
Parametrized surfaces



A parametrized surface consists of a domain D in u v space
and a vector valued function

r⃗pu, vq “ xxpu, vq, ypu, vq, zpu, vqy

for all pu, vq P D.

Example: r⃗pu, vq “ xuv, u ` v, u ´ vy and D : u2 ` v2 ď 4.



r⃗pu, vq “ xuv, u ` v, u ´ vy and D : u2 ` v2 ď 4.

Figure 1.



Standard examples.

A graph z “ fpx, yq: r⃗pu, vq “ xu, v, fpu, vqy and D is the
domain of f unless you further restrict it.

There are similar formulas for graphs x “ gpy, zq and y “

hpx, zq.

A sphere centered at the origin with radius r.

r⃗pθ, ρq “ xr cospθq sinpρq, r sinpθq sinpρq, cospρqy

and D “ r0, 2πs ˆ r0, πs or equvalently
D : 0 ď θ ď 2π, 0 ď ρ ď π.

Let p⃗ptq “ xxptq, yptqy, a ď t ď b be a parametrized curve in
the xy plane. Then

r⃗pt, zq “ xxptq, yptq, zy , D : a ď t ď b, z P p´8, 8q

is the cylinder perpendicular to the xy plane along the curve.

Let p⃗ptq “ xxptq, yptqy, a ď t ď b be a parametrized curve in
the xy plane lying above the x-axis. Then

r⃗pt, θq “ xxptq, yptq cospθq, yptq sinpθqy , D : t P ra, bs, θ P r0, 2πs

is the surface of revolution of the curve about the x-axis.





Even with all these families of examples, you will be unable to
identify a generic parametrized surface as anything else.



Grid lines

Given a parametrized surface r⃗pu, vq, D, there are families of
parametrized curves, called grid lines, obtained as follows.

Any value u0 determines a set, Iu0 of v so that pu0, vq P D Then

r⃗pu0, vq v P Iu0

is a parametrized curve in 3D.

Any value v0 determines a set, Jv0 of u so that pu, v0q P D Then

r⃗pu, voq u P Jv0

is a parametrized curve in 3D.



Tangent Planes

Since each grid line is a curve, it has a tangent vector (and
a normal vector and a binormal vector which we will not be
discussing). At a particular point r⃗pu0, v0q, there are two such
tangent vectors
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The normal vector to the surface at pu0, v0q is

N⃗pu0, v0q “ r⃗upu0, v0q ˆ r⃗vpu0, v0q

A parametrization is called smooth if the partial derivatives are
continuous and |r⃗upu0, v0q ˆ r⃗vpu0, v0q| ą 0 for all pu0, v0q P D

except for maybe points in the boundary of D.
Here is an example.

https://www.desmos.com/3d/hk90i3t0av

