Goals for today

Partial Derivatives

Chain Rule



Let f(xy1,---,x,) be a function and (aq,--- ,a,). Pick one

of the variables, x;. Define the partial derivative of f with

respect to x; at (ay, - ,a,) by
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Other notation is
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Remark: Unlike one-variable calculus, just because the par-
tial derivatives exist the function may not be differentiable.
We will not define differentiable here because it’s a bit tech-
nical but it does occur as an hypothesis in many results going
forward. The definition is not useful to check if something is

differentiable but there is a theorem:

A function s differentiable if all of its partial derivatives

exist and are continuous.



Given z = f(x,y), if you hold one of the variables, say y

fixed, you get a parametrized curve 7(z) = {(x,y, f(x,y))

0
and <1, 0, a—f(:co, Yo, f(xo, yo))> is its tangent vector at the
T

point on the curve 7(xg).

el 1)

7(t) = (t,1,2 — t?) with 7(1) = (1,1, 1).



Chain Rule

Suppose F'is a tunction of n variable, x1, xs, ..., T,. Suppose
each x; is a function of m variables, t1, ..., t,,. Then the

composition is a function of the ;,

H(tla'” 7tm> :F<$1<t1,'°' 7tm)7°” ,$n<t1,"' atm>)

If you change ?; keeping the other ¢; fixed, all the x; can

0F 0
change. The change due to the change in x, is T2 and

&Qfg &tz 7
the total change is found by summing up all the changes for
each xy.



Here is one way to organize the work.

- F F

Let VF<.CC1, 7xn) — <a_(x1, 7$H)7“. 6_(:1:1, 7:Un)>
6561

Let f(tly"' 7tm) — <:I:1(t1,--- 7tm)7"' 7xn(t17... 7tm)>

and define

0X 011 0x,
atz(tla 7tm) _<§tz(t17 7tm)7'” ) at@ (t17'” 7tm)>

If you hold all of the ¢, fixed except for t;, 7(t;) = X(t1, -+ , tm)
0X
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is a curve and —(ty,- -+ ,t,,) is its tangent vector.



It looks worse than it is.

Step 1. Compute VF (1, ,x,), which will be an expres-

sion in the xy.

Step 2. Replace each zy in this formula by xp(t1, - ,t,,) so

you have a function of the ¢,’s.

Calc I Chain Rule: differentiate the outside function and plug in the inside function.
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Step 3. Compute —(t1, - - - , t,,) Which is already a function

)
of the ,'s.
Calc I Chain Rule: differentiate the inside function.

Step 4: Take the dot product.

Calc I Chain Rule: Multiply the two functions.

Here F'is the “outside function”, VF' is its “derivative”; X is
0X
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1s 1ts “derivative” .

the “inside function” and

So the general form of the Chain Rule reads: differentiate the
outside function; plug in the inside function; differentiate the

inside function and multiply the two answers.



