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Feedback Passivation of Discrete-Time Systems
Under Communication Constraints

Yingbo Zhao and Vijay Gupta

Abstract—Passivity is a desirable property of a dynamical sys-
tem because it implies stability and is invariant under negative
feedback and parallel interconnections. Feedback passivation is
the process of making a nonpassive system passive through feed-
back control. In this technical note, we study the problem of
feedback passivation when the controller has limited information
about the state of the plant. Nonlinear plants that are linear in the
control inputs are considered. The main result of the technical note
is a certainty equivalence principle: any state feedback controller
that ensures closed-loop input-strict passivity with index μ using
the exact state of the plant will also ensure closed-loop stochastic
quasi passivity using an estimate of the state, provided that the
infinity norm of the estimation error process is bounded by some
function of μ. A corollary is that for linear systems, although
passivity is more strict than stability, feedback passivation does not
place more constraints on the estimation error and hence does not
demand more from the communication channel than mean square
stabilization.

Index Terms—Networked control, nonlinear system, passivity.

I. INTRODUCTION

Passivity-based control is an important approach to the study of
complex systems and nonlinear systems, especially for stabilization
purposes [1]–[4]. Passivity is a desirable property for a number of rea-
sons. First, Lyapunov function candidates can usually be obtained nat-
urally from the storage functions induced by passivity [5], [6], which
means that stability and stabilization problems can often be solved
immediately once passivity is guaranteed [7]. Second, the fact that
passivity is preserved under negative feedback and parallel intercon-
nections makes it an attractive approach for the analysis and design of
large-scale and composite systems [8].

A discrete-time system

x(k + 1) = f (x(k), u(k))

y(k) = g (x(k), u(k)) (1)

where x(k) ∈ R
n is the state, u(k) ∈ R

q is the control input, y(k) ∈
R

q is the output and f, g are smooth mappings of appropriate di-
mensions, is said to be (locally) passive [9], [10], if there exists a
positive definite function V (x(k)) such that for all k ∈ Z≥0 and all
(x(k), u(k)) in a neighborhood of the origin (0n,0q)

V (x(k + 1))− V (x(k)) ≤ yT (k)u(k). (2)
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Fig. 1. Feedback passivation across a communication channel.

The system (1) is said to be state-strictly passive if there exists c ∈ R>0

such that

V (x(k + 1))− V (x(k)) ≤ yT (k)u(k)− c ‖x(k)‖2 (3)

and input-strictly passive with index μ [11], [12], if there exists μ ∈ R

such that

V (x(k + 1))− V (x(k)) ≤ yT (k)u(k)− μ ‖u(k)‖2 . (4)

The function V (x(k)) is called the storage function and can be
interpreted as the energy stored in the system at time k. The right-hand
side is called the supply rate, which characterizes the energy supplied
to the system at time k. Thus, the implication of inequality (2) is that
at every time step, the increase in the energy stored in a passive system
is upper bounded by the energy supplied to this system.

The related problem of feedback passivation, where the objective is
to transform a nonpassive system (plant) to a passive system by means
of a suitable feedback controller has also been studied in the literature
[7], [13]. For a plant in the form of (1), the aim is to find a regular
state feedback controller u(k) = α(x(k), v(k)), where v(k) ∈ R

q is
an exogenous input, such that the closed-loop mapping from v to y is
passive. If such a controller exists, then the plant is said to be feedback
passive. The notion of feedback passivity is obviously more general
than that of passivity since if the open-loop plant is already passive we
can introduce the dummy controller u(k) = v(k), ∀ k ∈ Z≥0. In other
words, a passive system is trivially feedback passive.

Under the assumption that the controller knows the exact state,
Byrnes et al. [7] showed that a continuous, input-affine, nonlinear
system is feedback passive if and only if it has relative degree 1 and
is weakly minimum phase. Similar necessary and sufficient conditions
for feedback losslessness, which is a special case of feedback passivity,
were obtained for discrete-time nonlinear affine-in-control systems by
Byrnes and Lin [14], where relative degree 0 and lossless zero dynam-
ics are required. Navarro et al. [13] considered feedback passivation of
nonlinear discrete-time plants that are non-affine in the control input.

To the best of our knowledge, almost all existing results on feedback
passivation assume that the controller has access to the exact state of
the plant. In this technical note, we study feedback passivation when
the exact state is not available at the controller. In particular, we assume
that the plant transmits its state information to the controller across a
communication channel as shown in Fig. 1.

Note that due to the presence of the communication channel, the
system evolves in a stochastic manner and we must adopt a definition
of passivity for stochastic systems. Such notions have been proposed

0018-9286 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



3522 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 61, NO. 11, NOVEMBER 2016

in, e.g., [15]–[18]. We would also like to mention some related
works on stochastic passivity. [19] considered the stochastic passivity
of linear time-invariant (LTI) systems with state-dependent noise.
The stochastic passivity for nonlinear Markovian jump systems has
been studied in the continuous-time framework in [17] and in the
discrete-time setting in [20]. Moreover, [21] proposed the notion of
stochastic passivity for general nonlinear discrete-time systems with
non-anticipative stochastic disturbances and studied the H∞ control
problem.

Also related is the work on feedback stabilization across commu-
nication channels. It has been shown in [22] that for the stabilization
of a linear time-invariant system across a noiseless digital channel, if
the control input u or the control law is known to the encoder and the
decoder, then the estimation performance depends only on the quality
of the communication channel and is independent of the controller.
Other types of communication channels have been studied (see, e.g.,
[23]–[25]), and the encoder/decoder designs can be directly used in our
framework.

The main result of this technical note is a certainty equivalence
principle: any state feedback controller that ensures closed-loop input-
strict passivity with index μ using the exact state of the plant will also
ensure closed-loop stochastic passivity using an estimate of the state,
provided that the infinity norm of the estimation error is bounded by
some function of μ. A corollary of our result is that although passivity
is, in some sense, a more strict condition than stability, for linear
systems feedback passivation does not place more constraints on the
estimation quality of the state than stabilization. This means, for in-
stance, that if a linear plant can be stabilized in the mean squared sense
across a communication channel, then it can also be feedback passi-
vated across that channel. Further, for linear plants, we also provide
a specific construction method of feedback passivating controllers.

Notations: Throughout this technical note, E[x] denotes the expec-
tation of a random variable x. For a vector x ∈ R

n, we denote the
2-norm ‖x(k)‖ Δ

=
√

xT (k)x(k). A matrix A ∈ R
n×n is Schur stable

if all its eigenvalues are inside the unit circle on the complex plane. For
a real symmetric matrix A, we use λ̄(A) and λ(A) to denote its largest
and smallest eigenvalues, respectively. For two positive semi-definite
matrices A,B, A ≥ B means that A−B is positive semi-definite.
For symmetric block matrices, we use an asterisk ∗ to represent the
term that can be readily induced by symmetry. The n-vector with
all zero elements is denoted by 0n and the m× n matrix with all
zero elements by 0m×n. The identity matrix of dimension n× n is
denoted by In. For any j ≤ k ∈ Z≥0, we use {x}kj to denote the
series {x(j), x(j + 1), . . . , x(k)}, and omit j if j = 0. We use
diag(A1, . . . , An) to denote a block-diagonal matrix.

II. PROBLEM FORMULATION

In this technical note, we consider the feedback passivation problem
for the class of nonlinear plants that is linear in the control input with
state space representation

x(k + 1) = f (x(k)) +Bu(k)

y(k) =h (x(k)) +Du(k) (5)

where x(k) ∈ R
n is the state, u(k) ∈ R

q is the control input, y(k) ∈
R

q is the output, f, h are smooth mappings and B,D are real matrices
of appropriate dimensions.

Assume that the open-loop mapping from u to y is nonpassive. The
objective is to find a controller that feedback passivates the plant (5),
under the assumption that the state x is transmitted to the controller
across a communication channel, as depicted in Fig. 1. The model for
the communication channel is described as follows.

Definition 1: (Communication Channel Model): A discrete time
communication channel C is defined to be a probabilistic system with
an input alphabet M, an output alphabet N and a probability transition
matrix Pr(n(k)|{n}k−1, {m}k) that characterizes the probability of
the decoder receiving the output symbol n(k) ∈ N given that the
symbol m(k) ∈ M is sent at time k by the encoder. At time k, the
encoder is a mapping M

k ×R
n(k+1) → M given by Ek({m}k−1,

{x}k) = m(k) and the decoder is a mapping N
k+1 → R

n given by
Dk({n}k) = x̂(k). These mappings are under the control of the de-
signer. If Pr(n(k)|{n}k−1, {m}k) = Pr(n(k)|m(k)), then the chan-
nel C is said to be memoryless.

The controller has access to only the output of the decoder, denoted
by x̂(k). Formally, the controller is given by

u(k) = α (x̂(k)) + Fv(k) (6)

where α(·) is a regular function and v(k) ∈ R
q is an exogenous input.

The closed-loop system evolution is thus

x(k + 1) = fα (x(k)) +Bη(k) +BFv(k)

y(k) =hα (x(k)) +Dη(k) +DFv(k) (7)

where fα(·)
Δ
= f(·) +Bα(·), hα(·)

Δ
= h(·) +Dα(·) and η(k)

Δ
=

α(x̂(k))− α(x(k)). All the discussions in this section are con-
fined to a neighborhood near the origin (x, v) = (0n,0q) denoted
by X× V. Moreover, we assume that the function α(·) is locally
Lipschitz, i.e., there exists Lα ∈ R>0 such that ∀x1, x2 ∈ X, it holds
that ‖α(x1)− α(x2)‖ ≤ Lα‖x1 − x2‖. This assumption implies that

η(k) ≤ Lα‖e(k)‖, where e(k)
Δ
= x̂(k)− x(k) represents the estima-

tion error.
We propose the following definition of stochastic feedback quasi

passivity based on the stochastic passivity in [21].
Definition 2: (Stochastic Feedback Quasi Passivity): System (1) is

said to be stochastically feedback quasi passive if there exist a regular
static feedback controller (6), a storage function V (·) : X → R>0 and
a scalar b ∈ R>0 such that ∀ k ∈ Z≥0 and ∀ (x(0), {v}k) ∈ X×V

k

E [V (x(k + 1))− V (x(k))] ≤ E
[
yT (k)v(k) + b ‖e(k)‖2

]
. (8)

Further if there exists c ∈ R>0 such that

E [V (x(k + 1))− V (x(k))]

≤ E
[
yT (k)v(k)− c ‖x(k)‖2 + b ‖e(k)‖2

]
(9)

then system (1) is said to be stochastically state-strictly feedback quasi
passive.

We use the term quasi passivity because b‖e(k)‖2 on the right-hand
side of inequalities (8) and (9) may cause the system to be nonpassive
in the traditional sense. However, for deterministic systems with
‖e(j)‖ ≡ 0, the above definition recover the classical passivity.

Remark 1: (Classical Passivity is Recovered When the Controller
has Access to the Exact State): For the special case when the con-
troller has access to the exact state, we let M=N=R

n, Pr(n(k)|
{n}k−1, {m}k)=1 if n(k)=m(k) and Pr(n(k)|{n}k−1, {m}k)= 0
otherwise, to obtain e(k) = 0q , ∀ k ∈ Z≥0. In this case, the definitions
in (8) and (9) recover the classical passivity definition.

We impose the following technical assumptions on V (·).
Assumption 1: The storage function V (·) is smooth and V (f(x) +

Bu) is quadratic in u.
Assumption 1 is common in the passivity literature, e.g., [14], [26],

[27]. The function V (·) being smooth implies that all finite-order
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TABLE I
COMPARISON OF DETERMINISTIC AND STOCHASTIC QUASI PASSIVITY

derivatives of V (·) are locally Lipschitz, which means that there exist
LV̇ , LV̈ ∈ R>0 such that ∀x1, x2 ∈ X

∥∥∥∥∥ ∂V (z)

∂z

∣∣∣∣
z=x1

− ∂V (z)

∂z

∣∣∣∣
z=x2

∥∥∥∥∥ ≤LV̇ ‖x1 − x2‖

∥∥∥∥∥ ∂2V (z)

∂z2

∣∣∣∣
z=x1

− ∂2V (z)

∂z2

∣∣∣∣
z=x2

∥∥∥∥∥ ≤LV̈ ‖x1 − x2‖. (10)

Assumption 2: The storage function V (·) is locally Lipschitz of
order 2, i.e., there exists LV , ĽV ∈ R≥0 such that ∀x1, x2 ∈ X,
ĽV ‖x1 − x2‖2 ≤ ‖V (x1)− V (x2)‖ ≤ LV ‖x1 − x2‖2.

There exists close relation between stochastic quasi passivity de-
fined in this technical note and mean square stability, which is analo-
gous to the relation between classical passivity and Lyapunov stability.
This relation is summarized in Table I, where the results in the first row
are standard and the other entries can be proved in a similar fashion
as in [18]. In particular, the second row shows that if the estimation
error of the state is bounded in l2 norm, then stochastic quasi passivity
implies mean square stability and state-strict stochastic quasi passivity
implies mean square asymptotic stability. Furthermore, like classical
passivity, the stochastic quasi passivity is invariant under both parallel
and negative feedback interconnections.

Our objective is to find a controller in the form of (6) such that the
closed-loop mapping from v to y in (7) is stochastically quasi passive.

III. FEEDBACK INPUT STRICT PASSIVITY GUARANTEES

STOCHASTIC QUASI PASSIVITY

In this section, we derive the main result of this technical note. We
first provide a necessary and sufficient condition for feedback input-
strict passivity using exact state information that will be used in the
proof of the main result.

Lemma 1: (A Necessary and Sufficient Condition for Feedback
Input-Strict Passivity): Let x̂(k) = x(k), ∀ k ∈ Z≥0. The closed-
loop system (7) is input-strictly passive with index μ if and only if
there exist a storage function V (·) and functions l(·) : X → R

q , m(·) :
X → R

q×q such that

V (fα (x(k)))− V (x(k)) = −lT l

∂V (z)

∂z

∣∣∣∣
z=fα(x(k))

BF = hT
α − 2lTm

1

2
F TBT ∂2V (z)

∂z2

∣∣∣∣
z=fα(x(k))

BF

=
1

2
(DF + F TDT )− μIq −mTm. (11)

Proof: (necessity) By the definition of input-strict passivity in
(4), there exists a storage function V (·) such that ∀ k ∈ Z≥0 and
∀ (x(k), v(k)) ∈ X× V

Φ(x, u, k)
Δ
=V (x(k + 1))− V (x(k))− yT (k)v(k) + μ ‖v(k)‖2

(a)
= V (fα (x(k)))− V (x(k))

+

(
∂V (z)

∂z

∣∣∣∣
z=fα(x(k))

BF − hT
α (x(k))

)
v(k)

+
1

2
vT (k)

(
F TBT ∂2V (z)

∂z2

∣∣∣∣
z=fα(x(k))

BF

+ 2μIq − (DF + F TDT )

)
v(k) ≤ 0

(12)

where (a) in (12) holds by the Taylor series and Assumption 1.
Moreover, since Φ(x, u, k) is quadratic in v(k), there exist functions
l(·) : X → R

q , m(·) : X → R
q×q such that

Φ(x, u, k) = − (l +mv(k))T (l +mv(k)) . (14)

We obtain (11) by comparing (13) and (12).
(sufficiency) The proof for sufficiency is immediate by using the

definition of input-strict passivity in (4). �
It is worth noticing that the functions l(·) and m(·) depend on

the coefficients in the Taylor series and thus Lemma 1 only holds
locally. Lemma 1 is analogous to some results in the literature like
sufficient and necessary testing conditions for (state-strict) passivity
of continuous nonlinear systems in [5] and [28]. We are now ready to
state our main result.

Theorem 1: (Bounded State Estimation Error Allows Certainty
Equivalent Controllers): Consider the nonlinear plant (5). Assume that
using the exact state, there exists a controller such that the closed-loop
is input-strictly passive with index μ. If the communication channel is
such that

sup
i∈Z≥0

E [‖x̂(i)− x(i)‖] < 2μ

LV̈ ‖B‖Lαλ̄(F TBTBF )
(14)

then the same controller renders the closed-loop system stochastically
quasi passive using the estimate of state, x̂(k).

Proof: It holds that

V (fα (x(k)) +Bη(k) +BFv(k))

= V (fα (x(k)) +Bη(k))

+
∂V (z)

∂z

∣∣∣∣
z=fα(x(k))+Bη(k)

BFv(k)

+
1

2
vT (k)F TBT ∂2V (z)

∂z2

∣∣∣∣
z=fα(x(k))+Bη(k)

BFv(k)

(a)

≤ V (fα (x(k))) + LV ‖B‖2L2
α ‖e(k)‖2

+
∂V (z)

∂z

∣∣∣∣
z=fα(x(k))

BFv(k)

+ LV̇ ‖B‖Lα ‖e(k)‖ · ‖BF‖ · ‖v(k)‖

+
1

2
vT (k)F TBT

×
(

∂2V (z)

∂z2

∣∣∣∣
z=fα(x(k))

+ LV̈ ‖B‖Lα ‖e(k)‖
)
BFv(k)

(15)
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where (a) in (15) follows from Assumptions 1 and 2. Let

bα =
(LV̇ ‖B‖Lα‖BF‖+ Lα‖D‖)2

4μ− 2LV̈ ‖B‖Lαλ̄(F TBTBF ) supi∈Z≥0
E [‖e(i)‖]

+ LV ‖B‖2L2
α. (16)

Notice that bα > 0 because of (14). It then follows that:

E
[
V (x(k + 1))− V (x(k))− yT (k)v(k)− bα ‖e(k)‖2

]
(a)

≤ E

[
V (fα (x(k)))− V (x(k))

+

(
∂V (z)

∂z

∣∣∣∣
z=fα(x(k))

BF − hT
α (x(k))

)
v(k)

+
1

2
vT (k)

(
F TBT ∂2V (z)

∂z2

∣∣∣∣
z=fα(x(k))

BF

− (DF + F TDT )

)
v(k)

]

+
(
LV ‖B‖2L2

α − bα
)
E
[
‖e(k)‖2

]
+ (LV̇ ‖B‖Lα‖BF‖+ Lα‖D‖)E [‖e(k)‖] · ‖v(k)‖

+
1

2
LV̈ ‖B‖Lαλ̄(F

TBTBF )E [‖e(k)‖] · ‖v(k)‖2

(b)

≤ E

[
− (l +mv(k))T (l +mv(k))

]
+

(
LV ‖B‖2L2

α − bα
)
(E [‖e(k)‖])2

+ (LV̇ ‖B‖Lα‖BF‖+ Lα‖D‖)E [‖e(k)‖] · ‖v(k)‖

+

(
1

2
LV̈ ‖B‖Lαλ̄(F

TBTBF )E [‖e(k)‖]−μ

)
‖v(k)‖2

where (a) follows from (15), (b) follows from Lemma 1, and the RHS
of (b) is negative due to the choice of bα in (16). �

Theorem 2: If the nonlinear plant (5) is state-strictly feedback quasi
passive and the communication channel guarantees that

sup
i∈Z≥0

E [‖x̂(i)− x(i)‖] < 2μ

LV̈ ‖B‖Lαλ̄(F TBTBF )

then there exists a controller such that the closed-loop system (7) is
stochastically state-strictly quasi passive.

Proof: The proof is similar to the proof of Theorem 1 by using
the supply rate yT (k)u(k)− c‖x(k)‖2 − μ‖v(k)‖2. �

IV. FEEDBACK PASSIVATION OF LINEAR PLANTS

In this section, we show that stronger results than Theorems 1 and
2 hold for linear plants. Specifically, the existence of the index μ is
not necessary for a certainty equivalent controller to ensure stochastic
quasi passivity. In the sequel, we specialize (5) to consider a linear
time-invariant plant of the form

x(k + 1) =Ax(k) +Bu(k)

y(k) =Cx(k) +Du(k). (17)

We assume that (A,B,C,D) is minimal, B is full rank and D
is nonsingular. It has been shown in [13] that the matrix D being
nonsingular is necessary for the existence of a feedback passivating
controller even if the controller knows the exact state of the plant.

With the static controller u(k) = Kx̂(k) + Fv(k), the closed-loop
system is given by

x(k + 1) = Āx(k) + B̄v(k) +BKe(k)

y(k) = C̄x(k) + D̄v(k) +DKe(k) (18)

where (Ā, B̄, C̄, D̄)
Δ
= (A+BK,BF,C +DK,DF ).

We now show that if the communication channel in the feedback
loop ensures supi∈Z≥0

E[‖e(i)‖2] < ∞, then certainty equivalent
controllers can be used to achieve stochastic quasi passivity, even if
input-strict passivity is lacking. Moreover, we obtain a feedback pas-
sivating controller by solving a set of linear matrix inequalities (LMIs).

Lemma 2: For any scalar α > 0 and matrices A, B with appropriate
dimensions

ATB +BTA ≤ αATA+ α−1BTB. (19)

Proof: The proof follows from the inequality
(α1/2A− α−(1/2)B)

T
(α1/2A − α−(1/2)B) ≥ 0.

Theorem 3: (Design for Feedback Stochastically Passivating
Controllers): Consider the LTI plant (17) and assume that
supi∈Z≥0

E[‖e(i)‖2] < ∞. If there exist matrices P̄ > 0 ∈ R
n×n,

K̄ ∈ R
q×n and F ∈ R

q×q such that

Π11 =

⎡
⎣ P̄ ∗ ∗
CP̄ +DK̄ F TDT +DF ∗
AP̄ +BK̄ BF P̄

⎤
⎦ > 0 (20)

then the feedback controller

u(k) = K̄P̄−1x̂(k) + Fv(k) (21)

renders the closed-loop system (18) stochastically quasi passive. More-
over, if it further holds that[

Π11 ∗
Π21 0.5c−1In

]
> 0 (22)

where Π21 = [P̄ 0n×(q+n)], then the closed-loop is stochastically
state-strictly quasi passive with c in (9).

Proof: By a congruence transformation with matrix diag{P̄−1,
Iq, In} and using Schur complement, (20) is equivalent to

Φ
Δ
=

[
P − ĀTPĀ ∗
C̄ − B̄TPĀ D̄T + D̄ − B̄TPB̄

]
> 0 (23)

where P = P̄−1, K = K̄P̄−1 and (Ā, B̄, C̄, D̄) have been defined
after (18). Define V (x(k)) = (1/2)xT (k)Px(k) and two scalars

αp = λ̄
(
Φ−1diag{ĀTPĀ, B̄TPB̄ +DDT }

)
> 0 (24)

b =2−1λ̄
(
KT

(
(1 + 2αp)B

TPB + αpIq
)
K
)
≥ 0. (25)

For all k ∈ Z≥0 and all v(k) ∈ R
q , we obtain

E
[
yT (k)v(k) + b ‖e(k)‖2 + V (x(k))− V (x(k + 1))

]
(a)

≥ 2−1
E
[
ϕT (k)Ψϕ(k)

] (b)

≥ 0 (26)

where ϕ(k) = [xT (k) vT (k) eT (k)]
T

Ψ = diag
{
Φ− α−1

p diag{ĀTPĀ, B̄TPB̄ +DDT },

2bIn −KT
(
(1 + 2αp)B

TPB + αpIq
)
K
}
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and (a) in (26) follows by Lemma 2, (b) in (26) follows by (24) and
(25). Thus, the closed-loop system is stochastically quasi passive by
definition (8).

Moreover, if the LMI (22) also holds, then by a congruence transfor-
mation with matrix diag{P̄−1, In, Iq, In} and the Schur complement
lemma, we have

Φc
Δ
=

[
P − ĀTPĀ− 2c ∗

C̄ − B̄TPĀ D̄T + D̄ − B̄TPB̄

]
> 0. (27)

Define

αc = λ̄
(
Φ−1

c diag{ĀTPĀ, B̄TPB̄ +DDT }
)
> 0 (28)

bc =2−1λ̄
(
KT

(
(1 + 2αc)B

TPB + αcIq
)
K
)
≥ 0. (29)

For all k ∈ Z≥0 and all v(k) ∈ R
q , we obtain

E
[
yT (k)v(k)− c ‖x(k)‖2 + bc ‖e(k)‖2 + V (x(k))−V (x(k+1))

]
(a)

≥ 2−1
E
[
ϕT (k)Ψcϕ(k)

] (b)

≥ 0 (30)

where

Ψc = diag
{
Φc − α−1

c diag{ĀTPĀ, B̄TPB̄ +DDT },
2bcIn −KT

(
(1 + 2αc)B

TPB + αcIq
)
K
}

and (a) in (30) holds because of Lemma 2, (b) in (30) follows by (28)
and (29). Thus, the closed-loop system is stochastically state-strictly
quasi passive by definition (9). �

Since the condition supi∈Z≥0
E[‖e(i)‖2] < ∞ is also necessary for

feedback stabilization in the mean squared sense, Theorem 3 shows
that feedback passivation does not require any higher quality of service
from the communication channel than stabilization.

Theorem 4: (Sufficient Condition for the Existence of a Feedback

Passivating Controller): If the matrix Â
Δ
= A−BD−1C is Schur

stable, then the feedback controller

u(k) = −
(
D−1C + 2δ(BTPB)

−1
BTPÂ

)
x(k)

+ 2δ(BTPB)
−1

DT v(k), 0 < δ < 1 (31)

makes the closed-loop system (18) stochastically quasi passive.
Proof: The proof is completed by direct substitution of (31) into

the system dynamics (17). �

V. A NUMERICAL EXAMPLE

In this section, a numerical example is provided to illustrate
the feedback passivating controller design approach proposed in
Theorem 3. Consider the scalar plant

x(k + 1) =
4

3
x(k) +

3

8
u(k)

y(k) =x(k) +
1

2
u(k)

which is obviously nonpassive since it is unstable. Let c = 0.5 in the
stochastic state-strict passivity inequality (9). By solving the LMI (22),
we obtain the feedback controller u(k) = −2.56x̂(k) + 0.7912v(k).
Moreover, we compute using (29) that b in (9) equals 16.21.

First consider the case when e(k) = 0q , ∀ k ∈ Z≥0. We compare
the increase in the storage function with the supply rate yT (k)v(k)−
c‖x(k)‖2 in Fig. 2. We see that the increase in storage is always
less than or equal to the supply rate, which means that the designed

Fig. 2. Comparison between the increase of the storage function and the supply
rate when the exact state is available at the controller ( X axis: time; Y axis:
storage increase versus supply rate).

Fig. 3. Comparison between the increase of the storage function and the supply
rate when only an estimate of the state is available at the controller ( X axis:
time; Y axis: storage increase vs supply rate).

controller guarantees the state-strict quasi passivity of the closed-loop
system.

Then, assume that the estimation error process e = {e(1), e(2), . . .}
is zero-mean white Gaussian with unit covariance and the controller
remains the same. This happens when the feedback channel C is
AWGN and the encoder and decoder mappings are simply m(k) =
x(k), n(k) = m(k) + e(k), x̂(k) = n(k).

In Fig. 3(a), the increase in the storage function is compared with
two supply rates: the supply rate in (3) defining standard state-strict
quasi passivity and the one proposed in (9) for stochastic state-strict
quasi passivity. It shows that the standard supply rate yT (k)v(k)−
c‖x(k)‖2 is not an upper bound of the storage increase while the new
supply rate yT (k)v(k)− c‖x(k)‖2 + bE[‖e(k)‖2] is. In Fig. 3(b),
simulation results for 20 repeated tests are plotted.

VI. CONCLUSION

In this technical note, we considered the feedback passivation prob-
lem for discrete-time systems when the state of the plant is transmitted
to the controller across a communication channel. By generalizing the
standard passivity definition, a stochastic quasi passivity concept was
introduced. We showed that any state feedback controller that ensures
closed-loop input-strict passivity with index μ using the exact state of
the nonlinear plant can guarantee stochastic quasi passivity using an
estimate of the state, provided that the infinity norm of the estimation
error is bounded by some function of μ and the system dynamics matri-
ces. For linear plants, we obtained stronger results and the input-strict
passivity is not necessary. The effectiveness of the controller design
approach was illustrated through an example.
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This work can be extended in several directions. More general
dissipativity concepts such as QSR dissipativity can be considered,
which include passivity as a special case. Further, generalization of the
results to more general classes of nonlinear systems is also of interest.
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