
Goals for today

Partial Derivatives

Chain Rule



Let fpx1, ¨ ¨ ¨ , xnq be a function and pa1, ¨ ¨ ¨ , anq. Pick one

of the variables, xi. Define the partial derivative of f with

respect to xi at pa1, ¨ ¨ ¨ , anq by

fxipa1, ¨ ¨ ¨ , ai, ai`1, ¨ ¨ ¨ , anq “

lim
xiÑai

fpa1, ¨ ¨ ¨ , xi, ai`1, ¨ ¨ ¨ , anq ´ fpa1, ¨ ¨ ¨ , ai, ai`1, ¨ ¨ ¨ , anq

xi ´ ai
Other notation is

fxipa1, ¨ ¨ ¨ , anq “
Bf

Bxi

ˇ

ˇ

ˇ

xi“ai
“ Difpa1, ¨ ¨ ¨ , anq

Remark: Unlike one-variable calculus, just because the par-

tial derivatives exist the function may not be differentiable.

We will not define differentiable here because it’s a bit tech-

nical but it does occur as an hypothesis in many results going

forward. The definition is not useful to check if something is

differentiable but there is a theorem:

A function is differentiable if all of its partial derivatives

exist and are continuous.



Given z “ fpx, yq, if you hold one of the variables, say y

fixed, you get a parametrized curve ~rpxq “ xx, y, fpx, yqy

and

B

1, 0,
B f

B x

`

x0, y0, fpx0, y0q
˘

F

is its tangent vector at the

point on the curve ~rpx0q.

~rptq “ pt, 1, 2´ t2q with ~rp1q “ p1, 1, 1q.



Chain Rule

Suppose F is a function of n variable, x1, x2, . . . , xn. Suppose

each xi is a function of m variables, t1, . . . , tm. Then the

composition is a function of the ti,

Hpt1, ¨ ¨ ¨ , tmq “ F px1pt1, ¨ ¨ ¨ , tmq, ¨ ¨ ¨ , xnpt1, ¨ ¨ ¨ , tmq
˘

If you change ti keeping the other tj fixed, all the xk can

change. The change due to the change in x` is
BF

Bx`

Bx`
Bti

, and

the total change is found by summing up all the changes for
each x`.



Here is one way to organize the work.

Let ~∇F px1, ¨ ¨ ¨ , xnq “

B

BF

Bx1
px1, ¨ ¨ ¨ , xnq, ¨ ¨ ¨ ,

BF

Bxn
px1, ¨ ¨ ¨ , xnq

F

.

Let ~xpt1, ¨ ¨ ¨ , tmq “ xx1pt1, ¨ ¨ ¨ , tmq, ¨ ¨ ¨ , xnpt1, ¨ ¨ ¨ , tmqy

and define

B ~x

B ti
pt1, ¨ ¨ ¨ , tmq “

B

B x1
B ti
pt1, ¨ ¨ ¨ , tmq, ¨ ¨ ¨ ,

B xn
B ti

pt1, ¨ ¨ ¨ , tmq

F

BH

B ti
pt1, ¨ ¨ ¨ , tmq “

~∇F px1, ¨ ¨ ¨ , xnq
ˇ

ˇ

ˇ

px1,¨¨¨ ,xnq“px1pt1,¨¨¨ ,tmq,¨¨¨ ,xnpt1,¨¨¨ ,tmqq
‚

B ~x

B ti
pt1, ¨ ¨ ¨ , tmq

If you hold all of the t` fixed except for ti, ~rptiq “ ~xpt1, ¨ ¨ ¨ , tmq

is a curve and
B ~x

B ti
pt1, ¨ ¨ ¨ , tmq is its tangent vector.



It looks worse than it is.

Step 1. Compute ~∇F px1, ¨ ¨ ¨ , xnq, which will be an expres-

sion in the xk.

Step 2. Replace each xk in this formula by xkpt1, ¨ ¨ ¨ , tmq so

you have a function of the t`’s.

Calc I Chain Rule: differentiate the outside function and plug in the inside function.

Step 3. Compute
B ~x

B ti
pt1, ¨ ¨ ¨ , tmq which is already a function

of the t`’s.

Calc I Chain Rule: differentiate the inside function.

Step 4: Take the dot product.

Calc I Chain Rule: Multiply the two functions.

Here F is the “outside function”, ~∇F is its “derivative”; ~x is

the “inside function” and
B ~x

B ti
is its “derivative”.

So the general form of the Chain Rule reads: differentiate the

outside function; plug in the inside function; differentiate the

inside function and multiply the two answers.


