) is
o unimodular if the map
A — Hom(A, Z) given by A= (N = I\ N))

is an isomorphism. Equivalently, (A, I) is unimodular if and only if for a basis {e; }1<i<n
of A then the associated n x n matrix I(e;, e;) has determinant +1.

o cvenif I(\, \) € 27Z for all A € A; otherwise it is odd.

e positive definite (resp. negative definite) if (A, ) > 0 for all 0 # A € A (resp. (A, \) <
0forall 0 # X € A). If (A, I) is not (positive or negative) definite, then it is indefinite.

Example 4.24. (Examples of unimodular lattices).

1. The integers Z with the form I(m,n) := m - n. This is unimodular, positive definite
and odd.

2. The hyperbolic form H = (Z?,I) with matrix (9 }). This form is unimodular and even
(since its diagonal entries are even). It is indefinite since I(e; + e, e + e3) = 2 and
I(e; —eg, 61 — €9) = —2.

3. The form Eg = (Z®, I) with matrix

I ) 2 for i =7
€i,€5) = . . . . .
! #{edges connecting vertices v;, v; in the graph Eg} for i # j

This form is unimodular, even and positive definite.

U1 (%) U3 V4 Us Ve U7

o

The graph FEjy
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Theorem 4.25. Let (A, 1) be an indefinite unimodular lattice of rank m + n and signature
m —n (i.e., on the real vector space A @ R the associated R-valued symmetric bilinear form
is positive (resp. negative) definite on a subspace of dimension m (resp. n).
1. If (A1) is odd, then (A1) =2&--- ®L & -2 &--- P —L
a,_/ (. ~ ~

m n

2. If (A, I) is even, then m —n = £8k for k € Ny, and

Es®--- P FEg form —n =8k, k € Ny
—_—
(A7I): §
—Es®---®—Fg form—n= -8k keNg
e

In particular, any indefinite unimodular lattice is determined by its rank, signature and type
(i.e., even or odd).

For the lattice (H?(K;Z), Ix) we have already calculated its rank to be 22 and its sig-
nature to be —16. Below we will argue that Ik is even. Using the classification of indefinite
unimodular lattices we then obtain the main result of this section.

Theorem 4.26. The intersection form Ik of the Kummer surface is isomorphic to —FEg @
—Es ®3H.

Proposition 4.27. Let X be a closed oriented manifold of dimension 2k. Let U,V C X
be oriented submanifolds of dimension k, and let u,v € H*(X) be the cohomology classes
Poincaré dual to the homology classes i [U),iY [V] € Hy(X). Here [U) € Hi(U) is the

* ) Tk

fundamental class of U, and i¥: Hy(U) — Hy(X) is the homomorphism induced by the
inclusion map iy: U — X; and similarly for V.

1. If U and V intersect transversally, then Ix(u,v) is the number of intersection points,
counted with signs.

2. If v — U 1is the normal bundle of U C X, and s: U — v s a section transverse to the
zero section, then Ix(u,u) is the number of zeroes of s, counted with signs.

3. I(“? u) = <XH(V)> [UD

Any u € H?*(K) is Poincaré dual to iY[U] € H?*(K) for a codimension 2 oriented subman-
ifold U C K. This can be seen by using the fact that any 2-dimensional cohomology class w is
of the form u = f*x for some map f: K — CP" and z the generator of H?(CP*) = Z. Then
making f smooth and transversal to CP"~! C CP" then produces the oriented submanifold
U := f~Y(CP" ') with the desired properties.
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Let v — U be the normal bundle of U C K, which inherits an orientation, and hence we
can regards it as complex line bundle. The same remark applies to the tangent bundle TU.
The bundle equation

TU v =TKy

then implies that ¢(TU)c(v) = if;c(TK) and hence
Aa(TU)+ a1 (v) =ijc1(TK) =0

by our calculation (£.22)) of the total Chern class of TK. By Proposition [£.27] (3) it follows
that

I(u,u) = (X" (v), [U]) = (a(v), [U]) = —{2(TUV), [U]) = =(x"(TU), [U]) = —x(U)

Since the Euler characteristic of a Riemann surface is even, this implies that the intersection
form Iy of the Kummer surface is even as claimed.

4.3 Exotic 7-spheres

The strategy for constructing exotic 7-spheres, that is, smooth manifolds > that are home-
omorphic, but not diffeomorphic to the 7-sphere S7, is as follows.

e Construct a smooth 8-manifold W and show that its boundary ¥ := 0W is homeo-
morphic to S”.

e Show that Y is not diffeomorphic to S using proof by contradiction: If ¥ were diffeo-
morphic to S7, we could construct a closed smooth 8-manifold

X:WUS7D8

by attaching an 8-disk to the boundary OW. This leads to a contradiction by contem-
plating the L-genus L(X) and the A-genus A(X).

Warmup Construction. Let D(T'S*) be the disk bundle of the tangent bundle of S*. This
is an 8-manifold whose boundary is the unit tangent bundle (aka sphere bundle) S(T'S*).
Restricted to a disk D* C S* the vector bundle T'S* can be trivialized, which allows us to
identify the disk bundle D(T'S*) restricted to D* C S* with the product D* x D*. Here
the points (z,0) € D* x D* correspond to points in the zero section of T'S*, and (x,y) is a
point in the fiber T,,S*. Let i: D* x D* < D(T'S*) be the inclusion map. Tt is illustrated in
the picture below, where the diskbundle D(T'S*) is drawn as a band with the zero section
represented by the red circle (so the picture in an honest representation of the disk bundle of
the 1-dimensional vector bundle 7'S'). The blue line represents the fiber of the disk bundle
over the origin of the disk D* C S%, and the darker square is the disk bundle restricted to
D*, which is diffeomorphic to D* x D*.
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D(TS%)

D* x D*

A

Let W be the smooth 8-manifold with boundary constructed by gluing two copies of D(T'S%)
by identifying a point i(x,y) in the first copy of D(T'S?*) with the point i(y, ) in the second
copy of D(T'S*). In other words, W is constructed as pushout in the diagram

D* x D* —— D(TS%)

jl l (4.28)

D(TSY) ——— W

where j: D* x D* — D(TS*) is given by (x,y) — i(y,z). Strictly speaking, the manifold
W has corners, consisting of the subset

S? x 8% c D* x D* ¢ D(TS*)

(note that via gluing the two copies of D(T'S%), this subspace of the first copy of D(T'S?) is
identified with this subspace in the second copy).

Here is an illustration of the situation. We note that the fiber over the origin of the disk
in the first copy of D(T'S*) (drawn as a blue line) corresponds in W to the zero section of
the second copy of S(T'S?) restricted to the disk D* C S* and vice versa.
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D* x D*

B

D(TS%) D(TS")

Construction of W as a pushout

Proposition 4.29. 1. The smooth 8-manifold W is homotopy equivalent to the wedge
S4\/ S4; its intersection form is given by the matriz

(i 2)

2. The boundary OW 1is a simply connected smooth manifold with homology groups

A fork=0,7
Hy(OW)=(7Z/3 fork=3

0 otherwise
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Proof. Let S* € D(TS*) be the zero section. The two copies of S* inside W (shown as
red resp. blue circle in the picture above) intersect in one point. In other words, S* v S*
embeds into W such that its image is the union of these two 4-spheres. We claim that
Stv 8% C W is a deformation retract of W; that deformation is literally given by collapsing
the disk bundles in radial direction to the zero section (a little care is needed to write down
the correct deformation of D* x D* into the subspace D* x {0} U {0} x D?).

It follows that Hy(W) = Hy(S* Vv S§%) = Z? has a basis {ej, ez}, where e; resp. ey is
the homology class represented by the zero sections of the two copies of T'S* used in our
construction of W. From the construction of W and the geometric interpretation of the
intersection pairing given by Proposition [4.27] it is easy to see that the intersection form for
this basis is given by the matrix

2 1
(i 2)

Here the diagonal entry 2 comes from the fact that the normal bundle v of S* — T'S* is the
tangent bundle of S* and hence

@), [87) = (TS, [81) = x(8%) = 2.

To show that the boundary W is simply connected, we note that 0W is a deformation
retract of W\ (S* v S*). Explicitly, for a point w € W\ (S* Vv S*) the deformation path
connecting w with a point in W is given as follows. For w = (z,y) € D* x D*\ (D* x {0} U
{0} x D%), take the straight line connecting it with (z/||z||,y/|ly||) € S x S (S?x S® C OW
are the original corner points of W; smoothing the corners does not change the underlying
topological space). For a point w in one of the copies of D(T'S*)\ S*, but away from (D*x D*)
the path starting at w goes radially outward until it reaches the unit sphere bundle S(T'S%).

Let v: S1 — OW be a based loop. Since W ~ S*V 8% is simply connected, v extends
to a map I': D* — W. By a small deformation this is homotopic (as a map of pairs
(D%, SY) — (W,0W)) to a smooth map, which after another small deformation can be
assumed to be transversal to both submanifolds S* C W (given by the zero sections of
the two copies of D(T'S*)). Since dim D? 4+ dimS* < dim W, there are no transversal
intersection points, and hence I' maps D? to W\ (S* v S%). Since OW is a deformation
retract of W\ (S*V S%), this map is then homotopic (without changing it on S C D?), to
a map D? — OW. This shows that OW is simply connected.

To calculate the homology groups of OW we will first determine the homology groups
of W and (W,0W) and then use the long exact homology sequence of the pair (W,0W).
Since W is homotopy equivalent to S* v S*, the homology groups of W are trivial except
Ho(W) 2 Z and Hy (W) = Z*. By Poincaré duality and universal coefficient theorem we
obtain

7 =
Hy(W,0W) = H*™(W) = Hom(Hy_,(W), Z) = {22 ! i
q =
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Now we consider the long exact homology sequence of the pair (W,0M):
— Ho1 (W) — Hypt(W,0W) 2 Hy(0W) — H,(W) — Hy(W,0W) —

This implies that H,(OW) = Z for ¢ = 0,7 and H,(0W) = 0 for ¢ # 0, 3,4, 7. The interesting
portion of this sequence is:

\ l (4.30)
Hom(H4(W),Z)

The nice feature here is that the map Hy(W) — Hy(W,0W) in that sequence turns out
to be the intersection form Iy, on the manifold W after we use Poincaré duality and the
universal coefficient theorem to identify H,(W,0W) and Hom(H4(W),Z). Exercise: prove
this. It follows that

Hy(OW) = ker Iy H3(0W) = coker Iy, (4.31)

The map Iy : Hy(W) — Hom(H, (W), Z) with respect to the basis {ey, es} for Hy(W) con-
structed above and the dual basis for Hom(H, (W), Z) is given by the matrix (2 1) as proved
in part (1) of the proposition. Since the determinant of this matrix is 3, the map Iy is
injective with cokernel Z/3, which implies H,(OW) = 0 and H3(0W) = Z/3 as claimed. O

Proposition shows that OW has rationally the homology groups of S7, but not
integrally. In particular, W is not homeomorphic to S7. We observe that by the
origin for the failure of OW to be a homology sphere is the failure of the intersection form
Iy to be unimodular. So the idea is to tweak the construction above in order to produce an
8-manifold W with boundary whose intersection pairing Iy is unimodular.

The construction above is known as plumbing construction. We note that the graph

*r—

U1 (%

can be thought of as blueprint for the construction above by taking for each vertex a copy of
the disk bundle D(T'S*) and interpret the edge as the prescription to glue those two copies
in the way we did above. We further note that the same graph determines the matrix of
the intersection form of the manifold W thus produced by the recipe of Example m (i.e.,
I(e;,e;) =2 and I(e;,e;) is the number of edges connecting the vertices v; and v;).

This suggests to start with a general graph I" and use it as a “blue print” to construct
an associated smooth 8-manifold with boundary W(I') in the following way:

e Take the disjoint union ][, D(T'S*); of copies of the disk bundle D(T'S*), one for each
vertex v; of the graph I';
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o let W(I') be the quotient of this disjoint union modulo the equivalence relation ~
generated by the edges of I' as follows. For each edge connecting v; and v; choose
embeddings D* x D* ¢ D(T'S%),, for k = i and k = j given by choosing a disk D* in
the base space S* and trivializing the disk bundle over these (the images of all these
embeddings are chosen to be mutually disjoint). Then declare the point

(z,y) € D* x D* ¢ D(TS*); to be equivalent to (y,x) € D* x D* € D(TS*);.

In our “warm-up” example, for the graph this gives the manifold W (4.28)) con-

Vg ?
structed above. For the Fg-graph

U1 V2 U3 V4 Us Vg U7

Eg -
Ug

the manifold W = W (Ey) is shown in the following picture.

N\

Figure 1: The manifold W (Ejg) constructed via plumbing from the graph FEg

In the picture each of the grey annuli represent one of the 8 copies of the disk bundle D(T'S%),
and the red circles in the center of each annulus depict the zero section S* C D(ST?). As in
the previous example, the union of the 8 copies of S* is a deformation retract of the manifold
W, and hence W is homotopy equivalent to a wedge S* V - .-V 8% of eight copies of S*. In
particular,

Z q=20
Q(W) =78 q= 4

0 q+#0,4
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and a basis {e; }i—1, g of Hy(W) is given by the images of the fundamental class [S}] € Hy (W)
under the homomorphism Hy(S?!) — H,(W) induced by the inclusion maps S} — W,
i=1,...,8 of the eight copies of S* C D(T'S%).

It is straightforward to calculate the intersection form Iy (e;,e;). As discussed in the
warmup example, the self-intersection number Iy (e;,e;) = 0 for i = 1,...,8, and the inter-
section number Iy (e;, €;) for i # j is the number of intersection points between S} C W and
S;-L C W. From the construction of W is it clear that for each edge in the graph Eg connecting
vertices v; and v;, the corresponding gluing of D* x D* C D(T'S*); and D* x D* C D(T'S%);
results in an additional intersection point between the zero sections S;' and Sj (look at the
intersections of the red central circles in the pictures!). In other words, Iy (e;,e;) is the
number of edges connecting v; and v;. Arguing as in the warmup example we then obtain
the following results.

Proposition 4.32. 1. The manifold W (Es) is a smooth simply connected 8-manifold with
boundary, which is homotopy equivalent to a wedge of 8 copies of S* and its intersection

form Iy gy is equal to the lattice I(Eg) determined by the graph Eg (seel|4.24|(3)).

2. The boundary OW (Es) is a simply connected smooth 7-manifold which is a homology
7-sphere, i.e., its homology groups are isomorphic to those of S7.

Exercise 4.33. For a general graph I', what is the homotopy type of W(I')? What is the
intersection form of W (I')? What conditions on I" guarantee that its boundary is a simply
connected homology sphere? Hint: which properties of I' guarantee that W(I') is simply
connected?

Definition 4.34. A homotopy sphere of dimension n is a closed smooth n-manifold which
is homotopy equivalent to S™.

Lemma 4.35. Any simply connected homology n-sphere is a homotopy sphere.

Proof. Let ¥ be a homology n-sphere. Then the lowest degree non-trivial homology group
of ¥ is H,(X) = Z. Since ¥ is simply connected, the Hurewicz theorem implies that the
lowest degree non-trivial homotopy group of ¥ is 7, (X) = H,(X) = Z. Let f: S™ — X be
a basepoint preserving map that represents a generator of m,(X). Then the induced map
f« on homology groups is an isomorphism. Since f is a map between simply connected
spaces, the Hurewicz theorem implies that then also the induced map on homotopy groups
is an isomorphism. Since manifolds can be given a CW structure, e.g., by Morse theory, the
Whitehead theorem then implies that f: S™ — ¥ is in fact a homotopy equivalence. O

It turns out that in dimension n > 5 any homotopy sphere is homeomorphic to S™. This
is a corollary of the h-cobordism theorem due to Smale. Let W be a bordism between smooth
n-manifolds M and N, i.e., the boundary of W is the disjoint union of M and N. A simple
example of a bordism is the product bordism W = M x I which is a bordism between M and
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itself. An obvious property of the product bordism is that the inclusion maps M — W of
either copy of M into W is a homotopy equivalence. More generally, any bordism W between
M and N is called an h-cobordism if both inclusion maps i: M — W and iV: N — W
are homotopy equivalences. As a slogan we could say that a cobordism is an h-cobordism if
it looks homotopically (that’s what the h stands for) like a product cobordism.

Theorem 4.36. (h-cobordism theorem; Smale). Let W be an h-cobordism between
manifolds M and N which are simply connected and of dimension n > 5. Then W is
diffeomorphic to the product bordism M x [0,1]. More precisely, there is a diffeomorphism

F:Mx[0,1] — W

whose restriction to M x {0} is the identity on M, and whose restriction to M x {1} is some
diffeomorphism f: M — N.

The dimension restriction n > 5 is crucial, while the assumption that M, N are simply
connected can be relaxed: there is a more result known as the s-cobordism theorem without
the simply connectivity assumption on M, N, but assuming that the maps i : M «— W
and iV: N — W are simple homotopy equivalences which means that they are homotopy
equivalences, but in addition their torsion, an element in the Whitehead group Wh() of the
fundamental of these manifolds, vanishes.

Corollary 4.37. If 3 is a homotopy sphere of dimension n > 6, then Y is homeomorphic
to S™.

Proof. Let D! C X, 4 = 1,2 two disjoint disks in X, and let W be the manifold with boundary
obtained by removing the interiors of these disks. Then the boundary of W consists of two
copies of S™!; in other words, W is a bordism from S" ! to S"~!. This is in fact an
h-cobordism (proof: exercise!). Then the h-cobordism theorem gives a diffeomorphism

[N N ¢

which on the boundary OW = S™ ! II S"~! restricts to the identity of the first copy of S"~!
and to some diffeomorphism f: S"* — S"~! on the second copy. This shows

Y =D} Ug W Uig Dy 22 D} Ugq (S"1 x [0,1]) U DYy = D™ Uy D"

Dn

This shows that every homotopy sphere of dimension n > 6 is diffeomorphic to the manifold
D™ Uy D™ obtained by gluing two disks via a diffeomorphism f: S"~! — S™"~! of their
boundaries. So it suffices to produce a homomorphism

G: S" = D" Uy D" —s D" Uy D"
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We take G to be the identity on the first disk; restricted to the second disk we let
G: D" — D" be defined by  G(tv) :=tf(v) forte[0,1],v € S" !

Note that this is a continuous bijection and hence a homeomorphism (since its domain is
compact and its codomain is Hausdorff), but it is not smooth (the differential at the origin
of the second disk is the problem). ]

Definition 4.38. Let ©,, be the set of oriented homotopy n-spheres up to h-cobordism.
In other words, the elements of ©,, are equivalence classes of oriented homotopy n-spheres,
where we declare oriented homotopy n-spheres X, ¥/ to be equivalent if there is an oriented
h-cobordism between them.

The connected sum of oriented homotopy n-spheres gives ©,, the structure of an abelian
group. The unit element given by the standard n-sphere S™, and the inverse of an oriented
homotopy n-sphere ¥ is given by 3, which is the homotopy n-sphere ¥ equipped with the
opposite orientation.

The h-cobordism theorem implies that for n > 5 two oriented homotopy n-spheres ¥, >’
represent the same element in ©,, if and only if there is an orientation preserving diffeomor-
phism between them. So for n > 5, the group ©,, can alternatively be interpreted as the
group of oriented homotopy n-spheres up to oriented diffeomorphisms.

Next we want to understand the oriented homotopy sphere 9W?®(Ey). In particular, what
can we say about the order of [OW?®(Ey)] € ©7

Theorem 4.39. The element [OW8(Fg)] € O generates a subgroup of ©7 whose order is a
multiple of 28.

__ The main tool in the proof of this result will be calculations of the L-genus and the
A-genus of certain closed 8-manifolds. For that calculation it will be necessary to have
explicit formulas for the associated characteristic classes L(V'), A(V') of a real vector bundle
V in term of the Pontryagin classes of V.

Proposition 4.40. Let V' — X be a real vector bundle. Then the L-class L(V') and the
A-class A(V) are elements in H*(X;Q) which are polynomials in the Pontryagin classes
pi = pi(V) € HYX;Z). In degree < 8, these are given explicitly by

1 1
L(V) :1+§p1+4—5(7p2—pf)+...
1 (4.41)

1
p1+ (—4py + 7p%) + ...

27.32.5
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Corollary 4.42. If X s a closed oriented manifold of dimension 4, then

L(X) = 3 (m(TX), [X])
A(X) =~ (n(TX),[X))

If X is a closed oriented manifold of dimension 8, then

L(X) = 4= (Tm(TX) ~ (T X), [X])
A(X) = gy (4(TX) + TA(TX), X)),

Proof. Let TF(V) € H*(X;Q) be the exponential characteristic class for real vector bundles
V' associated to an even power series

q(r) = 14 agz® + agz® + - -+ € Q[[]].

Then if Ly, Ly are complex line bundles over X with first Chern class x; € H*(X;Z) and
first Pontyagin class y; := 27 € H*(X;Z), then

TqR(Lz) :1+a2$12—|—a4x§—|—:1+a2yl+a4y22+
Hence by the exponential property

T (L1 @ La) =(1+ agyn + agyi + ... )(1 + asyz + agys + ...)
=1+ as (1 + y2) +a5 y1ys +as (Y7 +y3) + ...
~—— ~~ ——

o1 02 a'f —202

Here o; = o(y1,y2) are the elementary symmetric polynomials of y; = p;i(L1), which are
equal to the Pontyagin class p;(L; & Ly) € H*(X;Z). Hence

T;R([q © Ly) = 1+ agpr + ((ag — 2a4)p2 + CL4P%) +...

In particular, for the L-class,

T 1 1
= =14+ -2 - —z*+.. ..
a(2) tanh z +3I 45ac +
and hence
1 1 2 1
LiVy=1+4 = e )y — —p2 ..
(V) +3p1+(9 45)1)2 45p1—|—

— 14 it Ly
LT AT SR
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Similarly, the A-class is associated to the even power series

x/2 1, 7 4
L N .y U S—
17 Sinh(z/2) " Tt
and hence
~ 1 1 2.7 7
AV)y=1-— . S S
V) 24p1+(26.32 27.32~5)p?+27-32-5ler
1 1
1 b (—dpy + TP £

Before proving theorem let us prove the following simpler statement.
Proposition 4.43. The homotopy sphere OW (Eg) is not diffeomorphic to S”.

Proof. Let W := W (Eg) and assume that W is diffeomorphic to S7. Let X := W Ugr D®
be the closed smooth 8-manifold obtained by gluing W and D? along their boundaries. In
order to calculate the L-genus L(X) in terms of the Pontryagin classes of T'X, we first show
p(TX)=0.

Since the inclusion i: W < X induces an isomorphism on H*, and *T'X is isomorphic
to TW (via the differential of the embedding ), it suffices to show p;(TW) = 0. Since W is
a homotopy equivalent to a wedge of 8 copies of S4, is suffices to show that the restriction
of TW to each of these eight spheres S* C W is stably trivial. This follows from the vector
bundle isomorphisms

TWigs 2 TS* @ v(S* = W) =TS & TS,

where v(S* < W) is the normal bundle of S* in W, which by construction is isomorphic to
TS%.

Due to the vanishing of p(TX), the formula for the L-genus L(X) of Corollary
simplifies to L(X) = 7/45(po(TX),[X]). Using Hirzebruch’s signature theorem we then
obtain

7/45(pa(TX), [X]) = L(X) = sign(X) — sign(W (E)) = .

This is the desired contradiction since evaluating po(TX) € H*(X;Z) on the fundamental
class [X] € Hy(X;Z) results in an integer (po(TX), [X]), but the above equation claims that
integer to be %. O]

The stronger statement about the order of the element of ©7 represented by the homotopy
sphere ¥ = OW (Eg) will be proved in a similar way. It relies on the fact that the connected
sum of k-copies of ¥ is the boundary of a manifold W that can be manufactured from k&
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copies of W(FEg). More generally, if M = 0V and N = OW are manifolds of the same
dimension n, then the connected sum M#N is the boundary of a manifold VW (called the
boundary connected sum of V' and W) manufactured from V and W.

We recall that some care is need when defining the connected sum M# N of two n-manifolds.
The reason is that the connected sum construction involves the choice of embeddings of discs
D" — M and D" — N. If M is connected and non-orientable, there is only one such em-
bedding up to isotopy, but if M is oriented, there are two such embeddings up to isotopy,
one of which is orientation preserving, and the other orientation reversing.

Similarly, the details of the construction of VW depend on orientability assumptions.
Since we will be only interested in oriented manifolds, we define Vgl only in that case.

Definition 4.44. Let V and W be oriented manifolds of dimension n + 1 with non-empty;,
connected boundaries. Let

iV (D™ x (—¢,0], D" x {0}) — (V,9V)

and
iV (D" x [1,14¢€),D" x {1}) < (V,0V)

be orientation preserving embeddings (these are maps of pair; e.g., 7 is an embedding of
D" x (—e¢,0] into V', whose restriction to D™ x {0} is an embedding of D" x {0} into 9V).
Let VW be the quotient space

(VIID" x (—e,14+€)ITW) /) ~,

where the equivalence relation ~ identifies a point (z,t) € D" x (—¢,1+¢) with iV (x,t) € V
for t € (—e¢,0] and with ¢V (z,t) € W for t € [1,1 +€). After smoothing the corners, VW is
a smooth oriented manifold of dimension n + 1 called the boundary connected sum of V' and
W. Its boundary is

O(VEW) = oV #OW

the connected sum of 9V and OW.
Example 4.45. (Examples of boundary connected sums).

1. Here is a picture of the boundary connected sum VW of (n + 1)-manifolds V' and W
for n = 1. The darker shaded areas are those pieces of the strip D" x (—¢, 1+ €) where
it is glued with V' resp. W. We are cheating here slightly in that the boundaries of V'
and W in this example are not connected. Ideally, instead of drawing W as annulus, I
would love to draw 7"\ lo)Z, a torus T" with an open disk removed, but that is too hard
to draw. Similarly, use your imagination to remove the two interior boundary circles
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of V' by gluing a copy of T"\ D? into each of these holes. By this move, V' becomes a
surface of genus 2 with one boundary circle.

D™ x (—¢, 0] D" x [1,1+¢€)
Q Q D™ x (—6, 1 +€) Q
W

v

2. Let 3, be a surface of genus g. The standard picture of ¥, in R? shows that 3, is a
boundary of a compact 3-manifold W, whose interior is the bounded component of the
complement of 3, in R?. Then the boundary connected sum W4, is diffeomorphic
to Wy with boundary Y #>, = ¥ ;. Here is a picture of the boundary connected
sum of the solid torus W; and the solid double torus Wj.

glue glue
= =

D? x [0,1]
W1 W2

i - T

Figure 2: The boundary connected sum W5

Proof of Theorem [[.39. Assume that 3 := OW?(Fy) is an element of order k in O, i.e., the
connected sum #;Y of k copies of ¥ is diffeomorphic to S7. Since #.Y is the boundary OW
of the boundary connected sum

W= Ws(Es)ﬁ L W (Ey)

J/

-

k
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it follows that as before we obtain a closed smooth manifold X := W Ugr D®. There are
isomorphisms

Hy(X) = HY(W) = Hy(W(E)) & - @ Hy(W(Ey)),

k
induced the inclusion maps W < X resp. W(Eg); < W, where W (Eg);, i = 1,...,k is the
i-th copy of W(Eg). This implies that the intersection form on X is the direct sum of k
copies of the intersection form on W (Es) which is the lattice I(Eg) associated to the graph
FEs. In particular,

sign(X) = sign(W) = ksign(W(Es)) = ksign(I(Es)) = 8k.

The argument as in the proof of Proposition shows that the Pontryagin class p; (T X
vanishes, and hence the formula for the L-genus of X (see Cor. [4.42)) simplifies to L(X) =
7/45(p2(TX),[X]). Using Hirzebruch’s signature theorem we then obtain

7/45(po(TX), [X]) = L(X) = sign(X) = 8k.

This implies (p2(TX),[X]) = %35 which shows that k& must be a multiple of 7, since
(p2(TX),[X]) is an integer! (the evaluation of the second Pontryagin class po(TX) €
H®(X;Z) on the fundamental class [X] € Hg(X;Z)).

To obtain the stronger statement that & must be a multiple of 28, we bring the A\—genus
of X into the mix. Thanks to the vanishing of p;(7°X), the A-genus of X can be expressed
solely in terms of (po(T'X), [X]), which in turn can be expressed in terms of L(X) = sign(X).

This results in the following equalities:

~ 1 1 45
AX) = 5535 5 (p(TX), [X]) = ~wogy 7 LX)
1 . 1 k

=5 7Slgm(X) =5 78]{: =3 .-

By the index theorem, ﬁ(X ) is equal to the index of the Dirac operator on X. In particular,
A(X) is an integer, and hence we arrive at a contradiction unless k is a multiple of 28. [

4.3.1 Survey on the group ©, of homotopy n-spheres

The goal of this section is to mention the main results on the groups ©,,, where by results
of Kervaire-Milnor are intimately related to stable homotopy groups of spheres.

Proposition 4.46. (Kervaire-Milnor 1963). Let ¥ be a homotopy n-sphere. Then its
tangent bundle is stably trivial, i.e., there is a vector bundle isomorphism

a: TS o RF =5 R

for some k.
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Definition 4.47. A framing for an n-manifold M is a vector bundle isomorphism

o

a: TM aRF — Rtk

for some k. More precisely, a framing is an equivalence class of such vector bundle isomor-
phisms. The equivalence relation is generated by

e a homotopy between vector bundle isomorphisms «, o/, and

~

e « is equivalent to the isomorphism o @ idg: TM @ R¥ — R
A framed manifold is a pair (M, ) consisting of a manifold M and a framing .
Example 4.48. (Framings of S™).

1. The n-disk D™ has an obvious framing. The standard framing o for S™ is the
framing obtained as boundary of the framed manifold D!, More explicitly, ay is the
composition

TS" @R =TS" @ v(S" < D) = TDrg! = R

Here v(S™ < D™"1) is the normal bundle of S™ in D"*!  which is isomorphic to the
trivial line bundle R by the choice of an outward pointing normal vector field on S
(this is unique up to homotopy).

2. Let f: S® — O(n + k) be a smooth map to the orthogonal group. Let a; be the
new framing of S™ obtained by composing the standard framing oy with the bundle
automorphism of the trivial bundle R™* determined by f. More explicitly, a ¢ is the
composition

ao®idpk—1

TS @ Kk —TS" @ Kl D kal KnJrl D kal _ KnJrk f KnJrk

Here f: S™ x R"*1 —3 §7 x R+ is given by (z,v) — (2, fo(v)), where f, € O(n+k)
is the image of € S™ under f: S™ — O(n + k).

3. The framing oy depends only on the homotopy class [f] € m,(O(n + k)) of f. In fact,
it depends only on the image in m,(0), where O = J, O(k) is the infinite orthogonal
group. Moreover, the map

mn(0O) — {framings of S"} given by [f] = af

Z for n =3 mod 4
is a bijection. We note Bott showed that m,(O) = ¢ Z/2 for n =0,1 mod 4.

0 otherwise
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Let
Jn: m(0) — QF  be defined by  f > [S", ay].

This is a homomorphism known as .JJ-homomorphism in stable homotopy theory.
Let
0, — QF /im J, be the map given by Y= [Xal, (4.49)

where « is some framing on . This map is well-defined and a homomorphism. Its kernel is
denoted by bF, .1, which stands for boundaries of parallelizable (n + 1)-manifolds. Kervaire
and Milnor calculated the kernel and cokernel of the above map up to the Kervaire invariant
which is a homomorphism

K,: QF/im J, — Z/2

for n = 2 mod 4. Like signature of a manifold, which was originally defined only for
manifolds of dimension n = 0 mod 4, and later extended to n-manifolds for any n, we
declare K,, = 0 for n # 2 mod 4.

Theorem 4.50. (Kervaire-Milnor).
1. The sequence

Z/2 n=2 mod4

0 — bP,yy — QF/im J, —2s
0 n#%2 mod4

is an exact sequence (note that there is no claim of surjectivity of K, ).
2. For k > 2 the group bPyy is cyclic of order ay -22*=%. (22k=1 — 1) . Num(4 By /k), where

e a, =1 fork even, ap, = 2 for k odd,

e By is the Bernoulli number (using number theorist conventions) defined via the
Taylor expansion

o Num(4By/k) is the numerator of the rational number 4Bay /k.

3. bP,yq is trivial forn+1 even. Forn+1=2 mod 4 this group is Z/2 if the Kervaire
mwvariant homomorphism K, is trivial; otherwise bP, 1 is trivial.

Remark 4.51. K, is known to be non-trivial for n = 2,6, 14, 30, 62 (note that these numbers
are of the form n = 282 for k = 2, 3,4, 5,6). Browder has shown that K,, = 0 for n # 2¥—2,
and recently, Hill-Hopkins-Ravenel showed K,, = 0 for n = 2% — 2, k > 8.
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5 Dirac operator, the index theorem and applications

Motivated by the dual goal of constructing the Dirac operator on spin manifolds and the
K-theory orientation of spin vector bundles, we introduce Clifford algebras in the first section
and use them to give an algebraic construction of the group Spin(n) and the double
covering Spin(n) — SO(n). In the second section [5.2| we use Clifford algebras to construct
the Dirac operator and the K-theory orientation for spin vector bundles. The Dirac operator
is then used in to show that the index of the Dirac operator on a closed spin manifold X
is an obstruction to the existence of a Riemannian metric with positive scalar curvature. In
section we state the Index Theorem for a general elliptic operator P on a closed manifold
X, which expresses the index of P in terms of principal symbol of P which represents an in
the K-theory group K.(T*X) with compact support. In the last section we outline the
proof of the Index Theorem for Dirac operators.

5.1 Constructions with Clifford algebras
The goal of this section and the next section is twofold:

1. The construction of the spinor bundle S — X and the Dirac operator D: I'(S) — T'(S5)
for an even dimensional spin manifold X.

2. The construction of the K-theory orientation (aka Thom class) UX(V) € K.(V) for
an even dimensional spin vector bundle V' — X.

While these goals might sound very different from each other, they are very closely related
as the following result shows.

Proposition 5.1. Let X be spin manifold of dimension n = 2k and let D: T'(S) — T'(S) be
the Dirac operator on X. Let w: T*X — X be the cotangent bundle, and let

ol S — 78

be the principal symbol of the Dirac operator (a vector bundle morphism which is an isomor-
phism for all 0 # & € T*X, since D 1is elliptic). Then the K-theory class

(%S, 7, 0"] € K (T*X)
represented by the graded Hermitian triple (7*S,7,07) (see Definition s equal to the
orientation class UX(T*X) € K (T*X).
Slogan: The Dirac operator D is the square root of the Laplace operator A.

This is a very imprecise statement since D acts on the sections I'(.S) of the spinor bundle,
and we have not defined what we mean by the Laplace operator acting to I'(S). Moreover,
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this is statement is not true for the operators themselves, but rather for their principle
symbols. In other words, the principal symbol of D? is equal to the principal symbol of the
Laplace operator A® acting on spinors.

Example 5.2. (Dirac and Laplace operators and their principal symbols).

1. Let X be a Riemannian spin manifold of dimension 2k, let S — X be the Z/2-graded
spinor bundle and let V* be the connection on S induced by the Levi-Civita connection
on the tangent bundle T'X. We recall that the Dirac operator is the first order elliptic
operator given by the composition

D:T(S) —Y= I(T*X ® S) —— T(9),
where the Clifford multiplication map c is induced by a vector bundle map
T"X®s—S

which abusing notation we again denote by c¢. The principal symbol O'€D € End(S,) of
D for £ € Ty X is given by

O'gD = 7;65,
where c¢¢: S, — S, is given by v — ¢(§ ® v). The square D? of the Dirac operator is a
second order elliptic differential operator whose principal symbol is then

oD = 2
2. Let X be a Riemannian manifold and let £ — X be a complex vector bundle equipped
with a Hermitian metric and a metric connection V. Then

V:T'(E) - T(T" X ® F) and its adjoint Ve T(T"X ® E) — T'(E)
are both first order differential operators. The composition
AP D(E) Y= T(T*"X ® E) Y I'(E)

is then a second order differential operator called the (rough or Bochner) Laplacian
on E. If E is the trivial line bundle, A¥ is the usual Laplace operator on functions
on X (but it is not equal to the Laplace-Beltrami operator on Q*(X) for k > 0!). Its
principal symbol is given by

B 2

= [I¢11%;

more precisely, for £ € T X, it is the endomorphlsrn of E, given by multiplication by
|£]?. In particular, aEA is an isomorphism for £ # 0, and hence the Laplace operator
AF is elliptic.



5 DIRAC OPERATOR, THE INDEX THEOREM AND APPLICATIONS 101

This shows that for £ € T X the endomorphism ¢; € End(S,) should have the property
c; = —||¢|[*; this would guarantee that the principal symbol of the Dirac operator D is the
square root of the principal symbol of A®. So we will do some reverse engineering to produce
the Clifford multiplication map c: T; X ® S, — S,.

Observation. Let V' be the real inner product space V = T X, and let M be the Z/2-graded
vector space M := S,. Then M is a module over the tensor algebra T'(V) := @, V®* by
defining the action

T(V)®M —M by &® Q&Y e ...ce .

Moreover, the relation ¢ = —|[|¢][* for £ € V implies that M is a module over the quotient
algebra of T'(V) modulo the ideal generated by ¢ ® & + ||€]]%.

Definition 5.3. Let V be a real vector space equipped with a symmetric bilinear form
q: VxV — R. Then the Clifford algebra C{(V,q) is the quotient of the tensor algebra T'(V)
modulo the ideal generated by v ® v+ ¢q(v,v). This is a Z/2-graded algebra, with the grading
induced from the Z-grading on the tensor algebra T'(V).

We note that for ¢ = 0, the Clifford algebra C¢(V,q) is equal to the exterior algebra
A*(V). If {e;}iz1...n is a basis of V, then e;; A---Ae;, for 1 <iy3 <--- < i <nisa basis
for A*(V'). In particular, the dimension of A*(V) is 24™m(") This is still true for the Clifford
algebra as the following result shows.

Lemma 5.4. The map

. 1 ,
A (V) — CU(V,q) given by VA AU o Z Sign(o)ve1) -+ * Vo (k)

’ €Sk
is a vector space isomorphism. In particular, dim C{(V,q) = 24mV,
Exercise 5.5. Prove this lemma. Hint: there is natural filtration Fy C F; C F;, C ... on

A*(V') resp. CL(V, q) by defining Fy to be the scalar multiples of the identity element, and
defining F}, to be the subspace spanned by the product of up to k elements of V. Show that
the map above is compatible with these filtrations and induces an isomorphism on filtration
quotients.

Let v,w € V. Then for v,w € V in C¢(V, q), we have the relation
(v+w)?* = —q(v +w,v + w).
Expanding both sides we obtain

(v 4+ w)? = v? + vw + wv + w?

—q(v+w,v+w) = —q(v,v) — 2q(v,w) — q(w, w)
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Using the relations vv = —¢q(v,v) and ww = —q(w, w), the relation
vw + wv = —2¢(v, w) (5.6)

follows. In particular, if v, w are perpendicular, i.e., ¢(v,w) = 0, then v and w anti-commute
as elements of the Clifford algebra C¢(V,q).

From now on we assume that ¢ is a positive definite inner product on V', which we
will typically denote as (, ). We will suppress the form ¢ in the notation, writing C¢(V)
instead of CU(V, q) for the associated Clifford algebra. The considerations above show that
if {e;}i=1...n is an orthonormal basis for V', then C¢(V') is the algebra generated by elements

€1,...,6n subject to the relations ef =—1 eej+eje; =0 fori#j.

Example 5.7. (Examples of Clifford algebras). Let C?¢, = C¢(R"), where R" is
equipped with its standard inner product.

1. C/; is an algebra of dimension 2 generated by e; with the relation e? = —1. It follows
that C'¢; is isomorphic to C by sending e; € C'¢; to i € C.

2. Oy is an algebra of dimension 2% = 4 generated by e, e with relations €? = e = —1

and ejey = —eqeq. It follows that C'fs is isomorphic to the quaternions H by sending
et €ER2C Clytoi € Hand ey, € R2C Cly to j € H.

Let v € V be a non-zero vector in V. Then in C¢(V) the relation vo = —|Jv||? shows
that v belongs to the group C¢(V)* of invertible elements of the Clifford algebra. Moreover,

its inverse v—! € C¢(V) is given by v~ = —v/||v||?; in particular, if v is a unit vector, then

v = —o.

Definition 5.8. Let Pin(V') be the subgroup of C¢(V')* generated by unit vectors in V', and
Spin(V') := Pin(V) N CL(V)*¥. The twisted adjoint action

Pin(V) x CU(V) — CL(V) is defined by (g,2) = 7(g9)xg™",
where 7 is the grading involution on C¢(V').

Lemma 5.9. The twisted adjoint action restricts to an action p of Pin(V') on V.C CU(V).
For a unit vector v the map p(v): V- — V is reflection at the hyperplane perpendicular to v.

Proof. To calculate p(v)w for a vector w € V', decompose w in the form w = w; + wy, where
w; belongs to the span of v and ws is perpendicular to v. Then

= —vw(—v) = vwv = v(w; + we)v = VWV + VWV

p(v)(w) = 7(v)wv™
= VVW] — VVWy = —||v||2w1 — (—||v||2)w2 = —w; + Wy

This is the reflection of w = w; + wy at the hyperplane v which proves the lemma. O
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Proposition 5.10. The homomorphisms
p: Pin(V) — O(V) and  p: Spin(V) — SO(V)

are surjective with kernel {£1} C Spin(V) € CU(V). The space Spin(V') is connected for
dimV > 2, and hence p: Spin(V) — SO(V) is the universal covering for dimV > 3.

Proof. 1t is well-known that every element of O(V') can be written as a composition of
reflections at some hyperplanes of V', and hence p: Pin(V') — O(V) is surjective. Moreover,
the product vy - - - v, € Pin(V') of k unit vectors v; € V maps to an element in SO(V) if and
only if k£ is even, in other words, if v; - - - v belongs to Spin(V') = Pin(V) N C¢(V)¢v. This
shows that also p: Spin(V') — SO(V') is surjective.

Let 2 € Pin(V') be an element in the kernel of p. We will show that = £1 € C¢(V) in
three steps (see below for definitions of unitary and graded center):

(1) z is a unitary element of C'¢(V);
(2) x belongs to the graded center of C'¢(V);

(3) The graded center of C'¢(V') consists of the scalar multiples of the unit element 1 € C¢(V),
and hence the unitary elements of the graded center are just +1.

Concerning (1) we recall that a x-algebra is an algebra A together with an anti-involution
x: A — A; in other words, * is a linear map which is an involution, i.e., (a*)* = a for all
a € A, and an anti-automorphism, i.e., (ab)* = b*a* for a,b € A. The prototypical example
is the algebra A = End(V') of endomorphisms of a Hermitian vector space V', equipped with
the anti-involution that takes an Endomorphism a: V' — V to its adjoint a*. An element a
of a x-algebra is unitary if a*a = 1 and aa™ = 1.

Let x: CU(V) — CL(V) be the anti-involution such that v* = —v forv € V. C¢(V). For
a unit vector v € V its inverse v~! = —v and hence v*v = (—v)v = v~ 'v = 1, which shows
that every unit vector in V' is a unitary element. Since the product of unitary elements is
again unitary, it follows that every element of Pin(V') € C¢(V) is unitary.

Concerning (2), let A be a Z/2-graded algebra. The (graded) commutator of homogeneous
elements a,b € A of degrees |a|, |b| € Z/2 is defined by

[a,b] := ab — (—1)l"Plpq,

For non-homogeneous elements the graded commutator is determined by requiring that [ , |
is linear in each slot. The (graded) center of A is defined by

Z(A) ={z€ A| [z a] =0}.

In other words, a element z € A belongs to the center of A if za = (—1)"l9laz for all a € A,
i.e., z commutes in the graded sense with any a € A.
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If x € Pin(V) is in the kernel of p: Pin(V) — O(V), then v = p(z)v = 7(z)vz~" for any
v € V. This implies
v = r{z)o = (~1)"lev = (~1)Mela,

where the first equation holds by definition of the grading involution 7, and the second holds
since |v] = 1 for any v € V' C C¥(V). The above equation says that z commutes in the
graded sense with any v € V' (and shows that what is generally called the “twisted adjoint
action” is the version of the adjoint action appropriate for Z/2-graded algebras). Since the
Clifford algebra C'¢(V) is generated by V| this implies that x commutes with any element
a € CL(V) in the graded sense and hence z € Z(CY(V)).

To prove statement (3) let © € Z(C¢(V')) be an element of the graded center of C¢(V),
which without loss of generality we may assume to be homogeneous. Let eq,..., e, be an
orthonormal basis of V. Using the fact that the products e; e, - --¢;, for 1 <14y <ip <--- <
ix, k > 0 form a basis for C4(V'), we can write z in the form

r=a+ eb,

where a,b € C¢(V) are linear combinations of the basis elements e; e;, - - - €;, that do not
involve a factor of e;. Using that |x| = |a| = |b| + 1 we obtain

zey = aey + erbe; = (—1)1%eja + (—=1)Plejesh = (=1)1%eya — (=)o = (=1)1¥l(eya + b)

and e;x = eja + ejerb = eya — b. It follows that [x,e;] = (—1)/*12b, and hence b = 0 since
x belongs to the center. Thus x does not involve e;. Similarly, it does not involve any
other basis element, and hence it is a scalar. If x is unitary, then 1 = z*x = 22 and hence
r = =+1. O

5.2 Construction of spinor bundles

Definition 5.11. Let G be a Lie group, m: P — X a smooth principal G-bundle over a
manifold X, and V' a representation of G. Then the vector bundle

E(V):=PxcV =X

is the associated vector bundle over X. Here P x4V is the quotient of P x V given by the
equivalence relation (pg,v) ~ (p,gv) for p € P, g € G and v € V. The projection map
P xgV — X is given by [p,v] — m(p).

Let V, W be representations of G and let f: V — W be a G-equivariant linear map.
Then f induces a vector bundle map

E(f): E(V)=PxgV — PxcW = E(W) given by [p,v] = [p, f(w)].

Notice that the equivariance of f implies that the map E(f) is well-defined.
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Example 5.12. (Examples of associated vector bundles).

(i) Let FF — X be an oriented real vector bundle of dimension n equipped with a metric,
and let

SO(F) :={(z, f) |z € X, f: R* — F, orientation preserving isometry} — X
be the oriented frame bundle of F'. This is a principal SO(n)-bundle. The right action
SO(F) x SO(n) — SO(F) is given by (x,f),g— (x,fog).

Then the associated vector bundle SO(F) xgo(m) R is isomorphic to F. The isomor-
phism
SO(F) xsom R" — F s given by [(z, f),v] = f(v).

(ii) Assume that F' has a spin structure given by the double covering Spin(F) — SO(F).
Then Spin(F') is a principal Spin(n)-bundle, and we can form the associated vector
bundle Spin(F) Xgpinm) R" — X where Spin(n) acts on R™ via the double covering
map p: Spin(n) — SO(n). An isomorphism

Spin(F) Xspin(m) R — SO(F) xsom R"  is given by [p,v] — [¢(p), v].

(iii) Let A be a Z/2-graded module over the Clifford algebra C¥¢,, and let Spin(F) — X
be the principal Spin(n)-bundle of a spin vector bundle F. Then regarding A as
a 7/2-graded representation of the group Spin(n) C C¢Y, we obtain the associated
vector bundle
SA(F) = Spin(F) X Spin(n) A— X

called the spinor bundle associated to F', A.
(iv) Specializing the previous example, if X is a Riemannian spin n-manifold, then
Sa = Spin(T"X) Xgpinmy) R" — X
is the spinor bundle of X associated to the C'¢,,-module A.
Lemma 5.13. Let A be a Z/2-graded module over Ct,. Then the map
c:R"®A — A VRN VA,

given by the left C'l,,-module structure of A is Spin(n)-equivariant, where Spin(n) acts on R"
via the double covering map p: Spin(n) — SO(n) and on A via the embedding Spin(n) —
Ct,.
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Corollary 5.14. Let F' — X be a vector bundle with metric and spin structure of dimension
n and let Spin(F') — X be the corresponding spin frame bundle. Then the Spin(n)-equivariant
map ¢ induces a map of associated vector bundles

E(c): E(R"® A) = E(R")® E(A) — E(A).
Via the vector bundle isomorphism discussed above, this yields a vector bundle map
c: F @ SA(F) — Sa(F),
that we will refer to as Clifford multiplication.

Proof of lemma[5.13 The group Spin(n) is a subgroup of Pin(n), and we observe that the ac-
tion of Spin(n) on R™ and A extends to Pin(n) via the double covering map p: Pin(n) — O(n)
resp. the inclusion Pin(n) C C¥,. Let us check whether ¢: R*® A — A is Pin(n)-equivariant.
We recall that Pin(n) is generated by unit vectors v € R". Solet v € S"7! and w®@\ € R"®A.
Then v acts on w ® A by

v(w @A) = (T(v)wv™) @ (V) = (—vwv™") @ (VA).
Applying ¢, we obtain
c(v(w @A) = c((—vwv™) @ (V) = —vwv v = —vw € A,

while v-c(w® ) = v(w\) = vwA € A. This shows that the map c¢ is not Pin(n)-equivariant,
due to the minus sign. However, it is equivariant for the subgroup Spin(n) C Pin(n) whose
elements are products in C'/,, of an even number of unit vectors. O

Definition 5.15. Let A be a Z/2-graded module over the Clifford algebra C/,,, and let X be
a Riemannian spin manifold of even dimension n. Then the Dirac operator on X associated
to A is the operator

Da:T(5a) — T(T*X ® Sa) — T(Sa)

where Sa = Spin(X) Xgpin(n) A is the spinor bundle associated to A, V is the connection on
Sa induced by the Levi-Civita connection on 7'X, and c is Clifford multiplication.

Definition 5.16. Let X be a compact space and let 7: V' — X be a vector bundle of
even dimension n equipped with a metric and a spin structure. Let Ua (V) € K (V') be the
element given by the odd vector bundle endomorphism

T*SA(F) =55 7 SA(F) given by (x,v € Fy,p € 8y) — (x,v,c(v,v)).
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The two constructions described in the definition above yields our goal of constructing
the Dirac operator on even dimensional spin manifolds, and the K-theory orientation class
for even dimensional spin vector bundles, provided we make the correct choice for the graded
Clifford module A. It is clear that we should use an irreducible module /A, since the direct
sum of say two copies of A in the construction of Ux (V') would lead to Uaga (V) = 2UA(V) €
K (V') which would not be an orientation class.

Proposition 5.17. If A is an irreducible 7 /2-graded module over Clyy, then the class Ux(V)
constructed above is a K -theory orientation for real spin vector bundles V' of dimension 2k.

Exercise 5.18. Prove the above statement using the following steps.

1. Show that the graded tensor product C¢, @ C, is isomorphic as Z/2-graded algebra
to an_i'_n/.

2. Show that if A, A’ are irreducible Z/2-graded complex modules over C'ly, resp. Clos,
then the graded tensor product A ® A’ is an irreducible Z/2-graded complex module
over C%Qk & Cfgk/ = CEQkJ,.Qk;/.

3. Prove the proposition above for £ = 1. Hint: It suffices to show that the restriction of
UX to each fiber V, = R? gives a generator of K.(IR?).

4. Prove the statement for general k by using part (2) to reduce to the case k = 1.

This leaves us with the question about the number of irreducible modules, addressed by
the next proposition.

Proposition 5.19. There are two irreducible 7./2-graded complex modules A over Clay, up
to isomorphism. The dimension of both of them is 2F.

Example 5.20. We have observed before that the Clifford algebra C/,, is isomorphic to the
quaternions H = C & jC, but we want to pay attention to the Z/2-grading now, and would
like to set up the isomorphism such that C¢3 corresponds to C C H and C/} corresponds
to jC C H. We observe that the standard basis elements e, es € R? C Cly have degree 1,
while ejes and the unit 1 € C¥y have degree 0. Hence defining

C€2—>H by (&1 P-)j, €2f—>j’i

determines a graded algebra isomorphism. In particular, H is a graded left module over H.
In fact, this is a complexr module if we are careful with the definition of the complex structure
on H: it commutes with the left action of the algebra on H if we us right multiplication by
z € C to define the complex structure on H.
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Lemma 5.21. Letey,. .., ey be the standard basis of R?*. Then the element w := i*e, - - ¢, €
Cly, ® C has the properties

w? =1 and wv = —vw for all v € R* C Cly,.

In particular, the grading involution on Clsy, @ C is an inner involution, given by conjugation
by the element w.

Lawson and Michelsohn refer to w as complex volume element [LM, Ch. I, equation (5.12)].

Corollary 5.22. Every (ungraded) module A over Clyy, has a preferred grading involution,
gwen by multiplication by w € Clyy.

Combing this result with Proposition [5.19| we conclude the following statement.

Corollary 5.23. There is a unique irreducible Z/2-graded complex module A over Cly
whose Z/2-grading is given by multiplication by w € Cly, & C.

Lemma 5.24. There is a commutative diagram of group homomorphisms

St % Spin(2)

1

St —2 5 S0(2)
Here the vertical maps are double coverings with © defined by w(z) := 2%, and p is the
double covering map of Lemma . The homomorphism ¢ sends z = a +ib € S! to
d(a+ib) = a + bejey € Spin(2) C Cly, and 1 sends € € ST to the isometry 1(0) € SO(2)
given by rotation by 6.

Proof. We note that for a + ib = € € S*
P(a +ib) = a + bejey = —ae? + bejey = ey (—ae; + bey) € Cly

is the product in the Clifford algebra C'¢5 of the two unit vectors e; and —ae; + bey. Hence it
belongs to Pin(2), the group generated by products of unit vectors in C4; in fact it belongs
to Spin(2) = Pin(2) N C¢5. It follows that

p(od(a+1ib)) = p(e1)p(v) € SO(2), for v := —ae; + bey € S*

the composition of the reflection at v* followed by reflection at ei. Arguing either geomet-
rically (by drawing the situation), or by using the formula for the isometry given by the
reflection at a line in R?, it is easy to check that p(e;)p(v) is rotation by 26. This proves
the commutativity of the diagram. Since the bottom horizontal map is an isomorphism, and
the vertical maps are both double coverings, it follows that the top horizontal map is an
isomorphism. O



5 DIRAC OPERATOR, THE INDEX THEOREM AND APPLICATIONS 109

Corollary 5.25. Let A = AT & A~ be the irreducible complex Cly-module (which has
complex dimension 2) whose grading involution is given by multiplication by w = iejey €
Cly ® C. Then as complex 1-dimensional representations of S* = Spin(2), A* = C; (where
Cy, is the representation of S* given by letting z € S* act on C by multiplication by z*).

Proof. The grading involution on A is given by A — w\ = iejes\, and hence A € AT if and
only if ie;ea\ = £\, It follows that for z = a +ib € S* and A € A*,

d(2)A = p(a+ib)A = (a + bejes) A = aX — ibiejes A
=aX —ib(£A) = (aFib)A = zTA

]

Corollary 5.26. Let V — X be complez line bundle with spin structure and let Spin(V') —
X be the associated principal bundle with structure group Spin(2) = S'. Let V/2 be the
square root of V' determined by the spin structure on 'V ; in other words, V/? is the associated
vector bundle V1/? = Spin(V') Xspin2) Ci. Then there are isomorphisms of complex line

bundles
Spln(V) X Spin(2) AT = V_1/2 Spln(V) X Spin(2) AT = Vl/Q.

Remark 5.27. An important reference for the use of modules over Clifford algebras for the
construction of K-theory orientations is the 1963 paper Clifford modules by Atiyah-Bott-
Shapiro [ABS]. In section 5 of that paper they analyze in detail modules over real and
complex Clifford algebras. In particular, their table 2 on page 12 shows the Grothendieck
groups M (CY¢,,) and M¢(C¥4,,) of real (resp. complex) graded modules over the Clifford algebra
C'?,, (which they denote by C,,). For example, our statement that there are two irreducible
complex graded modules over C'ly, even means that the Grothendieck group M¢(Cly) =
Z & 7 as shown in the table.

They distinguish the two irreducible complex Z/2 graded Clo-modules M = M @
M4 by the action of the element e;---eq, € Cly, on M€, calling M an e-module if
e+ - ey acts on M by multiplication by € € C (see p. 16, paragraph after Theorem 6.10).
Since (e - - egx)? = (—1)F, the possible values of € is +i*, distinguishing the two irreducible
modules. They work with the module u§ € M¢(C/ly,) that is the irreducible i*-module.
Earlier, in Proposition 5.11 they show that the exterior algebra A(C*) is an irreducible
Z/2-module over C'qy, which is an (—i)F-module.

In terms of the complex volume element we := i¥e; - - - €9, that we use to distinguish the
two irreducible modules, it means that wc acts on the even part M€ of such a module M

e by +1 for M = A(CF) (with its standard Z/2-grading A = A®" @ A°dd), and

e by (—1)* for the module M = ps,.
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5.3 Scalar curvature and index theory

Let X be a Riemannian n-manifold. Then the scalar curvature is a smooth function s: X —
R which controls the volume of small balls. It is usually defined as a contraction of the
Riemannian curvature tensor, but here we describe s(z), the scalar curvature at the point
x € X, in terms of the volume of balls

B.(x,X) :={y € X | dist(x,y) <r}

of radius r centered at z. The volume vol B,.(z, M) of this ball can be compared to the
volume vol B,.(0,R") of the ball of the radius 7 in Euclidean space R". The scalar curvature
s(x) then appears as a coefficient in the Taylor expansion of the quotient of these two volumes

as a function of r:

vol B,.(z, M) 1 s(x) 2

vol B,.(0, R") 6(n+2)
In particular, if the volume of a small balls of radius r around x is smaller than the volume
of the balls of the same radius in R”, then the volume ratio is smaller than 1, hence the
coefficient of r? must be negative, and hence s(z) > 0. This is the case for example for
spheres with their standard metric. If the volume of small balls in X is larger, for example

if X is a hyperbolic space (mountain pass), then s(x) < 0.

Theorem 5.28. (Lichnerowicz, 1963) Let X be a closed Riemannian spin manifold of
dimension 4k with positive scalar curvature (i.e, s(x) >0 of all x € X ). Then A(X) = 0.

This result shows that the /Al—genus is an obstruction for the existence of a positive scalar
curvature metric on spin manifolds. For example, the Kummer surface K is a spin manifold
with A = 2, and hence there is no positive scalar curvature metric on K.

Proof. We recall that the Dirac operator on X is a first order differential operator D acting on
['(S), the sections of the spinor bundle. The principal symbol of the second order operator D?
by construction agrees with the principal symbol of the rough Laplacian V*V = A: T'(S) —
I'(S) (see Example [5.2). This means that these two second order differential operators can
only differ by a differential operator of order 1. Lichnerowicz showed that the difference
between these two operators is actually of order 0, and simply given by multiplication by
the function s/4 (where s € C*°(X) is the scalar curvature function). The equation

s
D*=V*V + -
4
is known as the Lichnerowicz formula (also as Weizenbdck-Bochner-Lichnerowicz formula;
Weizenbock and Bochner proved analogous formulas comparing natural second order oper-
ators).
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We claim that s(z) > € for all x € X implies that the kernel of D is trivial. To prove
this, let

(. 6) = /X (6(x), 6(x))s volx

be the L? inner product of spinors 1, ¢ € TI'(S), and let [|¢]|* = (¥, 4) be the corresponding
L?norm. Then for ¢ € ker D

0= (D, DY) = (D*, ) = (V' Vi, 9) + (79,0)
> (Y4, Vo) + 2(6,9) > V12 + Sl

implies |[¢|| = 0 and hence ¢ = 0.
Since the kernel of D is trivial, its super dimension

sdimker D = dimker D™ — dimker D™ = dim ker D™ — dim coker D" = index(D*)

is zero. Since index(DT) = ﬁ(X ) by the index theorem for the Dirac operator, it follows
that A(X) = 0. O

Theorem 5.29. (Hitchin, 1974) Let X be a closed spin manifold of dimension n with
positive scalar curvature metric. Then the Atiyah invariant

Z n=0 mod4
a(X)e KO™(pt) =< Z/2 n=1,2 mod 8

0 otherwise

vanishes.

Here KO*(X) is the real K-theory which is defined completely analogous to complex
K-theory, but using real vector bundles instead of complex vector bundles. Real K-theory is
8-periodic. Using modules over Clifford algebras as in the construction of the K-orientation
UX(V) (see Definition and Proposition , Atiyah has constructed KO-theory orien-
tations for real vector bundles V' of dimension = 0 mod 8 with spin structure. This can be
used to define an umkehr map

pr: KO(X) — KO "(pt)

for closed spin n-manifolds X. The Atiyah invariant a(X) € KO™"(pt) is the image of the
unit 1 € KO°(X) (represented by the trivial real line bundle) under the umkehr map p;.
The Atiyah invariant a-invariant «(X) has a neat description as the Clifford index of the
Clifford linear Dirac operator on X [LM, Ch. III, section 10]. With that interpretation of
a(X), the argument above for the vanishing of E(X ), the index of the Dirac operator on X,
immediately generalizes to prove the vanishing of the Clifford index, thus proving Hitchin’s
generalization (Hitchin used a different argument).
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Remark 5.30. For n =0 mod 4 the Atiyah invariant a(X) for a closed spin n-manifold X
agrees with E(X) (up to a factor of 2 for n =4 mod 8. For n =1,2 mod 8, n > 9, there
are manifolds X" of dimension n homeomorphic to S™ with «(¥") # 0, and hence X" does
not admit a positive scalar curvature metric. The homotopy spheres ¥ in QF correspond
via the map to elements in the n-th stable homotopy group of spheres constructed by
Adams.

Theorem 5.31. (Stolz, 1990) Let X be a closed simply connected spin manifold of dimen-

sion n > 5. Then X admits a positive scalar curvature metric if and only if a(X) = 0.

5.4 A general index theorem
Let D: I'(E) — I'(F') be a differential operator on a closed manifold X with principal symbol
o mE — 1F.

Here m: T* X — X is the cotangent bundle. If D is elliptic, then for each non-zero cotangent
vector £ € T X the linear map ogD : B, — F, is an isomorphism, and hence we obtain a
K-theory element

o(D) = [r*E,m*F;o"] € K (T*M) = K.(TM).
Lemma 5.32. The index of D depends only on o(D) € K.(T'M).

Definition 5.33. (Short hand notation for Thom isomorphisms). Let 7: V' — X be
a smooth vector bundle and let 7: X — V be the zero section. Assume either that

(i) V is a complex vector bundle of complex dimension k (which guarantees the existence
of the K-theory orientation UX (V)), or that

(ii) V is a real vector bundle of dimension 2k with a spin structure (which guarantees the
existence of the K-theory orientation UX (V).

Let N
i!Z KC(X) i) KC(V)

be the resulting Thom isomorphism given by multiplication by the orientation class, and let
m: Ko(V) — K(X)

be its inverse. If there is need to emphasize which orientation class on V' is used, we write

it, mF in case (i) and 4", mP" in case (ii).
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Let f: X — Y be a proper embedding of manifolds with normal bundle N — X satisfying
assumptions (i) or (ii) above. Let

fii KJ(X) — K.(Y)

be the composition of i;: K.(X) — K.(N) followed by the map K.(N) — K.(Y) obtained
by identifying a tubular neighborhood of X in Y with V.
Let X be a closed n-manifold and let f: X < R"** be an embedding with normal bundle
N. Then the differential
Tf: TX — TR

is a proper embedding. Its normal bundle is the pullback of N @ N =2 N ®g C via the
projection map TX — X. The complex structure on the normal bundle then gives a
homomorphism

ThH=Tf: K(TX) — K.(TR™)
Thinking of ¢: TRk = R"+*k @ R"+*k = C"** — pt as a complex vector bundle, let
¢ K(TR™™) — K(pt)
be the inverse of the Thom isomorphism.

Definition 5.34. The topological index of an elliptic differential operator D on a closed
manifold X is the image of (D) € K.(T'X) under the composition

Tf

top-ind: K.(TX) —2» K (TRY) -2 K(pt) =7

Theorem 5.35. (The index theorem for general elliptic operators). Let P be an
elliptic operator on a compact n-manifold X with principal symbol o(P) € K.(TX). Then

index(P) = top-ind(a(P)).

Our next goal is to show that the above result implies the index theorem for the Dirac
operator that we stated in section [3] More precisely, we will prove the K-theory version of
the Index Theorem [3.1] according to which

index(D}) = (=1)"p([E]) € K(pt) = Z. (5.36)

Here Dp: I'(S ® E) — I'(S ® E) is the Dirac operator on a compact n-manifold, n = 2m,
twisted by a complex vector bundle £ — X, and p;: K(X) — K(pt) is the umkehr map
associated to the projection map p: X — pt (see Definition . We recall that the
construction of p; is based on choosing an embedding f: X < R"™* k even, with normal
bundle N. Using the notation from Definition [5.33] the map p; is the composition

(1)L

pi K(X) 2 K (R K(pt)=Z

[~—3
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Here R™* is viewed as a vector bundle over pt, the map ¢: pt — R™* is the inclusion

of the zero-section, and ¢: K (pt) — K,(R""*) is the Thom isomorphism aka suspension
isomorphism aka Bott isomorphism.

Proof of Theorem[3.1/equation (5.36). We recall from [5.2(1) that the principal symbol of
the Dirac operator DT is given by

7St S rr S

where m: T*X — X is the cotangent bundle and c¢ is the Clifford multiplication map. This
represents an element in K.(7*X), which after a homotopy in order to remove the factor i
is precisely the orientation class

URN(T*X) = [7*St,7*S":c] € K (T*X).

In other words, the principal symbol class o (D) of the Dirac operator is the K-theory
orientation class U (T*X) and More generally, In other words, the princ
Let f: X < R™* be an embedding and consider the following commutative diagram of

embeddings

| b

TX 1, TRetk

Applying the index theorem for elliptic operators to D, we obtain
index(Dj;) = top-ind(e(D})) = (ju); (T fho(Dy) = o 57 (T f)([E])
= g ) = 4 A(E]) = p((E)
This seems to show that in fact index(D}) = pi([E]) without the factor of (—1)™ claimed
in equation ([5.36)). However, we have been careless in the above calculation with regards to

which K-orientation (UL or UK see5.33)) we use for the normal bundles of the embeddings
1, f, Tf, and Tt. Let us take a close look at the normal bundles of these embeddings.

(5.37)

(1) The normal bundle of the embedding i: X — TX is the tangent bundle 7X which is
assumed to be even dimensional and equipped with a spin structure, but in general T'X
does not have a complex structure. Hence the K-orientation U (T X) is the only option,
and consequently, the relevant umkehr map is ifpin.

(2) The normal bundle N of the embedding f: X < R"™ has dimension k, which is even
by assumption. The bundle isomorphism 7X @ N = R™"* and the spin structure on TX
induces a spin structure on N, but in general N does not have complex structure. Hence
we only have the K-orientation U (N) and the umkehr map ™ at our disposal.
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(3) The normal bundle of the embedding T'f: < TX — TR"** as discussed above is the
pullback of N®&N =2 N®gC via the projection maps 7: T'X — X. The spin structure on
N determines a spin structure on N @& N. This bundle also has a complex structure (via
the isomorphism N & N = N ®g C), and hence this vector bundle has both orientations
U (N @& N) (due to the spin structure) and UZ (N & N) (due to the complex structure),
and we have both umkehr maps, Tf;*™ and T f, at our disposal.

(4) The same arguments as for T'f apply to see that for the embedding T« both umkehr
maps, T¢P™ and Tt are defined.

We note that we need to use both umkehr maps, TfP™ and TfF; the latter is used in the
definition of top-ind, while the former is needed to make the argument that Tfoi = jo f
implies T'fy o4y = 510 fi! So we need to know how these two umkehr maps compare. This
comparison is provided by the following result.

Lemma 5.38. Let N — X be spin vector bundle of dimension 2(. Let UX(N®N) € K. (N®
N) be the K -orientation determined by the spin structure on N & N, and let US(N @ N) €
K.(N @& N) be the K-orientation determined by the complex structure on N & N = N @g C.
Then UX(N & N) = (—=1)'U¥(N & N). In particular, if f: X — Y is an embedding with
normal bundle N, then f*" = (=1)*fF.

Let us now repeat the calculation , but carefully differentiating between umkehr
maps, adding the super script C to indicate umkehr maps using the complex structure. No
superscript for an umkehr maps means that it is given using the spin structure. For n = 2m,
k = 2¢, and using the lemma above we obtain:

index(D3,) = top-ind(e (D)) = ((T0)F
= (=)™ (T (=
= (=)™ g (T f )i
= (=)™ A(E]) = (- 1)mp'([E])
[

Let W — X be a complex vector bundle of dimension n, and let Wx the real vector
bundle of dimension 2n obtained by forgetting the complex structure. Then Wy has a
canonical orientation determined by the complex structure on W constructed as follows.
Let wyq,...,w, be a C-basis of the fiber W, for some point z € X. Then

Wy, MW, W2, 1W32, . . . , Wy, 1Wp,,

is an ordered R-basis of W, and hence provides the real vector space W, with an orientation.
This orientation is independent of the choice of the ordered C-basis wy, ..., w,.
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Let V' — X be a real vector bundle of dimension n, and let V ®g C its complexifica-
tion. Then the real vector bundle (V ®g C)g is isomorphic to V @& V' via the vector bundle
isomorphism

VeV — (VerCr  givenby  (v,w) »0®1+w®i. (5.39)

Lemma 5.40. Let V. — X be an oriented real vector bundle of dimension n. Then the

orientation on V &V agrees with the canonical orientation on (V Qg C)g if and only if
n(n—1)

5— s even. In particular the associated orientation classes are related by

UMV & V)= (—1)" 5 U1 (V &g C)g) € H*(V & V).

Remark 5.41. Let X be an oriented n-manifold with tangent bundle 7: TX — X. Then
the total space T'X is a 2n-manifold whose tangent bundle is isomorphic to 7*(T'X & TX).
Hence there are two natural orientations on the tangent bundle of 7X (and hence on the
manifold 7°X):

1. the orientation on T'X & T'X given by the orientation on each summand, and

2. the canonical orientation on the complex vector bundle TX @r C=TX & TX.

. . . n(n=1) .
By the lemma above, these two orientations differ by the factor (—1) “. This contrasts

with a statement in the book Spin geometry where it is claimed on p. 256 that these orien-
tations differ by the factor (—1)n(n2+1>, explaining why that factor shows up in their index
formula (13.24) in Theorem 13.8.

The main case of interest to us is n even, in which case (—1)

However, for n odd these expressions differ by a minus sign.

n(n—1)
2

n(n+1)
—5 -

is equal to (—1)
Proof of Lemmal[5.40. Let x € X and let vy,...,v, an ordered basis for the fiber V, repre-

senting the orientation of the vector bundle V. Identifying V, ® V, with V, ®g C via the
isomorphism (5.39)),

1. the orientation on V, ®r C induced by the orientation on V, is given by the ordered
basis
V1,V ..., Uy, 101,10, . .., 10y,

2. the canonical orientation on V, ®g C is given by the ordered basis

V1,801, .« « 5 U, WUn.

Rearranging the first sequence of symbols to obtain the second sequence requires (n — 1) +

n—=2)4+---+1= % transpositions. Hence the two orientations agree if and only if
n(n—1

5 1S even. O
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5.5 Outline of the proof of the Index Theorem for twisted Dirac
operators

In this section we outline the proof the Index Theorem, basically following the arguments

in section 13 of Chapter III of the book Spin Geometry by Lawson and Michelsohn [LM].

However, we found it easier to present the arguments if we restrict ourselves to twisted Dirac

operators.

We recall that for an even dimensional compact spin manifold X equipped with a complex
Z/2-graded vector bundle F — X, the associated Dirac operator D(X, E) acts on the
sections of the tensor product S ® E, where S is the spinor bundle on X. The Z/2-grading
on S and FE induces a Z/2-grading on S ® E and hence the space of sections I'(S ® E).
The Dirac operator D(X, E) is an odd operator, i.e., its restriction to I'((S ® E)) maps to
['((S® E)7), resulting in an operator

DYHX,E): T((S® E)") — T((S® E)7).
We recall that
index(D* (X, F)) = dimker D" (X, E) — dim coker D* (X, F)
= dimker DT (X, E) — dimker D™ (X, E)
= dim(ker D(X, E))* — dim(ker D(X, E))~

= sdim ker D(X, E)
= sdim ker D*(X, F)

This point of view will be convenient for us in this section, and we will use the notation
ind(D(X, E)) := sdim(ker D*(X, E)).

Throughout this section we will be working with the K-theory orientation class UX (V) €
K.(V) of even dimensional real vector vector bundles equipped with spin structures. They
will often occur as normal bundle of embeddings f: X < Y, and so it will be convenient for
us to make the following assumption.

Assumption. All manifolds and real vector bundles in this section are even dimensional.

Theorem 5.42. (Index theorem for twisted Dirac operators). Let X be a closed spin
manifold, and let E — X be a complex graded vector bundle. Then

ind(D(X, E)) = p([E)) € K(pt) = Z.

Here pi: K(X) — K(pt) = Z is the umkehr map whose construction we recall below.
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The astute reader might notice a glaring contradiction between this statement and equa-
tion ([5.36)). This is due to the fact that up to this section, I've followed the conventions in
the Spin Geometry book. In this section, where we’ll deal extensively with the twisted Dirac
operators and umkehr maps in K-theory I find lugging around the signs annoying. So I pre-
fer to change the convention for the K-theory orientation class U% (V) for even dimensional
vector bundles with spin structure. That makes the sign in this formula go away without
changing the cohomology version of the index theorem.

Motivated by the fact that p, is constructed in purely topological terms, but it calcu-
lates the index of twisted Dirac operators, the homomorphism p, is also referred to as the
topological index:

top-ind := py: K(X) — K(pt) = Z. (5.43)

A a spin embedding is an embedding f: X — Y together with a spin structure on the
normal bundle N — X. Let i: X < N be the zero section, and let e: N — Y be the open
embedding of N as a tubular neighboorhood of f(X) in Y. Then the commutative triangle

X ! 'Y
N
induces a commutative triangle of umkehr maps between the corresponding K-theory groups

)

(X) « d s KoY
K / (5.44)
KN

Here 4, is the Thom isomorphism, e is the extend-by-zero map, and f; is defined as the
composition f; := ej. A crucial property of the umkehr map is its compatibility with

K.

compositions, i.e., if X <i> Y < 7 are spin embeddings, then

(gofhi=gof. (5.45)

This is a consequence of the multiplicativity property
UK(VeWw)=U"V)oUXW)

of the K-theory oriention UX applied to the normal bundles of the embeddings.

Let X be a closed spin manifold and let f: X < R™"* be an embedding. The spin
structure on X induces a spin structure on the normal bundle. Then top-ind = p, is the
composition

K(X) —L KR 2 K(pt)

[a)



5 DIRAC OPERATOR, THE INDEX THEOREM AND APPLICATIONS 119

Now we begin with the proof of the index theorem. The first step is to show that the
index of the twisted Dirac operator indeed only depends on [E] € K(X).

Lemma 5.46. The map
ind: K(X) — Z given by [E] — ind(D(X, E))
1s a welldefined homomorphism.

The map ind is called the analytic index map. The strategy to show that the two index
homomorphisms ind and top-ind agree, is to contemplate the formal properties of top-ind,
and in fact to characterize the homomorphism top-ind by these properties. Then the real
work is to show that the analytic index map ind has the same properties.

Lemma 5.47. 1. The topological index top-ind(X,u) € K(pt) for a compact spin mani-
fold X and u € K(X) has the following two properties

compatibility with embeddings: top-ind(Y, fiu) = top-ind(X,wu) for spin embed-
ding of compact spin manifolds f: X — Y and u € K(X).

normalization property: top-ind(pt,u) = u for u € K(pt).

2. There is only one assignment (X, u) — (X, u) € K(pt) satisfying the two conditions
above.

The normalization property obviously holds for top-ind; in fact, it might seem silly to
mention it. However, the without it, part 2 no longer holds, since the assignment defined by
I(X,u) :== 0 € K(pt) for all closed spin manifolds X is compatible with embeddings.

Proof. To prove property (ii) for top-ind, let g: ¥ — R"** be a spin embedding. Then
the spin embedding gf: X < R™* can be used to calculate top-ind(u) for u € K(X). As
above, let ¢: pt < R""*_ Then

top-ind(Y, fiu) = ¢; 'gi(fiw) = 17 (g o f)u = top-ind(u).

To prove part 2 of the lemma, let (X, u) — I(X,u) € K(pt) for X a closed spin manifold
and u € K(X) be an assignment satisfying properties (i), (ii) and (ii). Then for any spin
embedding f: X — R***

(X, u) @) I(R"+k, fiu) @) I(pt, L!_lf!u) 9 L!_lf!u = top-ind(X, u)
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Let X be compact spin manifold, £ — X a Z/2-graded vector bundle, and [E] € K(X)
the K-theory class it represents. Let

ind(X, [E]) :=ind(D(X, E)) € Z = K(pt).

Part 2 of the lemma above shows that for the proof of the Index Theorem [5.42] it suffices to
show that the assignment (X, u) — ind(X,u) satisfies the two properties of lemma [5.47|(1).
The normalization property is obviously satisfied, and hence it suffice to show that ind(X, u)
is compatible with embeddings, i.e., that

ind(X,u) = ind(Y, fiu) (5.48)

for every spin embedding f: X < Y of compact spin manifolds.
We recall from ([5.44]) that for a spin embedding

fiX-SNSY

of compact manifolds X, Y the map fi: K(X) — K(Y) is the composition of the shriek
maps induced by the zero section i and the embedding e of the normal bundle N as a
tubular neighborhood of f(X) in Y. This suggests to verify the compatibility condition
ind(X,u) = ind(Y, fiu) of ind with f; by checking the compatibility condition of ind with
7y and e;. The problem is that N, the total space of the normal bundle is not compact and
hence the envisioned compatibility condition for ¢, namely

ind(X,u) = ind(V, 4yu) = ind(D (N, iyu))

does not make sense, since the Dirac operator D (N, iyu) on the non-compact manifold should
be expected to have infinite dimensional kernel. It turns out that one can make sense of the
index of the operator D(N,iyu), since iyu has compact support (recall that iyu € K.(N) is the
orientation class). This was done after the original work of Atiyah and Singer and is known
as relative index theory [GL].

In their proof Atiyah and Singer avoid the non-compact manifold N by compactifying it,
by adding a point at infinity oo, to every fiber N, for x € X. To give a precise definition,
we equip the vector bundle N with a bundle metric. Then there is a homeomorphism

h: N, U {00} =+ S(N, ®R)

between the one-point-compactification NV, U {oo,} of the vector space N, and the sphere
S(N, @ R) inside the vector space N, & R, with h(0) = (0,—1) and h(oco,) = (0,1). Here is
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a picture of S(N, & R):

h(0)

This construction provides an embedding j: N < S(N @ R) from N to the sphere bundle
of the direct sum of N and the trivial real line bundle.

The composition s :=joi: X — S(N @ R) is a section of the sphere bundle S(N @& R).
It is a spin embedding of compact spin manifolds.

Proposition 5.49. (Compatibility of the analytical index with sphere bundles).
Let X be compact spin manifold, N — X a spin vector bundle, and let s: X — S(N @ R)
be the section of the sphere bundle described above. Then

ind(X, u) = ind(S(N & R), siu) for allu € K(X).

In other words, this result shows that the desired compatibility of the index map with
spin embeddings ((5.48)) holds for the spin embedding s from X to the sphere bundle

S(IN®R) = X.

To address how this is related to the compatibility for the embedding f: X < Y, consider
the commutative diagram of spin embeddings:

/7
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It follows that by the proposition above,
ind(X,u) = ind(S(N @ R), siu) = ind(S(N @ R), ji(iu)) for all u € K(X),

while
ind(Y, fiu) = ind(Y, e, (41u)).

Hence the following result implies ind(X, u) = ind(Y, fiu) and hence the index theorem.

Proposition 5.50. Let O be an open manifold, and let
e: 0 =Y and  €: 0 =Y’
be two open embeddings into compact spin manifolds. Then
ind(Y, eu) = ind(Y',equ)  for any u € K.(O).

This is what Lawson and Michelsohn call The Ezcision Property in their book [LM] p.
248]. They actually state a result for general elliptic operators rather than just twisted Dirac
operators. Consequently, their K-theory elements live in K.(7*X), rather than in K(X);
moreover, their K-theory elements correspond to the principal symbol class o(P) € K .(T*X)
of elliptic operators P on X, rather than the element [E] € K(X) given by a vector bundle
E that is used to form the twisted Dirac operator D(X, E). Note that if X is spin, then
the Thom isomorphism K (X) = K.(T*X) sends [E] € K(X) to the principal symbol class
o(D(X,FE)) € K.(T*X).

We refer to [LM] for a proof of the Excision Property, which uses the theory of pseudo
differential operators.

The proof of Proposition require us to show that the index a twisted Dirac operator
on the total space of the sphere bundle S(N @ R) — X is equal to the index of a twisted
Dirac operator on X. In the case where the vector bundle NV is trivial, the sphere bundle
S(N @ R) is just the product of X and the sphere S*, where k = dim N. In that case the
statement follows from the calculation of the index of the relevant twisted Dirac operator on
S% and the following product formula for the index of Dirac operators.

Proposition 5.51. (Product formula for the index of Dirac operators). Let X,
Xy be compact spin manifold and E; — X; be 7Z/2-graded vector bundles over X;. Let
D(X;, E;) be the Dirac operator on X; twisted by E;, and let D(X; x X9, piEy ® p3Es) be
the Dirac operator on the product X; X Xy twisted by the 7 /2-graded tensor product bundle
piEL @ piEy — X5 X Xo, where p;: X7 X Xy — X; is the projection map. Then

ind D(Xl X XQ,pTEl ®p;E2) = ind D(Xl, El)) -ind D(X27 EQ) (552)
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Proof. Let S; — X; be the Z/2-graded spinor bundle on X; and F; := S;® E; the Z/2-graded
tensor product. The Dirac operator D := D(X; x Xy, p{ E; ® p5Es) acts on the section space
['(piFy ® p3Fy). Unwinding the definition of the Dirac operator, it is not hard to check that
the following diagram is commutative:

D1®id +id ® D2

I'(F) @ T(Fy) y T(Fy) @ T(Fy)

| |

T(piFy ® pyFy) L y T(ptFy @ piFy)

Here the vertical maps are given by multiplying sections. In more detail, if ¢;: X; — F; is
a section of Fj}, then the section

V1 ® P € T'(pi F1 ® pyFy)

is defined by

(1 ® 2) (w1, 22) = P1(21) @ V2(22) € (F1)zy @ (F2)a

The vertical maps are not literally isomorphisms, but they are injective maps with dense
images, and hence the kernels of the horizontal maps can be identified.

D? = (D) ®id +id ® D,)?
= (D; ®id)* + (D; ®id)(id ® Ds) + (id ®D5)(D; ® id) + (id ® Dy)?
=D?®id+D; ® Dy — D1 ® Dy +id®D;
= D; ®id+id®D;

(5.53)

Here the crucial minus sign in the third line above is due to the Koszul sign rule in the
definition of the tensor product f ® g of maps f: V — V' and g: W — W' between
7 /2-graded vector spaces. If f, g, and v € V, w € W are homogenous, then this is defined
by

(f®g)(vew) = (-1 fv)® g(w).

The general case is handled by decomposing all participants as sums of homogenous elements.
This convention implies that if f': V' — V" and ¢': W' — W” are homogeneous maps, then
the composition is given by

(Fog)o(fog=(D"VI(fof)®(d @)
In particular, since Dy, Dy are odd operators, we have
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To calculate the kernel of D? using (5.53)), we note that the operators D; are self-adjoint,
and hence all its eigenvalues are real. In particular, the eigenvalues of D? are all > 0. Hence

by (5.53)
ker D? = ker(D} ® id) Nker(id @ D3) = (ker D?) @ (ker D3).

In particular,
sdim ker D? = (sdim ker D7) - (sdim ker D3),

which proves the multiplicativity of the index of Dirac operators. O

The proof of Proposition [5.49 in the general case, where the vector bundle N — X
is non-trivial, requires a generalization of the product formula from products X x Y
to twisted products, i.e., fiber bundles over X with fiber Y. More precisely, we need fiber
bundles with compact structure group GG. This means that G acts on the fiber Y, and there
is a principal G-bundle P — X, such that the fiber bundle is associated to the principal
G-bundle P — X, i.e., it is of the form

m: PxgY = X.

As in the construction of a vector bundle associated to a principal bundle P and a G-action
on a vector space V in section[2.2] the total space P XY is the quotient (P xY)/ ~, where
the equivalence relation is given by (pg,y) ~ (p,gy) forpe P, g€ G,y €Y.

Furthermore, we require that:

e Y is a Riemannian manifold on which GG acts by isometries; this is simple to accomplish
by choosing an arbitrary Riemannian metric h on Y. While an element g € G might
not leave the metric h fixed, i.e., the pullback g*h of h via the diffeomorphism affected
by ¢g might not be equal to h, by averaging the metrics g*h over the elements g of the
compact group G, we can produce a G-equivariant metric.

e Y is equipped with a G-equivariant spin structure. We won’t give the precise definition
of this, but just mention that this assumption guarantees that the associated spinor
bundle S — Y is G-equivariant, and that the Dirac operator D: I'(S) — I'(S) is
G-equivariant. More generally, if FF — Y is a G-equivariant Z/2-graded vector bundle
with equivariant connection, then the twisted Dirac operator D(Y, F') is G-equivariant.

In particular, with these assumptions the kernel of D(Y, F') is a representation of G. More
precisely, the G-action preserves the splitting

ker D(Y, F) = (ker D(Y, F))" @ (ker D(Y, F))~

of the kernel into its even and odd subspace. We recall that the representation ring of G,
denoted R(G) is the group completion of the abelian monoid given by the isomorphism
classes of finite dimensional representations of G under the direct sum.
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Definition 5.54. The equivariant index of the Dirac operator D(Y, F') is defined by
indg D(Y, F) := (ker D(Y, F))* — (ker D(Y, F))” € R(G).

If G is trivial, then a G-representation is just a finite dimensional vector space, and
the monoid of finite dimensional representations is isomorphic to N, with the isomorphism
determined by mapping a vector space V to dim V' € N. It follows that R(G) = Z, and the
definition of the equivariant index is precisely our description of

ind D(Y, F) = dim(ker D(Y, F))" — dim(ker D(Y, F)))".

The assumption that Y is equipped with a G-equivariant spin structure also guarantees
that a spin structure on X induces a spin structure on the twisted product P X Y, the
total space of the fiber bundle 7: P x5 Y — X. In particular, there is an associated Dirac
operator D(P x¢gY).

In the case of the product X x Y, we considered the Dirac operator on X X Y twisted
by the tensor product of a bundle pulled back from X and another pulled back from Y.
Similarly, in the case of the fiber bundle 7: P x4 Y — X, we will twist the Dirac operator
on P xgY by the tensor product of two types of (complex, Z/2-graded) vector bundles over
P Xa Y:

e a vector bundle £ — X can be pulled back via the projection map 7 to yield the vector
bundle 7*F.

e A G-equivariant vector bundle F' — Y produces via the associated bundle construction
a vector bundle
P Xa Fr— P Xa X.

Proposition 5.55. (Twisted Product formula for the index of Dirac operators).
Let D(PxgY,m*E®(P xgF)) be the Dirac operator on Px Y twisted by the tensor product
of the vector bundles ™ E and P X F' described above. Then the index of this twisted Dirac
operator is given by the formula

ind D(P x¢ Y, 7" E ® (P x¢ F)) =ind D(X,E® (P x¢ indg D(Y, F))).

The twisted product formula for the index is then applied to prove Proposition by
observing that the sphere bundle S(N @& R) — X is of the form P xg Y. We recall the
N — X is a real vector bundle of dimension 2k equipped with a spin structure. Let P — X
be the principal Spin(2k)-bundle determined by the spin structure on N. Let Y = S(R*®R)
be the sphere of dimension 2k, equipped with the action of Spin(2k) given by the double
covering map Spin(2k) — SO(2k) and the obvious action of SO(2k) on Y = S(R?** @ R).
Then is it easy to see that there is an isomorphism

P XSpin(2k S(R% ) R) = S(N @D K)
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of fiber bundles over X. Moreover, the K-theory element s/[E] € K(S(N @ R)) can be
represented by the vector bundle

mE® (P X Spin(2k) Sy),

where Sy is the spinor bundle on the sphere Y = S2.

Then the crucial, but not difficult calculation is that of the G-equivariant index of the
twisted Dirac operator D(Y, Sy) for the action of G = Spin(2k) on the sphere Y = S?*. Tt
turns out that indg D(Y,Sy) = 1 € R(G). Since the unit in the representation ring is the
trivial representation of dimension 1, the associated vector bundle P X indg(Y, Sy) is just
the trivial line bundle over X. Hence Proposition implies

indD(S(N @ R), s1[F]) = indD(X, E),

which proves Proposition [5.49]

6 The equivariant Index Theorem and the Witten genus

This section is a quick survey on equivariant index theory and the Witten genus, which
should be thought of the equivariant index of the Dirac operator on the free loop space LX,
the space of maps from S* to a manifold X.

6.1 The equivariant index theorem

Let X be closed Riemannian spin manifold of dimension n = 2k. We recall that the index
of the Dirac operator D on X is given by

indD := dim(ker D) — dim(ker D)™,

where (ker D)* is the even (resp. odd) part of the kernel of D, which is a Z/2-graded
vector space. Let GG be a compact Lie group which acts on X by spin-structure preserving
isometries (which means that the G-action on the oriented frame bundle SO(X) — given by
the differential — comes equipped with a lift to the double covering Spin(X) — SO(X)). This
in turn implies that G acts on the spinor bundle S and its space of sections I'(.S). Moreover,
this G-action on I'(S) commutes with D, and hence ker D and its subspaces (ker D)* are
representations of G.

Definition 6.1. The G-equivariant index of the Dirac operator on X is given by

indg(g, D(X)) := tr(g, (ker D)) — tr(g, tr(ker D)~) € C forge G
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Here we denote by tr(g,V) for a representation p: G — Aut(V) the trace of p(g) for
g € G. We note that the equivariant index of D is a generalization of the index of D, since
tr(e, V) = dim V for the identity element e € G, and hence indg(e, D(X)) = ind D.

The equivariant indez theorem, due to Atiyah and Singer [ASIII, Lefschetz Theorem 3.9]
expresses the equivariant index indg(g, D) in terms of data associated to the fixed point set

X9={x e X | gr =z}

Their theorem is actually much more general, not just for the Dirac operator, but for any
G-equivariant elliptic operator (in fact, even more generally, for generalizations of elliptic
operators called “elliptic complexes”). A reference for the explicit index formula for the
Dirac operator is [AH], section 1.4(5), 1.4(8)]. We will more closely follow the presentation in
Witten’s paper [Wil], and restrict to G = S*, which is the case of interest in the next section
on the Witten genus.

In this case, the equivariant index indg (g, D) for any g € S can be calculated in terms
of data associated to the full fixed point set

XY ={zeX |qw=uaforalqeS'}.

The simplest situation is where X' is discrete, i.e., consists of finitely many fixed points.
In that case, the equivariant index theorem takes the form

indg: <Q7 D) = Z Fx(Q)v (62)

zeX st

where F,(q) € C is a number which is determined by the action of S on the tangent space
T,X. We observe that no tangent vector v € T, X is fixed under the action of S*. Otherwise
the geodesic through x with tangent vector v would also have to be point-wise fixed under
the S'-action, contradicting our assumption that z is an isolated fixed point.

6.1.1 Representations of S*

To describe F(q) for ¢ € S', it will be useful to recall a little bit of the representation theory
of S'. We recall that there are three equivalent ways to think about a (finite dimensional)
complex representation of S*:

(1) a homomorphism p: S* — Aut(V) to the automorphism group of a complex vector space
&

(2) a complex vector space V' equipped with a Z-grading, i.e., a direct sum decomposition
V =@, Ve of V as a sum of subspaces V, C V;
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(3) a Laurent polynomial Y, , Vi¢" in a formal variable ¢ whose coefficients V; are finite
dimensional complex vector spaces, which are trivial for almost all ¢ (i.e., this is a finite
sum). Generalizing the notation Z[q, ¢~ '] for Laurent polynomials with coefficients in
Z, we will write Vectc[q, ¢7!] for the collection of Laurent series with values in vector
spaces.

To pass from a homomorphism p: S — Aut(V) to a Z-grading on V, let V, C V be the
subspace of V on which p(q) acts by scalar multiplication by ¢ for ¢ € S*. Conversely,
if V.= @,c; Ve is a Z-graded complex vector space, a homomorphism p: S* — Aut(V) is
determined by defining p(q)(v) := ¢‘v for v € V,. Clearly the descriptions (2) and (3) are
equivalent, both use just a slightly different syntax to write down a Z-graded vector space.

For a complex S'-representation V, its character is the function S* — C given by ¢
tr(q, V). Using the decomposition V' = @,., V%,

tr(q, V) =Y tr(g, Vi) = Y _ dim Viq".

ez L€

Let R(S') be the complex representation ring of S', i.e., the group completion of the abelian
monoid given by complex representations of S! with respect the direct sum of representa-
tions. In other words, an element of R(S!) is represented as a formal difference between
representations. The ring structure on R(S!) is induced by the tensor product of represen-
tations. Writing a representation V as in (3) above as V = >",., V¢, the map

dim,: R(S") — Z[q,q7"]

V = Z Vigh = tr(q, V) = Z dim V;¢". (6.3)
ter ez

is called the graded dimension map or character map.

If S' acts on a real vector space V, for example the tangent space T, X of an isolated
fixed point, then V' can be decomposed in a similar way into subspaces V; as in the complex
case, but more care is needed. For a representation p: ST — Aut(V) let

d ‘
PV —V be the operator defined by P = il p(e’)
6=0

For example, if V' = C;, then
d . d .
P=_— 0y _ o __ il
de \ezop(e de |9:06 !

acts by multiplication by /. If we regard C as a real vector space with the standard basis,
then P is given by the matrix

w0y [coslf —sinlf _d o (0 —L
ple”) = (Sinﬁﬁ cos /6 and hence P= d0|9:0'0(6 ) = ¢ 0
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In particular, P has complex eigenvalues +if. For a general real representation V', the
possible complex eigenvalues of P are 0 and pairs +if of complex conjugate numbers with
teZ,=A{1,2,...}. Moreover, if P does not have eigenvalue 0, which is the case of interest
to us, then the following holds.

(i) the real dimension dimg V' is even, and there is a basis ey, f1, ..., ex, fr of V such that
the matrix P has block diagonal form with 2 x 2 blocks

0 —¢
¢ 0

fort=1,...,kand ¢; € Z,. In particular, V' has a complex structure J: V' — V given
by Je; :== f; and Jf; = —e;. Then eq,..., e is a basis of V' as a complex vector space,
i.e., we have a decomposition of complex vector spaces

V=Ce @& Cey, (6.4)
and p(q) acts on the complex subspace Ce; C V by multiplication by ¢.

(ii) More invariantly, there is a complex structure J on the real vector space V', such that
V' as complex vector space of complex dimension k£ decomposes as the direct sum

V=V (6.5)

of complex subspaces V; where p(q) acts by multiplication by ¢‘. The subspace V; is
equal to the sum € Ce;, where we sum over those indices i for which ¢; = /.

6.1.2 The equivariant index theorem in the case of isolated fixed points

Theorem 6.6. (The equivariant index theorem for isolated fixed points). Let X be
a closed Riemannian spin manifold of dimension n = 2k. Let S* act on X by spin structure
preserving isometries with fized point set X' consisting of finitely many points. Then the
equivariant index of the Dirac operator D(X) is given by

k /2
. . q
indg: (¢, D(X)) = > Fala),  with  F(e) =X ][5 —€C
zexs?! i=1
Here (1,... 0, € Z, are the positive integers such that +il; are the complex eigenvalues

of the operator P for the S*-action on T, X (see (i) above). Moreover, N\, € {£1}, where
A = 1 if and only if the orientation on T, X given by the spin structure on X agrees with the
orientation provided by the complex structure —J on T, X. Here J is the complex structure
onV =T,X determined by the S*-action on V as described above.
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This is the Fixed Point Theorem that Witten in his paper [Wi] states as equation (4),
with the definition of F,(¢) in equation (7). Superficially, his definition of the sign A, looks
different than ours since he compares with the orientation given by the complex structure
J rather than —J. However, his matrix form of P differs from ours by a minus sign. This
has the effect that p(q) on the subspace spanned by e; acts by multiplication by ¢~ %, a
convention I find awkward.

The fixed point contribution Fj(q) can be rewritten in terms of the canonical decom-
position of V. = T, X, using the fact that dimV} is the cardinality of the index set

k

el i/ )
Hl_q g(zelg

1=

q(Zdlng)/2 ( )

= | | —_ 6.7
_ A40\dimV,
g (L —gf)tmve

1,5 1
o =¢dim V}

In general, the fixed point set X S' consists not just of a finite number of points, but it
can be decomposed as disjoint union
— H x5
(0%

of its connected components X2 " which are all manifold, but possibly of varying dimension.
The equivariant Index Theorem is the statement

indg: (g, D Z F,(

where the summand F,(g) can be expressed in terms of the component X, gl of the fixed
point set and its equivariant normal bundle N. In order to write down the explicit formula
for F,(q) we will again proceed by first decomposing the equivariant normal bundle N.
The S'-action on X induces an action of S! on the normal bundle N. In particular, the
fiber N, is a representation of S! for each z € X 51. The same argument as in the isolated
fixed point case shows that no non-zero vector v € N, is fixed by S?, and hence N, has a
complex structure and a decomposition into eigenspaces of the operator P. This can
be done simultaneously in all fibers of N and leads to a complex structure on N, as well as

a decomposition
N = @ N, (6.8)

>0
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of N as a sum of complex subbundles N, where ¢ € S' acts by multiplication by ¢°.

The definition of F,(q) is a generalization of the expression F,(q) for the case of an
isolated fixed point x. This involves replacing the complex wvector spaces Vy by the complex
vector bundles Ny,. Writing down the generalization of formula requires to recognize
the two factors in that formula as graded dimensions of suitable Z-graded vector spaces from
the representation V', which are constructed as determinant and total symmetric power,
respectively.

6.1.3 The determinant construction

Let V be a vector space of dimension n. Then the determinant line is the 1-dimensional
vector space

Det(V) := A™(V).

This is a functorial construction, and if f: V — V is a linear map, the induced map
Det(V) — Det(V) is multiplication by the scalar det(f), the usual determinant of f. This
construction is exponential in the sense that for vector spaces V, W, there is a natural
isomorphism

Det(V & W) = Det(V) ® Det(WW).

By functoriality, a S'-action on V induces an S'-action on Det(V'), and hence the determi-
nant line construction induces a map

Det: R(S') — R(S') V= Det(V).

For example, let V be a complex vector space, and let V¢* € R(S') be the representation
where ¢ € St acts on V' by multiplication by ¢*. Then ¢ € S* acts on Det(V) = A*(V) by
multiplication by ¢‘*. In other words,

Det(V¢") = Det(V)g" 4™V
More generally, for a representation V = 3",_ Vig* € R(S"),

Det(V) = () Det(Vig") = X) (Det(Vy)g" ™ V) = (@ Det(V, ) [Id" (6.9
¢ l

>0

Since dim Det(V;) = 1, the graded dimension of this representation (see (6.3))) is given by
dim, (Det(V H g m Ve, (6.10)
We notice that this is the square of the first factor of the expression (6.7)) for F,.(q). Hence

the first factor should be thought of as y/Det(V'); we will discuss later how to make sense of
this.
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6.1.4 The symmetric power construction

For a complex vector space V, let S*V be the k-th symmetric power of V. For a finite
dimensional vector space of dimension > 1, the total symmetric power

SV)=8SVaeSvesSVae...

is infinite dimensional (unlike the total exterior power of V). So for many purposes, it it
more useful to assemble the symmetric powers of V' in a formal power series

S, (V) := SV 4+ S'Wit+ SVt + ..., (6.11)

in a formal variable ¢, all of whose coefficients are are finite dimensional vector spaces. This
is an exponential construction in the sense that for vector spaces V., W

SV e W) =S(V)® S(W),

where the tensor product on the right is defined by the usual multiplication of powerseries,
using the tensor product to multiply the vector space coefficients.

The construction S; is useful for symmetric powers of S'-representations. Let V = V,q¢*
be the S'-representation given by multiplication by ¢ on the complex vector space V;. Then
by functoriality, S acts on the symmetric power S*(V,¢); as a vector space this is just S*V,
with ¢ € S! acting on it by multiplication by ¢**. In other words,

Skv _ Sk(wqé) _ S’“(Vg)q”“,
and hence as a representation, the total symmetric power S(V') has the form

S(V) = stV =P s*(Vi)(¢)*

— V) + S (Vo) + S (V) (d') + SV + ...
= qu(‘/@)a

where S,¢(V;) is the formal power series (6.11]), with ¢* substituted for ¢. This shows that
although the total symmetric power is infinite dimensional, each isotypical component of
the represenation S(V) is finite dimensional provided ¢ # 0. Moreover, for £ > 0, the total
symmetric power is a powerseries in g. More generally, this is the case for any representation

V of the form V = @,., Vig":

S(V) =@ 5(Via) = @ S (Vo) (6.12)

£>0 £>0
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Our next goal is to calculate the graded dimension dim, S(V') of the total symmetric
power of an S'-representation V' of the form V = @, Viqt. In the simple case V = C*

dim, (S(Cq")) = dim, (5°(C) + S'(C)¢" + S*(C)g** + S*(C)g* +...)

1
S R e (R _
1—qt
and hence if dim V, = ny
1
: 0 : l 0
dim, (S(Veq")) = dim.(S(Cq" & @ Cq)) = =g
ng
It follows that for V = @, Vi¢*
. . 1
dim.(S(V) = dim (@ 5(Via) = [ 7= (613)

>0 >0

which we recognize as the second factor in the expression (6.7)) for F,(q).

6.1.5 The equivariant index theorem

Putting all of this together, we end up with a more conceptual way of writing the contribution
F,(q) of an isolated fixed point z € X* " to the equivariant index in the Fixed Point Formula
0.6

F.(q) = A\; dim,(/Det (7T, X)) dim,(S(7T,X)). (6.14)

The point of this rewriting is that 7, X can be thought of as the normal bundle of the fixed
point x considered as a submanifold of X. So the analog of T, X for a fixed point component
X5 C X is its normal bundle N. The S'-action on N gives N the structure of a complex
vector bundle, and a decomposition N = ), Niq* of N as S'-equivariant vector bundle as
described in . The determinant line construction and the symmetric power construction
works for equivariant vector bundles the same way as for representations. In more detail,
the latter is given by
S(N) = ®S(Nng),

£>0
where S(Nyg") := Sy.e(Ny), and Sy(V) for a vector bundle V' is the formal power series
S,(V) =SV + S'Wit+ SPViE 4. ...

While the definition of Det(N) as equivariant line bundle over X is clear, it is less clear how
to make sense of the square root \/Det(NV). It is helpful to separate the construction of the
line bundle from the question of how S! acts on it, as in for representations by writing

Det(N) = Det(EP) Neg™) = Det(N) [ [ ¢

>0 £>0
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where we write N for the vector bundle N obtained by forgetting about the S!-action. This
shows that if the complex line bundle Det(N) has a square root y/Det(V), then we can

define
v/Det(N) := y/Det(N) [ [ ¢

£>0

as an element of Vectc(X)[¢/?], i.e., as a polynomial in ¢'/2 whose coefficients are complex
vector bundles over X (geometrically, this can be interpreted as an action of the double cover
of S1). While Det(N) might not have a square root, the first Chern class of such a square
root is just half of the first Chern class ¢ := ¢;(Det(N)) € H?(X;Q) and hence we can define

ch(Det(N)) := e? € H*(X;Q).

Theorem 6.15. (Equivariant index theorem). Let X be a closed Riemannian spin
manifold of dimension n = 2k. Let S* act on X by spin structure preserving isometries with
fized point set X5 =[], X5". Then the equivariant index of the Dirac operator D(X) is
given by

indgi (g, D(X)) = Y Fu(q)-

Here the summand F,(q) is determined by the equivariant normal bundle N of the component
Xgl. In terms of the equivariant decomposition N = €D, Nygt it is given by

Fo(q) = AalA(TX) ch (\/ Det(N) HC/”WS(N)) X3

£>0

If X(fl has a spin structure, and the square root of the complex line bundle A(N) exists,
F,(q) can be alternatively expressed as

F.(q) = Aaind(D(X5"), v/Det(N) [ d™/2S(N)). (6.16)
>0
Remark 6.17. Atiyah and Hirzebruch have shown that the equivariant index of the Dirac
operator on a closed spin 2k-manifold with a non-trivial S'-action vanishes [AH]. This does
not mean that explaining the complicated right hand side of the equivariant index theorem
is pointless since it is 0 anyway, since

(i) The proof of the Atiyah-Hirzebruch result starts with this index formula, and is based
on analyzing the behavior of both sides as functions of ¢q. Using the fact that the two
sides represent quite different flavors of functions, they are able to conclude that these
functions must be identically zero.

(ii) Formally applying the equivariant theorem to the Dirac operator on the free loop space
(see next section), that index is often not zero.

(i) There is a slightly more general equivariant index theorem for twisted Dirac operators
(see e.g. [Wi]); their S'-equivariant indices are generally non-zero.
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6.2 The Witten genus

Let LX = map(S!, X) be the free loops space of X consisting of the smooth maps v: S' — X.
This is an infinite dimensional manifold, with a natural S'-action given by reparametrizing
the loops. The fixed point set LXS" consists of a the constant loops, which can be identified
with the manifold X itself:

LX% =X C LX.

In order to formally apply the equivariant index theorem to the Dirac operator on LX,
we need to determine the equivariant normal bundle N — X of X in LX.

The tangent space T,LX at a loop v is given by the space of vector fields along the
loop ~ which is defined to be the space I'(7*T'X) of smooth sections of the pullback bundle
v*TX — S'. In particular, if 7 is the constant map with image = € X, then

I(y*TX)=C>®(S", T, X)

is the space of smooth maps from S! to T, X. Fourier decomposition of maps S! — T, X
gives an injective linear map with dense image

P(T.x), — (5", T, X)

Lel

which sends (ag)sez to the smooth map f: S* — T, X given by
f(@):Zagcosi€9+ao+2agsinz’€9 for a, € T, X.

>0 £<0

Alternatively, using the embedding 7, X — T, X ® C and rewriting
agcos 0 + a_gsin €0 = Re((ay — ia_g)(cos L0 + isin £0)) = Re((ay — ia_;)e)
we obtain the injective linear map with dense image

T.X & PT.X @ C), — C=(S", T,X) = T,LX.
>0

This maps (v¢)eso € @yey(ToX @ C), to the map f(0) = Re(>,o(vee’®). This map is
Sl-equivariant, where ¢ € S acts trivially on 7, X, by multiplication by ¢ on the summand
(T, X ® C)y, and by reparametrization on the mapping space C*°(S', X). The summand
T,.X on the left corresponds to the tangent space of the fixed point set X = LX S'and
hence the fiber IV, of the normal bundle N corresponds to @,. (7, X ® C),. It follows that
this procedure produces an isomorphism of equivariant vector bundles

PN =N with N, =TX ®@C for all £ > 0.
>0

Formally applying the equivariant index theorem to the Dirac operator D(LX) on the
free loop space LX, we analyse the terms appearing on the right hand side of (6.16)
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1. The sign A\, will be ignored here, since the fixed point set has only one component, and
so it only leads to an overall sign (more than one component would require a careful
consideration of the relative sign).

2. Det(N;) = Det(TX @ C) = Det(TX) ® C, where Det(TX) is the determinant line
bundle of the real vector bundle 7'X. This real line bundle is the orientation line
bundle of X, and hence is trivial since X has a spin structure. It follows that

Det(N) = (X) Det(N,)

£>0
is trivial.

3. ny = dim¢c N, = dim X = n, and hence

[Ta" " =T]d""?=qs 20 = ¢ %

£>0 £>0

Here the last equality comes from interpreting the obviously diverging sum ), ¢ as
—<5 via “zeta regularization”. We recall that the (-function ((s) is defined for s € C
with sufficiently large real part by the convergent series

((s) == Z gls

£>0

It can be analytically continued to give the value —% at s = —1. Formally, the value
of ((s) at s = —1 is the divergent sum ), /.

4. S(N) = ®yo Syt (Vo) = Qg Syt (TX @ C).

Putting all these terms together, we obtain the following formal expression for the equivariant
index:

indgi (¢, D(LX)) = ind(D(X),q"* R) S (TX @ C)). (6.18)

£>0

It is useful to rewrite this expression in a different way. To explain why, let us look at the
map

S:K(X) = K(X)[[q]]  givenby Vi (X)Su(V).

£>0

This map is exponentional in the obvious sense; topologists would call it an exponential
characteristic class with values in the generalized cohomology theory K( )[[¢]], known as
Tate K-theory. However, unlike the exponential characteristic classes we looked at (e.g., the
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A\—class, the Todd class or the L-class), this class is not stable, i.e., applied to a trivial bundle
it does not give the unit 1 € K(X)|[[¢]]. For the trivial line bundle C we obtain

Sz<g)zsog+slgq€+52@q2€+:1+q€+q2€+:

q

o € K(X)[la]

and hence

S© - @500 = [[

£>0 £>0

A stable operation can be manufactured by replacing S(V) for a vector bundle of dimension
n by S(V —C") := S(V)S(C")~!. Rewriting the right hand side of (6.18)) in this way we

obtain

inds(0, D) = 4[] ! 5 )"nd(D(X). () 5, (TX & C )
>0 >0
ind(D(X), ®,. Sy (TX © C — C))
B n(q)" '

Here 1(q) := ¢"/** ],,(1 — ¢*) is the Dedekind n-function.
Definition 6.19. For a closed spin n-manifold X the power series
Wit(X) = ind(D(X),(X) S, (TX ® C— C")) € Z[[q]]
£>0

is the Witten genus of X.

We note that the expression ), 5,(7TX ® C —C") is a power series
Q) Sy (TX ©C—C") = Vo + Vig + Vai’ + ...
£>0

in ¢ whose coefficients V; are complex vector bundles over X which are built from the com-
plexified tangent bundle T X ® C and its symmetric powers. More accurately, the coefficients
are differences of vector bundles, i.e., elements of K (X). Explicitly,

R Sy (TX®C—-C")

>0

=C+(TX®C—-C"q+ (SZTXC—(n—l)TX(C—i—@Q) P+ ..

Exercise 6.20. Prove the above statement.
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The Witten genus is then the power series

Wit(X) = ind(D(X, Vi))d"

whose coefficient of ¢* is the index of the Dirac operator on X twisted by V;; alternatively,
using the Index Theorem [3.2]

o~

ind(D(X, 14)) = (A(TX) ch(V2), [X]).

In particular, the constant term of the Witten genus of X is E(X ), the g—genus of X, and
the coefficient of ¢ is (A(TX)ch(TX ® C — C"), [X]).

This shows that the definition of the Witten genus does not necessarily require a spin
structure on X. An orientation on X is sufficient to have a fundamental homology class [X],

and hence to be able to define the Witten genus as the power series

Wit(X) := Y (A(TX) ch(Vk), [X]) ¢*.

k=0

However, if X is not spin, the coefficients of this power series in general will only be rational
numbers, since A(TX)ch(V}) is a rational cohomology class whose evaluation on the funda-
mental class in general only yields a rational number, not an integer; e.g., E(CIPQ) =—-1/8.
If X is spin, this number by the index theorem is equal to the index of the Dirac operator
twisted by V., which then forces it to be an integer.

The Witten genus Wit(X) € Z|[[g]] has a very interesting property, it is a modular form of
weight % dim X, provided that the tangent bundle of X restricted to the 4-skeleton is trivial.
This property is very unexpected from the way it was defined above, but it was conjectured
by Witten based on arguments based on the physics interpretation of the Witten genus as
the “partition function of a 2-dimensional field theory”, and proved by Zagier [Zal.

Definition 6.21. Let b be the upper half plane consisting of all points 7 € C with positive
imaginary part. A function f: h — Cis a modular form of weight n if the following conditions
hold.

holomorphicity: f is holomorphic;
equivariance:

ar +b
ct +d

)= (er+d)"f(r)  forall <Z Z) € SLy(Z). (6.22)

/(

In particular f(7 4+ 1) = f(7) for all 7 € b, and hence f factors in the form

b » h/Z —— B* —— C.
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Here B* is the open punctured 2-disk {g € C | 0 < |g| < 1}, and the biholomorphic
map g sends [7] € h/Z to e*™ € B* (biholomorphic means that g and its inverse are
holomorphic).

holomorphicity at co: Via the biholomorphic map g, the “point at co” of h corresponds
to the origin of the punctured disk B*, and consequently, holomorphicity at oo for
f amounts to the requirement that the holomorphic function F': B* — C on the
punctured disk B* extends to a holomorphic function on the disk. More explicitly, in
terms of the Laurent expansion

F(q) =) axd", (6.23)

keZ
of F', this is the requirement a; = 0 for k£ < 0.
The expansion (|6.23)) is called the g-expansion of f.

Remark 6.24. The above is the classical definition of modular forms. It is ok for calcu-
lations, but it does a great job to hide any conceptual context for this definition! (Where
does h come from, why do we consider that specific action of SLy(Z) on b, and maybe most
mystifying, where does the funny factor (¢7 4+ d)" in the equivariance requirement come
from?). Here is an attempt to give a little bit of conceptual backdrop. A point 7 € C
determines a lattice in C given by Z7 4+ Z1 C C. Modding out by the lattice we obtain
a torus T, := C/Zr + Z1. This is a complex l-manifold via the complex structure on 7
induced from C. In fact, every compact complex 1-manifold with Euler characteristic 0 is
biholomophically equivalent to T, for some 7 € h. In other words, the map

compact complex 1-manifolds

of Euler characteristic 0

h — M:= { } /biholomorphic equivalence

is surjective. It is not injective; rather for 7,7 € b the corresponding tori T, T, are
biholomorphically equivalent if and only if there is some (%) € SLy(Z) such that 7/ = 22,
In other words, the induced map

SLy(Z)\h — M

is a bijection, and so the quotient S Lo (Z)\b is the moduli space of compact complex 1-manifolds
with Fuler characteristic 0.

What about the funny factor (e¢r + d)"? Every compact complex 1-manifold 3 has a
canonical complex line Det() associated to it, defined by

Det(X) := Det (4 (X)),
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where Q} (2) is the space of holomorphic 1-forms on 3, Qf (3)* is its dual space, and
Det(Q2},(2)*) is as in section the top dimensional exterior power of the finite dimen-
sional complex vector space O (X)*. If ¥ is a torus, then Q] (3)* is 1-dimensional, and
SO

Det(%) = O}, (%) if 3 has Euler characteristic 0

The determinant lines Det(7) for 7 € b fit together to form a line bundle Det — b whose
fiber over 7 € b is Det(T;). In fact, this is an SLy(Z)-equivariant line bundle (a matrix
A € SLy(Z) determines functorially a biholomorphic equivalence T, = Ty, and hence an
isomorphism Det(7;) = Det(T,+). From a conceptual point of view, a modular form of weight
n is a section of Det®" — b which is holomorphic, SLy(Z)-equivariant and holomorphic at
0.

How does that relate to the definition of a modular form as a function on h? The line
bundle Det — b has a nowhere vanishing section s, given at 7 € § by evaluation on the
holomorphic 1-form on T, = C/Zt + Z1 whose pullback to C is the holomorphic 1-form
dz € Q},(C). Using this section s, functions on h can be interpreted as sections of Det®"
(by multiplying with s). Since s is not an equivariant section SL,(7Z)-equivariant sections
of Det®” do not correspond to equivariant functions on b, but rather to functions with the

funny transformation property (6.22)).

7 Solutions to some exercises

Proof of Lemma[1.39. Let X be a riemannian manifold of dimension n = 2¢. The homo-
morphism 7: Q*(X) — Q*(X) is defined by

Ta = iFETDH for a € QF(X).
To prove that 7 is an involution, we calculate:

() =7 (ik(k_l)M * a)

n—k)(n—k—l)-‘,—(ik(k—l)—i—é *2 o

n—k)(n—k—l)—i—k(k—l)—i—%(_ 1)k(n—k)a

=i
—(

((n—k)(n—k—1)+k(k—1)+n+2k(n—k)

=1 (07

So it suffice to calculate the exponent modulo 4:

(n—k)(n—k—1)+k(k—1)+n+2k(n— k)
=n—k)?—(n—k)+k —k+n+2kn—2k
=n? -k +k*—n+k+k*—k+n+2kn— 2k

:n2
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This is congruent 0 modulo 4 since n is even.
To show that 7 anti-commutes with D = d 4 d*, we note that for n even the formulas for

d*o and *%a simplify to

d'a=—*d* *a = (—1)Fa for a € QF(X).

Then
T(d+ d)a =rda — Txd*
RADRHE g =D k=24 g
:Z'k:Q-i-k:-f—ﬁ *dov — ,L'k:2—3k’+2+€(_1)n—k+ld* o
R R g ik2+k+£i2(_1)n—k+1d*a
=k R+t (xda — (=1)*d* )
(d+ d*)Tor =(d — dw) (IFEDH & o
=¥ (dx o — (—1)F x da)
=F (1) (dxa — (—1)F x da)
S ((=1)fd x a — xda)
This proves that 7 and d + d* anti-commute. O

To describe the map ¢, in the middle row, we note that for any compact subset K C V/,
the inclusion i: V — R"* gives a map of pairs i: (V,V C K) — (R*,R*"! C K). The
induced map in cohomology

i H*(R™M RN\ K) — H*(V,V \ K)

is an isomorphism by excision. Then ¢, is the composition

H: (V)= lim H*(V,V\K) e, lim H* (R R™F\ [)
K C V compact K C V compact
N hﬂ H* (Rn+k7 Rn+k \ L) — H: (RnJrk)

L C R*t* compact
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