
Parametrized surfaces, especially surface area



A parametrized surface consists of a domain D in u v space
and a vector valued function

r⃗pu, vq “ xxpu, vq, ypu, vq, zpu, vqy

for all pu, vq P D.



We want the area of such a little piece. The two orange lines are
meant to be r⃗vpu0, v0q and r⃗upu0, v0q and our approximation
to the area of the piece will be the area of the parallelogram
spanned by r⃗vpu0, v0q∆v and r⃗upu0, v0q∆u. This is

|r⃗vpu0, v0q ˆ r⃗upu0, v0q|∆u∆v



In the limit we get

AreapSq “

ĳ

D

|r⃗upu0, v0q ˆ r⃗vpu0, v0q|dA



Graphs: r⃗pu, vq “ xu, v, fpu, vqy:
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AreapSq “

ĳ

D

a

1 ` f 2
u ` f 2

v dA

for any D over which f is smooth.



A sphere centered at the origin with radius r.

r⃗pθ, ρq “ xr cospθq sinpρq, r sinpθq sinpρq, r cospρqy

x´r sinpθq sinpρq, r cospθq sinpρq, 0y

xr cospθq cospρq, r sinpθq cospρq, ´r sinpρqy
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x´r2 cospθq sin2pρq, ´r2 sinpθq sin2pρq, ´r2 sinpρq cospρqy

Then

|r⃗θ ˆ r⃗ρ|2 “

r4 cos2pθq sin4pρq ` r4 sin2pθq sin4pρq ` r4 sin2pρq cos2pρq “

r4 sin4pρq ` r4 sin2pρq cos2pρq “ r4 sin2pρq
`

sin2pρq ` cos2pρq
˘

r4 sin2pρq

and
S “

ĳ

D

r2 sinpρq dA

for any D Ă r0, 2πs ˆ r0, πs.
If your ρ is outside the interval r0, πs then you need an absolute
value around the sinpρq.



Let p⃗ptq “ xxptq, yptqy, a ď t ď b be a parametrized curve in
the xy plane. Then

r⃗pt, zq “ xxptq, yptq, zy , a ď t ď b, z P p´8, 8q

is the cylinder perpendicular to the xy plane along the curve.

xx1, y1, 0y

x0, 0, 1y

xy1, ´x1, 0y

S “

ĳ

D

a

px1q2 ` py1q2 dA

for any D Ă ra, bs ˆ p´8, 8q.



Let p⃗ptq “ xxptq, yptqy, a ď t ď b be a parametrized curve in
the xy plane lying above the x-axis. Then

r⃗pt, θq “ xxptq, yptq cospθq, yptq sinpθqy , t P ra, bs, θ P r0, 2πs

is the surface of revolution of the curve about the x-axis.
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for any D Ă ra, bs ˆ r0, 2πs.



Sphere.
Other.

https://www.desmos.com/3d/wvvhyoreqn
https://www.desmos.com/3d/4b0plyg6ib

