Self Homotopy Equivalences of Postnikov Conjugates
Author(s): E. Dror, W. G. Dwyer, D. M. Kan
Reviewed work(s):
Source: Proceedings of the American Mathematical Society, Vol. 74, No. 1 (Apr., 1979), pp.
183-186
Published by: American Mathematical Society
Stable URL: http://www.jstor.org/stable/2042127 .
Accessed: 07/12/2011 13:05
Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at .
http://www.jstor.org/page/info/about/policies/terms.jsp
JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

American Mathematical Society is collaborating with JSTOR to digitize, preserve and extend access to
Proceedings of the American Mathematical Society.

http://www.jstor.org

PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 74, Number 1, April 1979

SELF HOMOTOPY EQUIVALENCES OF POSTNIKOV
CONJUGATES'
E. DROR, W. G. DWYER AND D. M. KAN
ABSTRACT.
The purpose of this note is to generalize a result of Wilkerson [41
and show that the self homotopy equivalences of the Postnikov approximations of a space X determine, in a rather simple manner, simultaneously the
self homotopy equivalences of X and the self homotopy equivalences of the
Postnikov conjugates of X (i.e. the spaces with the same Postnikov approximations as X).

1. Statement of results. For a connected CW-complex X, let EX denotes its
space of self homotopy equivalences, BEX the classifying space of EX and X(n)
the nth Postnikov approximation of X. Consider the homotopy inverse limit
space [1, p. 301]
V = ho proj lim BEX(n)

i.e. the space obtained by turning the tower {BEX(n)}into a tower of fibrations
and taking the ordinary limit of the latter. Then it is reasonable to expect that
this space V is in some way related to BEX and it turns out that, in fact, one
component of V, the one "containing" the identity maps of the X(n), has
exactly the homotopy type of BEX. To describe the homotopy types of the
(possible) other components of V one needs the Postnikov conjugates of X, i.e.
the spaces Y for which each y(n) has the same homotopy type as x(n) (such
spaces need not have the same homotopy type as X, as the homotopy
equivalences y(n) X (n) are not required to be compatible). Our main result
then is:
1.1 THEOREM. (i) There is a canonical 1-1 correspondence between the
componentsof V and the homotopytypes of the Postnikov conjugatesof X.
(ii) For every Postnikov conjugate Y of X, the corresponding (see (i))
component Vy c V has the homotopy type of BEY.
As the homotopy groups of the homotopy inverse limit of a tower fit into
short exact sequences involving a proj lim and a proj limr term [1, p. 310],
Theorem 1.1 implies the following "known" result:
1.2 COROLLARY.For every Postnikov conjugate Y of X and every integer
i > 0, there is a short exact sequence
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*

>proj lim v,

EX('EX()
--iEY

-proj lim viEX(>)

*

in which each of the maps jrjEX(k) > snjEX(k 1) involved in the proj lim and
proj lim' terms differs from the obvious one by the action of an element of
7r0EX(k- 1) (which depends on Y).
1.3 COROLLARY.
There is a canonical 1-1 correspondencebetween the eleand the homotopytypes of Postnikov conjugates
ments of the set proj liml TTOEx(n)
of X.
As '0EX(n) is the group of homotopyclasses of self homotopyequivalences of

X(n', this corollaryis just Theorem I of Wilkerson[4]. In fact, it was our
attemptto understandthis resultof Wilkersonwhichled to our Theorem1.1.
If X has a basepoint, then one can considerthe space
1.4 Generalizations.
E*X of base point preserving self homotopy equivalences and it is not hard to

verify that Theorem1.1 and its proof remainvalid if one replaceseverywhere
E by E*. One could go even furtherand consider,for instance,the spaceE1X
of base point preserving self homotopyequivalences which induce the identity on

all the homotopygroups.Again Theorem 1.1 and its proof remainvalid if one
replaces everywhereE by E,, except that one has to suitably restrict the
notion of Postnikovconjugate.
1.5 Organization of the proof. In order to keep the rather technical proof of

our theoremas reasonableas possible, we reduce (in ?2) Theorem 1.1 to a
minimalsimplicialversion2.1 and then proceed (in ?3) to prove the latter.
This has the considerableadvantage that one then can use isomorphisms
instead of homotopyequivalencesas, for minimal simplicial sets, these two
notions coincide. We will freely use the simplicialterminologyand notation
of [1] and [2].
2. Reductionto the minimalsimplicialcase. Let M be a connectedsimplicial
set which is minimal [2, p. 35] and denote by M(') its nth Postnikov approxima-

tion [2, p. 34]. By a Postnikovconjugateof M we then mean any minimal
simplicialset N for which each N(n)is isomorphicto M(n)(againthis does not
imply that N is isomorphicto M, as the isomorphismsN(n)t M(n)are not
required to be compatible). If AM denotes the simplicial group of automorphisms of M [2, p. 74] and W is the simplicial classifying functor [2, p. 87],
then one can form the homotopyinverse limit [1, p. 295]
L

=

ho proj lim WAM (n)

and formulatethe followingminimalsimplicialversionof Theorem1.1.
2.1 THEOREM.
(i) There is a canonical 1-1 correspondence between the
componentsof L and the (isomorphismclasses of) Postnikov conjugates of M.
(ii) For every Postnikov conjugate N of M, the corresponding (see (i))
componentLN C L has the homotopy type of WAN.
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THEOREM 1.1 now readily follows from this minimal simplicial version by
applying Theorem 2.1 to a minimal subcomplex of the singular complex of X
and observing that, for a minimal simplicial set M, every self homotopy
equivalence is an automorphismand, in fact, EM = AM.
It thus remains to prove Theorem 2.1, and this we will do in ?3.

3. Proof of Theorem 2.1. The main part of the proof consists of, given a

PostnikovconjugateN of M and a choice of isomorphismsq: N(n) t M(n),
constructingan explicitmap WAN -> L. Once this is done, it will not be hard
to show that
3.1(i) The correspondenceN -> LN, which assigns to N the conponent of L
containing the image of WAN under this map, does not depend on the choice of
the q's and, in fact, induces a 1-1 correspondencebetween the (isomorphism
classes of) Postnikov conjugates of M and the componentsof L, and
3. 1(ii) The map WAN -> LN is a homotopyequivalence.
We start with constructing a commutative diagram
**
*4 ...
WAN(n+l) x Iln + 1 -4 WAN(n) x I/n
*
WAM (n+

*4

(n)

1)WAN

(3.2)
in which I/n denotes the (contractible) simplicial set that has [1, p. 292] a
k-simplex for every nondecreasing sequence of integers (n, no, . .. , nk). (The

existenceof this commutativediagramis equivalentto the statementthat the
diagram
*

(n + 1)

WAN

*

_4

l

l

*

_

WAM(n+l1)

*

_

WAN(n)

_>

WA M(n)

in which the vertical maps are induced by the q's, commutes up to compatible
homotopies [3]). The horizontalmaps in (3.2) are the obvious ones and the
vertical map WAN(n) x I/N -> WAM(n) is given by the formula
((bk -, .I.

bo), (n, no,,

nk)) -4(ak-

lqbk- Iq _ak_

1

**aoqboq

al- )

in which ak-i: M(n) t M(n) denotes the unique isomorphism such that the
diagram
N (n,)

q

M (n,)

\ proj

proj ,
N(n)

q

M(n)

aki

(n)

commutes and in which q, q - 1, ai and ai- 1 are abbreviations for q x A[j],

q- 1 x A[j], ai x A[j] and a7-' x A[j] with appropriatej. A straightforward

but long calculation then shows that the function WAN(n) X I/n

->WAM(n)
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so defined is actually a simplicial map and that diagram (3.2) indeed commutes.
Next we observe that another long but straightforward calculation yields
3.3. The diagram (3.2) induces an isomorphism
ho proj lim WAN

.1-1ho proj lim WAVM(')= L

by assigning to every k-simplex of ho proj lim WAN('), i.e. compatible collection of maps A[k] x I/n - WAN(), the composition
A[k] x I/n

-*

L[k] x I/n x I/n

-*

WAN(n)X I/n

-

WAM(n).

Finally we obtain the desired map WAN -> L as the obvious [1, p. 297]
composition
WAN = proj lim WAN(n)-> ho proj lim WAN(n)
r

hoproj lim WAM (n)= L.

One now proves 3.1(i) by verifying what happens to the vertex of WAN
under the map WAN -* L. The argument is straightforward and is essentially
a W-translation of the proof of Theorem I of Wilkerson [4].
To prove 3. 1(ii) one notes that the projections N(nI) -N (n)are fibrations
and that therefore the induced maps AN(n+) ->AN(n) are also fibrations
(even though they need not be onto). It readily follows [1, p. 254 and p. 310]
that the induced [1, p. 297] map
7' WAN = g, proj lim WAN(n)_ 7i ho proj lim WAN(n)
is an isomorphism for all i > 1 and the desired result thus follows from 3.3.
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