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Abstract A fifth order weighted essentially non-oscillatory (WENO) fast sweeping method
is designed in this paper, extending the result of the third order WENO fast sweeping method
in J. Sci. Comput. 29, 25-56 (2006) and utilizing the two approaches of accurate inflow
boundary condition treatment in J. Comput. Math. 26, 1-11 (2008), which allows the usage
of Cartesian meshes regardless of the domain boundary shape. The resulting method is tested
on a variety of problems to demonstrate its good performance and CPU time efficiency when
compared with lower order fast sweeping methods.
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1 Introduction

We are concerned with the numerical solution of the static Hamilton-Jacobi equations
H(pyy, o bxx)=f(x), xeQ\T o
¢(x) =g), xelCQ

where Q is a computational domain in R? with suitable boundary conditions set on the
subset I'. The Hamiltonian H is a nonlinear Lipschitz continuous function. Among the
Hamilton-Jacobi equations, a very important member is the Eikonal equation, which can be
described as
Vo)l = f(x), xeQ\T @)
d(x)=gkx), xel'CcQ

where f(x) is a positive function.
The static Hamilton-Jacobi equation (1) can be considered as the steady state solution of
the time dependent Hamilton-Jacobi equation

Gr + H(@xys oo Prgo X) = f(X). 3

The Hamilton-Jacobi equations have abundant applications, such as in optimal control, im-
age processing, computer vision, geometric optics, and pedestrian flow models, see, e.g. [2].
The solution to (3) or (1) may not always be differentiable or unique. By mimicking the
entropy condition for hyperbolic conservation laws to pick out a physically relevant solu-
tion, the concept of viscosity solutions was introduced so that a global, physically relevant
solution can be defined for such nonlinear equations which is unique, Lipschitz continuous,
but may not be everywhere differentiable.

Numerical discretization for (3) includes first order monotone schemes on structured
meshes [5] and on unstructured meshes [1], high order essentially non-oscillatory (ENO)
schemes on structured meshes [11, 12], high order weighted ENO (WENO) schemes on
structured meshes [9], high order WENO schemes on unstructured meshes [18], and high
order discontinuous Galerkin methods on unstructured meshes [4, 6], among many others.
A review of the discretization techniques for the Hamilton-Jacobi equations can be found
in [15]. The difference among these schemes is usually in their spatial discretization. For
a truly time dependent solution, an explicit time discretization, such as the total variation
diminishing (TVD) time discretization in [16], is often used. Such discretization can also be
used to obtain the solution of (1) from the steady state solution of (3), marching in time until
the difference of the numerical solution between successive time steps becomes negligibly
small. This however may not be the most efficient approach to obtain the solution of (1). In
recent years, the fast sweeping method has been developed as one of the efficient techniques
for obtaining the steady state solution of (1). The original fast sweeping method [3, 20] is
only for first order monotone schemes on structured meshes. Later, the fast sweeping method
has been generalized to some of the high order spatial discretizations. For example, in [19],
the fast sweeping method is generalized to the third order WENO scheme of [9]; in [14], it
is generalized to fifth order weighted power ENO scheme and a new stopping criterion is
proposed; and in [10], it is generalized to the high order discontinuous Galerkin method of
[4]. These high order fast sweeping methods are also used in the pedestrian flow simulations
in [8, 17], which require repeated solution of a static Eikonal equation.
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The high order fast sweeping methods produce much more accurate solutions on coarser
meshes when compared with the first order fast sweeping method. However, the local solver
might involve more information in the downwind part, and hence the number of iterations
for convergence to the steady state solution might be significantly larger than that of the
first order method, and this number might increase when the mesh size is decreased. It is
therefore necessary to look carefully at the efficiency of such high order fast sweeping meth-
ods, in order to demonstrate their relative CPU time efficiency to first order fast sweeping
methods for achieving the same level of error. Another complication is that the high order
spatial discretization involves a wider stencil and hence the additional difficulty in treating
the numerical boundary conditions. In [19] and also several other papers on similar meth-
ods [8, 10, 17], the values of the numerical solution at these boundary points are either
fixed with the exact solution, which is not always feasible, or computed with a first order
discretization, which would reduce the global accuracy. In [7], two strategies to handle in-
flow numerical boundary conditions and solving the static Eikonal equation (2) by using
the fast sweeping third order WENO scheme in [19] are developed. The first approach uses
a first order fast sweeping method to produce numerical solutions with several different
mesh sizes near the boundary, and then forms a Richardson extrapolation to obtain suitable
high order solution values at the grid points near the inflow boundary. This approach usu-
ally involves only a small additional computational cost because the numerical solution at
the grid points near the inflow boundary can often be obtained with only local sweeping
in the first order fast sweeping method. The second approach uses a Lax-Wendroff type
procedure repeatedly utilizing the PDE to write the normal spatial derivatives to the in-
flow boundary in terms of the tangential derivatives, which would then be readily available
by the physical inflow boundary condition. With these normal spatial derivatives, we can
then obtain high order solution values at the grid points near the inflow boundary. This ap-
proach, when applicable, involves a negligibly small additional computational cost. This
approach also allows the usage of Cartesian meshes regardless of the domain boundary
shape, since the boundary does not have to be on grid points. Numerical examples in [7],
for the Eikonal equation (2), prove the effectiveness of these boundary conditions treat-
ments.

In this paper, we extend the work in [19] of the third order fast sweeping WENO method
to fifth order accuracy, using the classical WENO spatial discretization in [9]. Special
attention is paid to the treatment of numerical boundary conditions, which turns out to
be crucial in guaranteeing accuracy and small number of iterations for convergence. For
inflow boundary conditions, we adopt the two strategies introduced in [7]. For outflow
boundary conditions, we apply extrapolation but carefully tune the order of this extrapo-
lation so that the number of iterations remains small and the order of accuracy achieved
inside the computational domain remains fifth order. We carry out an extensive list of
numerical experiments and compare the CPU efficiency against lower order fast sweep-
ing methods to achieve comparable errors. It is shown that our fast sweeping fifth or-
der WENO method converges in a relatively small number of iterations and is more effi-
cient in CPU time to achieve the desired error level than lower order fast sweeping meth-
ods.

The rest of the paper is organized as follows. The fast sweeping fifth order WENO
method and the boundary condition treatments are described in Sect. 2. In Sect. 3 we pro-
vide several numerical examples to demonstrate the effectiveness and efficiency of the fifth
order fast sweeping method. Concluding remarks are given in Sect. 4.
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2 The Fast Sweeping Fifth Order WENO Method and the Treatment of Boundary
Conditions

In this section we first give a brief description of the fast sweeping fifth order WENO
scheme, following [19]. We then describe the two approaches for the numerical boundary
conditions with fifth order accuracy.

2.1 The Fast Sweeping Fifth Order WENO Scheme

We give a brief description of the fast sweeping fifth order WENO scheme, following [19],
for solving the static Hamilton-Jacobi equation (1). For more details, we refer to [9, 19].

For simplicity, we assume that the computational domain €2 is covered by a tensor prod-
uct mesh 2, ={(x;,y;,):0<i <I1,0<j<J}and I'; =T N ;. We assume without loss
of generality that the mesh is uniform, x; =i Ax, y; = jAy and Ax = Ay = h. The approx-
imation of the solution to the static Hamilton-Jacobi equation (1) at the location (x;, y;)
is denoted by ¢; ;, which is obtained by a fast sweeping iterative procedure. As in [7], we
divide the set of mesh points (x;, y;) into the following four categories:

e Category I contains the points at the inflow part of the domain boundary. The numerical
solution ¢; ; in Category I is fixed at the prescribed physical boundary condition and does
not change during the fast sweeping iteration.

e Category II contains the points at the outflow part of the domain boundary, where no phys-
ical boundary condition is given, and the ghost points outside the computational domain
near the outflow boundary which are necessary for the wide stencil WENO interpola-
tion. The numerical solution ¢; ; in Category II is obtained by extrapolation of suitable
accuracy, based on the numerical solution inside the computational domain.

e Category III contains the few points inside the computational domain and near the inflow
boundary. These points cannot be updated by the WENO scheme because of its wide
stencil. For the fifth order WENO scheme, any point which has a horizontal or vertical
distance less than 4/ from the inflow boundary belongs to this category.

e Category IV contains all the remaining points, which are updated during the fast sweeping
iterations until convergence.

The Gauss-Seidel iterations with four alternating direction sweepings are then performed
as follows:

(1 i=0:1,j=0:J; 2 i=1:0,j=0:J;
B i=1:0,j=J:0; @4 i=0:1,j=J:0.

“

To compute the viscosity solution for (1) in 2D, we discretize the Hamiltonian H by a
monotone numerical Hamiltonian H [5]:

Hp; . ¢F: ¢y .00 = f(xi.y). G j) e\ Ty

C 5
bij = &ij> @ j) el C Q.

There are at least two types of numerical Hamiltonian that we can use to solve the non-
linear problem. The first is the Godunov type numerical Hamiltonian, which can be used
for the Eikonal equation (2) as well as the general Hamilton-Jacobi equations (1) with
H (u,v) = n(u®, v?) where n is a monotone function with respect to both arguments (see
[15]). The second type of monotone numerical Hamiltonian, suitable for discretizing a gen-
eral Hamiltonian H (u, v), is the Lax-Friedrichs numerical Hamiltonian which is the sim-
plest among all monotone numerical Hamiltonians.
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2.1.1 Godunov Type Hamiltonian

For the Eikonal equation (2), the local solution procedure for the fifth order WENO scheme

to update the new solution at the grid (7, j) is as follows:

min(y ™, ¢ ™) + fi ; b, if |y i — ¢ > f; i,
b5 = ¢Fmi"+¢;?]",“i"+(2z2.h27(¢:‘mi“7¢¥f"i“)2)% ! ! ©)
o o s o , otherwise
where f; j = f(x;,y;), and
[¢lx;mn:mll’l (¢i,j —h (¢ i_,j’ ¢i,j +h(¢x)1+1) o)
¢,\jmm = min (¢i.j —h (¢y iTj’ ¢i,j +h (¢y),+j)
with
(@0 = w0(@); )+ o1(d); 3+ @2(¢0); 7 ®)
where
a)0+(1)1+(1)2=1 (9)
and
() = 1AYhis;  TAIpia; | 1L ATG
RT3 6 h 6 h
1AYG;»: SATei_ i 1ATY
(¢x)i_"1 - __ X¢ 2,j = x¢ 1,j - X¢~] (10)
g 6 h 6 h 3 h
67 = 1A G,  5AT,;  1AT¢in,
RT3 p 6 h 6 h
in which
ATgij =div1) — bi AL dij =i —bi1,j-
Similarly, we can define (d)x):rj. The nonlinear weights are defined by (9) and
Qo (2%
wy= ————, W)=
o+ o) + oy o+ o+
with
1 6 3
op=—, o=, o= ——
0T €+ 182 T e+ 15)? 2T (€418,
and
1Sy = 13(a — b)* + 3(a — 3b)*
IS, =13(b—c) +3(b+c)?
1S, =13(c —d)* +33c — d)*
where
4 A;A;rff’i—z,/" b A;A;(pi*l»j’ o A;AI@J’ g ArBidia
h h h h
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The definitions for (¢y);" ; and (¢y);rj are analogous. Here € is a small number in the WENO

nonlinear weights. In the description above, ¢>ffejw denotes the to-be-updated numerical solu-

tion for ¢ at the grid point (7, j), and ¢; ; denotes the currently available value of ¢.
Convergence is declared if

||¢new _¢01d ” < 5! (11)

where § is a given convergence threshold value and qﬁl"]]d denotes the old value of ¢ before
the start of the current sweeping step. L' norm is used in (11).

2.1.2 Lax-Friedrichs Type Hamiltonian
We define

1
——a,ut—u") — an(tﬁ —v7)

N “+ut v +ot 1
HYY o utv v =H (u —)

2 7 2 2
where
oy = max |H(u,v)], oy = max |H(u, v)|. 12)
A<u<B - A<u<B
C=<v=D C=<v<D

Here H;(u, v) is the partial derivative of H with respect to the ith argument, or the Lipschitz
constant of H with respect to the ith argument. [A, B] is the value range for u™, and [C, D]
is the value range for v*. The Lax-Friedrichs numerical Hamiltonian is monotone when
A <u < B, C <v < D. The high order Lax-Friedrichs fast sweeping scheme for static
Hamilton-Jacobi equations can be written as:

¢W=( h )P_HCmm+wmywwu+mm)
oy +ay

2 2

@) — (@) @) — (@)
by PO g B0 | g (13)
where ¢; ; denotes the currently available value of ¢.

2.1.3 Initial Quess

For high order Godunov type numerical Hamiltonian, the solution from the first-order Go-
dunov fast sweeping method [20] is used as the initial guess for all the grid points in Cat-
egory IV. Grid values in Categories I and III are fixed as appropriate, and before each it-
eration, grid values in Category II are obtained by suitable extrapolation. For high order
Lax-Friedrichs numerical Hamiltonian, grid values in Categories I, II and III are assigned
the same as the Godunov type Hamiltonian, and large values (emulating +o00) are used as
the initial guess for all the grid points in Category I'V.

2.2 Boundary Treatment

In this subsection we describe briefly the two types of boundary treatments developed in [7],
for points in Category III as defined in the previous subsection.
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2.2.1 Strategy I: Richardson Extrapolation

This procedure starts with several first order accurate solutions with different mesh sizes,
then the Richardson extrapolation is used to obtain high order accurate point values for
those points in Category III. This is feasible without excessive computational cost because
points in Category III are close to the inflow boundary, hence the first order fast sweeping
iterations can be performed locally, greatly reducing the computational cost.

Assume [, is the numerical solution of the first order fast sweeping scheme with mesh
size h at the location (x*, y*), which is a grid point in Category III. If we further assume

Iy — I = Bih + Boh® + B3’ + Buht® + O (h°)

with constant coefficients ;, where I is the exact solution at the location (x*, y*), which is
reasonable when the exact solution is smooth enough, then

i 1 I 21 +8 64 +1024 (14)
W= 35 h T gyt g A = Sy ds g dnte

would be a fifth order approximation to I:
Iy —1=0@).

This boundary treatment strategy is suitable for most types of inflow boundaries, includ-
ing the source boundary consisting of a single point. The efficiency of this strategy how-
ever depends on how fast we can compute the first order approximations Iy, Ij/2, 4, I3
and ;16 for all grid points inside Category III. When the characteristics from the inflow
boundary do not intersect with each other, such first order fast sweeping computation can
be performed locally and is very fast. When the characteristics from the inflow boundary do
intersect with each other, the efficiency of this strategy would decrease. Fortunately, in this
case the inflow boundary would not be a single point, hence the second strategy described
next would usually be applicable.

2.2.2 Strategy II: The Lax-Wendroff Type Procedure

This procedure is based on Taylor expansions and then on converting normal derivatives by
tangential derivatives on the boundary based on repeated usage of the PDE. To fix the ideas,
let us assume that the left boundary

={x,y:x=0 0=y=<1} 15)

of the computational domain [0, 1]? is the inflow boundary, on which the solution is given
as

¢0,y)=g»), O0=y=l
We would like to obtain a high order approximation to the solution value ¢; ; ~ ¢ (x;, y;)
fori=1,2,3 and a fixed j, which corresponds to a point (x;, y;) in Category III. A simple
Taylor expansion gives, fori =1, 2, 3,

(ih)® (ih)’

¢(Xi, y]) = ¢(0, y]) +ih ¢X(07 y]) + T(pxx(ov Y;) + T‘pxxx(ov y/)
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(ih)*

T‘pxxxx (07 y/) + O(hs)

+
hence the fifth order approximation is
(ih)* (ih)’ (in*
T¢x.x(0a y/) + T(bexx(ov )’;) + T(pxxxx(()’ yj)

We already have ¢ (0, y;) = g(y;). The PDE (1), evaluated at the point (0, y;), becomes

i j=¢0,y;) +ihee(0,y;) +

H($x(0,y)),8 ()= f(0,y)) (16)

in which the only unknown quantity is ¢, (0, y;). Solving this (usually nonlinear) equation
should give us ¢, (0, y;). There might be more than one root, in which case we should choose
the root so that

3 H (4:(0,¥,),8'(y;)) >0 17)

where 9, refers to the partial derivative with respect to the first argument in H (u, v). The
condition (17) guarantees that the boundary I" in (15) is an inflow boundary. If the condition
(17) still cannot pin down a root, then we would choose the root which is closest to the value
from the first order fast sweeping solution at the same grid point. To obtain ¢,,(0, y;), we
first take the derivative with respect to y on the original PDE (1), and then evaluate it at the
point (0, y;), which yields

3 H ($x(0, 7)), 8" ()y (0, ;) + 3, H(¢: (0, ¥)), 8 v;Ng" (vj) = £r(0,y)),  (18)

where 9, and 9, refer to the partial derivatives with respect to the first and second arguments
in H(u, v), respectively. In this equation the only unknown quantity is ¢,, (0, y;), hence we
obtain easily its value, thanks to (17). We then take the derivative with respect to x on the
original PDE (1), and evaluate it at the point (0, y;) to obtain

0 H (4:(0, ¥, 8" (7)) sxx (0, y;) + 8, H (94 (0, ¥;), &' (y)xy (0, ;) = £ (0, y)).

This time, the only unknown quantity is ¢y, (0, y;), which we can obtain readily from
this equality. Following the same procedure, we can obtain the values of ¢,,.(0, y;) and
@xxxx (0, y;). We remark that this approach allows the usage of Cartesian meshes regardless
of the shape of the domain boundary I, for example, a curved boundary, since the boundary
does not have to be on grid points. We refer to [7] for more details.

3 Numerical Examples

In this section, we demonstrate the effectiveness and efficiency of the fast sweeping fifth
order WENO method, denoted by “swp5”, with accurate boundary treatment through a few
two dimensional (2-D) numerical examples. Results of fast sweeping third order WENO
method, denoted by “swp3”, and first order fast sweeping method, denoted by “swpl”,
are also included in some cases for comparison. The order of extrapolation on the outflow
boundary is taken as 3 for the fast sweeping fifth order WENO method. This choice gives
a faster convergence of the fast sweeping iterations, and does not affect the designed fifth
order accuracy away from the outflow boundary. When such extrapolation is used, the er-
rors are computed in a smaller inner box of length 24 away from the outer boundary, where
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hg refers to the coarsest mesh size. In our computation, the small number € in the nonlin-
ear WENO weights is taken to be 105, and the threshold value § at which iteration stops
is taken to be § = 10~'*. Exceptions will be explicitly described in the examples. We list
the number of iterations in our tables, noticing that each iteration contains four sweepings.
Except for the last example, the Godunov type numerical Hamiltonian is used.

Example 1 We solve the Eikonal equation (2) with

fx,y)= %\/Sin2 (JT + %x) + sin? <7r + %y)

The computational domain is 2 = [—1, 1]%. The inflow boundary T" is the single point (0, 0).
The exact solution for this problem is

¢(x,y) =cos (n + %x) +cos(n+ %y)

Since the inflow boundary I" consists of a single point, we use the first strategy described in
Sect. 2.2.1 to handle the inflow boundary condition. Namely, in the small box [—3#, 3h)?,
we apply the first order fast sweeping method [20] with five different mesh sizes h, h/2,
h/4, h/8 and h/16, and then use the Richardson extrapolation (14) to obtain a fifth order
approximation to the grid values ¢; ; in this small box, which are then fixed as the initial
values during the fast sweeping fifth order WENO process. For the outflow boundary, which
is the boundary of the box [—1, 1], we use a third order extrapolation. The error is measured
in an inner box [—1+2hg, 1 —2hg]? =[—0.9, 0.9]? of the computational domain, in order to
avoid the influence of the outflow boundaries, where iy = % corresponding to n = 40. The
errors, orders and numbers of iteration are given in Table 1, which contains the results for
the third and first order fast sweeping methods as well for comparison. We can see that the
fifth order WENO fast sweeping method does achieve the designed order of accuracy and it
converges with a reasonable number of iterations, which does not increase too dramatically
with mesh refinements. We compare the CPU time efficiency of the fast sweeping methods
with different orders of accuracy in Fig. 1. Each symbol corresponds to one L' error number
in Table 1. We can clearly see that the higher order fast sweeping methods are much more
efficient in achieving the same level of errors.

Example 2 We solve the Eikonal equation (2) with f(x, y) = 1. The computational domain
is Q =[—1,1]% and T is a circle of center (0,0) with radius 0.5. The exact solution is
the distance function to the circle I'. The solution has a singularity at the center of the
circle to which the characteristics converge. The Lax-Wendroff type procedure described
in Sect. 2.2.2 is used on I'. Notice that this procedure can be readily used even though the
boundary I is not situated on our rectangular grid points. The errors, orders and numbers of
iteration are given in Table 2, which again contains the results for the third and first order
fast sweeping methods as well for comparison. The errors are measured inside the box of
[1+42x &, 1-2x F]*=[-0.95, 0.95]* and outside the circle /x2+ y> < 0.15, to
remove the influence of the outflow numerical boundary and the singularity. We can observe
once again that the fifth order WENO fast sweeping method achieves the designed order of
accuracy with a reasonable number of iterations.
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Table 1 Example 1. Richardson procedure for the inflow boundary. The errors are measured in the box of
[—0.9,0.917

swp5 L' error order L*® order iteration number
40 9.308E-06 - 9.837E-05 - 50
80 1.090E-07 6.417 1.601E-06 5.941 53
160 8.973E-10 6.924 2.241E-08 6.158 66
320 2.938E-12 8.255 3.340E-11 9.390 84
640 5.521E-14 5.743 1.374E-13 7.925 117
swp3 L error order L>® order iteration number
40 1.451E-04 - 4.931E-04 - 50
80 1.238E-05 3.551 3.099E-05 3.992 36
160 8.281E-07 3.902 1.505E-06 4.364 44
320 9.283E-08 3.157 1.557E-07 3.273 58
640 1.163E-08 2.996 1.933E-08 3.010 90
swpl L error order L>® order iteration number
40 4.735E-02 - 7.671E-02 - 2
80 2.356E-02 1.007 3.857E-02 0.992 2
160 1.175E-02 1.004 1.934E-02 0.996 2
320 5.866E-03 1.002 9.683E-03 0.998 2
640 2.931E-03 1.001 4.845E-03 0.999 2
1280 1.465E-03 1.001 2.423E-03 0.999 2
2560 7.324E-04 1.000 1.212E-03 1.000 2
Fig. 1 Example 1. L! error or
versus CPU time r
-5 - A\A\é—\%\A\e —A— swpi
r —&— swp3
o0k —O— swp5
s [
o 15
b3 I
| -
20
o N
- N
251
30
_ co o b
%8 -6 -4 4 6

2 0 2
Log(cpu_time(s))
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Table 2 Example 2. The Lax-Wendroff procedure for the inflow boundary. The errors are measured inside
the box [—0.95, 0.951% and outside the circle v/x2 + y2 <0.15

swp5 L error order L>® order iteration number
80 6.442E-08 - 5.628E-06 - 41

160 1.367E-09 5.558 4.525E-07 3.637 50

320 2.122E-11 6.010 1.515E-09 8.222 87

640 6.681E-13 4.989 5.146E-11 4.880 91

swp3 L1 error order L order iteration number
80 1.544E-06 - 1.283E-04 - 28

160 2.890E-07 2418 4.052E-06 4.984 34

320 4.697E-08 2.621 1.220E-06 1.731 46

640 6.161E-09 2.930 1.609E-07 2.923 67

swpl L error order L>® order iteration number
80 5.413E-03 - 1.302E-02 - 3

160 2.045E-03 1.404 7.684E-03 0.761 3

320 1.131E-03 0.854 4.543E-03 0.758 3

640 6.106E-04 0.890 2.355E-03 0.948 3

Example 3 We solve the Eikonal equation (2) with f(x, y) = 1. The computational domain
is @ =[—3,3]? and T consists of two circles of equal radius 0.5 with centers located at
(—1,0) and («/ﬁ, 0), respectively. The exact solution is the distance function to I". The
singular set for the solution is composed of the center of each circle and the line that is
of equal distance to the two circles. The Lax-Wendroff type procedure is again used on I'.
For this example, the numerical solution around the singularities seems to oscillate with
iterations for “swp5”, resulting in the requirement of a larger stopping threshold § = 10~
in (11). The errors, orders and numbers of iteration are given in Table 3, together with those
for the third and first order fast sweeping methods for comparison. The errors are measured
away from the outflow boundary and the singularities to remove their influence. We observe
once again that the fifth order WENO fast sweeping method achieves the designed order of
accuracy with a reasonable number of iterations.

Example 4 We solve the Eikonal equation (2) with f(x, y) = 1. The computational domain
is @ =[—1,1]% and T is a source point at the origin with coordinates (0, 0). The exact
solution is the distance function to the source point I'. The solution is singular at the source
point, and it seems necessary for this case to assign the exact solution values to a small
but fixed circle around the source point with radius 0.3 to obtain accurate results. We will
discuss this choice further in Example 5. The computational results are shown in Table 4.
The fifth order WENO fast sweeping method clearly achieves its designed order of accuracy
with a reasonable number of iterations for convergence. The comparison of efficiency for
fast sweeping methods with different orders is given in Fig. 2. We can see clearly that higher
order methods are more efficient to reach the same level of errors.

Example 5 We solve the Eikonal equation (2) with f(x, y) = 1. The computational domain
is Q =[—2, 2]%, and I" is a sector of three quarters of a circle of center (0, 0) and radius 0.5,
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Table 3 Example 3. Lax-Wendroff procedure for the inflow boundary. The errors are measured in the box

[—2.85,2.85]2, outside the circles v/(x + 1)2 + y2 < 0.15 and 1/ (x — v/1.5)2 + y2 < 0.15, and outside the
region |x —0.5(v/1.5—-1)] <0.15.8 = 1072 for “swp5”

swp5 L1 error order L order iteration number
80 1.710E-06 - 2.567E-04 - 63

160 1.652E-07 3.372 2.153E-05 3.576 70

320 5.510E-09 4.906 3.523E-06 2.612 55

640 1.090E-10 5.659 5.797E-08 5.925 73

swp3 L1 error order L>® order iteration number
80 1.596E-04 - 2.737E-03 - 43

160 1.007E-05 3.986 7.663E-04 1.837 45

320 6.814E-07 3.886 2.937E-05 4.705 49

640 1.350E-07 2.335 3.362E-06 3.127 70

swpl L1 error order L order iteration number
80 1.596E-02 - 4.263E-02 - 2

160 8.486E-03 0.911 2.213E-02 0.946 2

320 4.287E-03 0.985 1.125E-02 0.976 2

640 2.162E-03 0.987 5.679E-03 0.987 3

closed with the x-axis and y-axis in the first quadrant, which can be described as

F:{(x’y)I\/m:O.S, ifx<0ory<0}U{(x,0):0<x <0.5}
U{0,y):0<y=<0.5}.

The exact solution is the distance function to the boundary I". Singularities at the two corners
in T" give rise to different scenarios in different regions, which include both shocks and
rarefaction waves. The Lax-Wendroff type procedure described in Sect. 2.2.2 is used on T’,
but we set exact values in a fixed circle of center (0, 0) and radius 0.3 in the third quadrant as
in Example 4. Similar to Example 3, we use a larger threshold § = 10~ for “swp5” because
of the singularities. We list the errors, orders, and numbers of iterations in Table 5, where
the errors are measured in the smooth region inside the box [—2 4 2 x ;—0, 2-2x ;—0]2 =
[—1.9,1.9]%, with x <0 or y <0, and outside the circle /x2 + y2 < 0.5. The designed order
of accuracy is clearly achieved and the number of iterations is quite reasonable. For this
example, if we only assign exact values in a small circle with radius 3/ instead of a fixed-size
circle around the point (0, 0), we would need to adjust the size of € in the WENO weights
to obtain satisfactory results, which are listed in Table 6. The pattern for the choice of € is to
use a larger value for coarser meshes, favoring the underlying linear scheme and reducing
the nonlinear WENO effect to avoid iteration convergence difficulties for coarser meshes.

Example 6 (Shape-from-shading) This and the next examples are about the shape under
isolated light sources, see [13] for more details. We solve the Eikonal equation (2) with

flx,y)= 2n\/[cos(2nx) sin(2wy)]? + [sin(27 x) cos(2m y)]2. (19)
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Table 4 Example 4. The exact solution values are assigned to a small box with length 0.3 around the source
point. The errors are measured in the box [—0.9, 0.912

swpS L1 error order L>® order iteration number
40 4.794E-06 - 1.155E-05 - 37
80 1.355E-07 5.145 3.193E-07 5.177 42
160 1.453E-09 6.543 4.458E-09 6.163 54
320 3.689E-11 5.299 9.896E-11 5.493 72
640 1.069E-12 5.109 2.812E-12 5.137 101
swp3 L error order L>® order iteration number
40 2.111E-04 - 4.454E-04 - 41
80 3.878E-06 5.766 8.596E-06 5.695 30
160 5.650E-07 2.779 1.362E-06 2.658 38
320 7.949E-08 2.830 1.879E-07 2.858 52
640 9.772E-09 3.024 2.319E-08 3.018 75
swpl L error order L™ order iteration number
40 2.771E-02 - 4.964E-02 - 2
80 1.706E-02 0.700 3.022E-02 0.716 2
160 1.024E-02 0.736 1.794E-02 0.752 2
320 6.020E-03 0.766 1.043E-02 0.782 2
640 3.478E-03 0.792 5.959E-03 0.807 2
1280 1.980E-03 0.813 3.356E-03 0.828 2
2560 1.112E-03 0.832 1.868E-03 0.845 2
Fig. 2 Example 4. L! error 0
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Table 5 Example 5. Lax-Wendroff procedure for the inflow boundary. Exact values set in a fixed circle of
center (0, 0) and radius 0.3 in the third quadrant. The errors are measured in the box [—1.9, 1.9]2, withx <0
or y <0, and outside the circle v/x2 + y2 <0.5. 8 = 10~ for “swp5”

swp5S L1 error order L order iteration number
80 4.041E-07 - 1.303E-06 - 35

160 1.148E-08 5.137 4.364E-08 4.900 44

320 1.613E-10 6.153 5.218E-10 6.386 65

640 7.898E-12 4.352 4.356E-11 3.582 93

swp3 L error order L>® order iteration number
80 6.360E-05 - 9.795E-05 - 66

160 8.767E-07 6.181 1.507E-06 6.022 71

320 5.610E-07 0.644 8.288E-07 0.862 60

640 8.020E-08 2.806 1.159E-07 2.838 87

swpl L1 error order L*® order iteration number
80 1.749E-02 - 2.796E-02 - 2

160 9.185E-03 0.930 1.442E-02 0.955 3

320 4.7748E-03 0.952 7.343E-03 0.974 3

640 2.330E-03 1.027 3.687E-03 0.994 3

Table 6 Example 5. Lax-Wendroff procedure for the inflow boundary. Exact values set in a circle of center
(0,0) and radius 3% in the third quadrant. The errors are measured in the box [—1.9, 1.9]2, with x <0 or
y <0, and outside the circle Vx2+ y2 <0.5.6= 10~ for “swp5”

swpS L1 error order L>® order iteration number €

80 1.686E-07 - 2.803E-06 - 30 1073
160 1.148E-08 3.876 4.364E-08 6.005 44 1076
320 4.166E-10 4784 1.284E-09 5.087 67 10~7
640 6.198E-12 6.071 1.250E-11 6.683 110 1077
swp3 L' error order L order iteration number €

80 2.292E-05 - 3.511E-05 - 34 1074
160 3.814E-06 2.587 5.680E-06 2.654 158 1073
320 5.610E-07 2.765 8.288E-07 2.751 60 10~
640 8.020E-08 2.806 1.159E-07 2.838 87 107

The boundary is given by I' = {(} 1 4) (4, i
isolated points. The computational domain is €2
boundary of the unit square.

2), (3, 1)}, which consists of five

31y (!
(z (G
=0, 11%. ¢(x, y) =0 is prescribed at the

Case 1.

IAVVER AW 13\_ (31 __, AN
S\a3)78\p3)= 8\g3)~¢\e3)7 &\32)7"
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Table 7 Example 6 (Case 1). Exact values set on all grid points of a small box with length of 44 to the points
of (%, %), (%, %), (}T, %), (%, }T) and (%, %) for “swp5” and 2k for “swp3”. The errors are measured on the
whole computational domain

swp5 L' error order L order iteration number €

80 4.714E-08 - 1.938E-07 - 39 10—3
160 1.949E-09 4.596 7.188E-09 4753 52 10~4
320 6.211E-11 4972 2.199E-10 5.031 72 1073
640 1.832E-12 5.083 6.394E-12 5.104 109 1076
swp3 L' error order L*® order iteration number €

80 3.413E-05 - 1.209E-04 - 28 104
160 4.682E-06 2.866 1.561E-05 2.953 37 1073
320 5.989E-07 2.967 1.951E-06 3.000 55 1076
640 6.979E-08 3.101 2.294E-07 3.088 84 1076
swpl L' error order L>® order iteration number

80 3.177E-02 - 6.040E-02 - 4
160 1.667E-02 0.930 3.052E-02 0.985 4
320 8.573E-03 0.959 1.534E-02 0.992 4
640 4.359E-03 0.976 7.691E-03 0.996 4

The exact solution for this case is
¢ (x,y) =sin(2mx) sin(2wy)

which is a smooth function.
Case 2.

DIV (3 3\_ (13\_.(31)\_, L1y _,
S\302)78\x31)=8\x3)78\pg)=" 8\32)~

The exact solution to this case is

max (| sin(2wx) sin(2wy)|, 1 + cos(2mwx) cos(2my)),
o(x,y) = if|x+y—1|<%and|x—y|<l;

|sin(2rx)sin(2wy)|, otherwise.

This solution is not smooth.

For this problem, since I" consists of isolated points, the Lax-Wendroff procedure cannot
be applied. Our numerical experiments also indicate that the Richardson procedure does not
produce the desired accuracy for this test case. This could be due to the fact that there are
singular points of the PDE in I". We set the exact solution to a small box with a length of 4k
around the isolated points for Case 1 and 3/ for Case 2. The results for these two cases are
shown in Tables 7 and 8 respectively. The results seems better for this example if we choose
the parameter € in the WENO weights depending on the mesh sizes, the choice is listed in
the tables. Again, the pattern for the choice of € is to use a larger value for coarser meshes.
For Case 1 with a smooth solution, we observe the designed fifth order accuracy for the fast
sweeping fifth order WENO method, with reasonable number of iterations. For Case 2 with
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Table 8 Example 6 (Case 2). Exact values set on all grid points of a small box with length of 3/ to the points
of (%, %), (%, %), (}T, %), (%, }T) and (%, %) for “swp5” and 2k for “swp3”. The errors are measured on the
whole computational domain

swp5 L error order L>® order iteration number €

80 1.225E-04 - 1.005E-03 - 39 1073
160 3.817E-05 1.682 2.776E-04 1.856 50 1074
320 1.056E-05 1.854 8.742E-05 1.667 68 1073
640 2.788E-06 1.921 2.751E-05 1.668 101 10~°
swp3 L1 error order L™ order iteration number €

80 4371E-04 - 2.235E-03 - 26 104
160 1.360E-04 1.685 7.438E-04 1.587 35 105
320 3.960E-05 1.780 2.485E-04 1.582 50 106
640 1.052E-05 1.912 7.922E-05 1.649 81 106
swpl L error order L>® order iteration number

80 1.645E-02 - 4.633E-02 - 3
160 9.170E-03 0.844 2.478E-02 0.903 3
320 4.990E-03 0.878 1.296E-02 0.935 3
640 2.666E-03 0.904 6.715E-03 0.949 3

a non-smooth solution, the achieved order of accuracy is lower. However, the L' errors of
the fifth order method are still smaller than those of the third order method, especially for
more refined meshes. The numerical results obtained by the fast sweeping fifth order WENO
method are displayed in Fig. 3.

Example 7 (Shape-from-shading) We solve the Eikonal equation (2) with

Case (@) f(x,y) =/ (1—|xD*+ 1 —[yD?% (20)
Case (b):  f(x,y) =2vy2(1 —x2)? + x2(1 — y2)2. 1)

The computational domain is = [—1, 1]?. The inflow boundary for this example is the
whole boundary of the box [—1, 1]?, namely I' = {(x, y) : |x| =1 or |y| = 1}. The bound-
ary condition ¢ (x, y) = 0 is prescribed on I". For Case (b), an additional boundary condition
¢(0,0) =1 is also prescribed at the center, see [13]. The exact solutions for these two cases
are given by

Case (a): ¢(x,y) =1 —|xDA —yD; (22)
Case (b): ¢ (x,y) = (1 —xH)(1—y?). (23)

We use the Lax-Wendroff procedure for the boundary treatment as described in Sect. 2.2.2.
Similar to Example 6, the Richardson procedure does not provide accurate results at the
point (0, 0). We set exact values in a small box with length 3% for “swp5” and 2k for “swp3”
around (0, 0).

The results for Case (a) are listed in Table 9, where the errors are measured away from
the two lines x = 0 and y = 0 along which the solution is not smooth. For this case, the
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Fifth order scheme,mesh: 160x160 ; Fifth order scheme, mesh:160x160
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Fig. 3 Example 6. The contours (fop) and surfaces (bottom) of the numerical solution ¢ obtained with the
fast sweeping fifth order WENO method. Case 1 (leff) and Case 2 (right)

solution, away from the singularities along x = 0 and y =0, is a bilinear polynomial, thus
any scheme which is at least first order accurate with an exact boundary treatment should
have no truncation error and should produce only round-off level errors. If we use € = 1074
in the WENO nonlinear weights for “swp3” and “swp5”, which implies that we use the non-
linear smoothness indicators down to the round off level in building the nonlinear weights
in the WENO schemes, allowing the WENO mechanism to completely avoid interpolating
across the singularities along x = 0 and y = 0, we can actually obtain errors computed in
the whole computational domain down to the round-off level, as shown in Table 10.

For Case (b), the solution is a polynomial with degree two, higher than first order but
lower than third order, yielding first order error accuracy for “swpl” and round-off errors
for “swp3” and “swp5”, when the same ¢ is chosen as in Example 6, as shown in Table 11.
The numerical results obtained by the fast sweeping fifth order WENO method are displayed
in Fig. 4.

Example 8 (Travel time problem in elastic wave propagation) This problem is from appli-
cations such as the study of earthquakes. The quasi-P and the quasi-SV slowness surfaces
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Table 9 Example 7 (Case (a)). Lax-Wendroff procedure for the inflow boundary. The errors are measured
on |x| > 0.1 and |y| > 0.1

swpS L error L™ error iteration number
80 5.288E-12 2.346E-10 11

160 5.883E-12 7.356E-10 15

320 3.656E-13 1.328E-10 20

640 1.708E-16 1.067E-13 22

swp3 L error L° error iteration number
80 2.082E-10 1.224E-08 11

160 1.604E-11 2.549E-09 14

320 1.092E-14 3.802E-12 15

640 4.909E-17 6.661E-16 17

swpl L error L™ error iteration number
80 3.435E-17 2.220E-16 2

160 4.569E-17 3.331E-16 2

320 4.479E-17 4.441E-16 2

640 8.854E-17 6.661E-16 2

Table 10 Example 7 (Case (a)). Lax-Wendroff procedure for the inflow boundary. The errors are measured
on the whole computational domain. € = 1014

swp5 L' error L error iteration number
80 3.816E-17 4.441E-16 1

160 4.864E-17 4.441E-16 1

320 6.812E-17 7.772E-16 1

640 1.033E-16 8.882E-16 1

swp3 L1 error L error iteration number
80 2.742E-17 2.220E-16 1

160 4.351E-17 5.551E-16 1

320 4.331E-17 4.441E-16 1

640 8.283E-17 7.772E-16 1

swpl L error L error iteration number
80 3.435E-17 2.220E-16 2

160 4.569E-17 3.331E-16 2

320 4.479E-17 4.441E-16 2

640 8.854E-17 6.661E-16 2

are defined by the quadratic equation [19]:

19} + 27 + 3¢y + cady + csdy +1=0 (24)
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Table 11 Example 7 (Case (b)). Lax-Wendroff procedure for the inflow boundary. The errors are measured
on the whole computational domain

swp5 L! error L error iteration number €

80 1.456E-15 1.434E-13 36 1073
160 1.307E-15 1.502E-13 45 10~4
320 5.316E-16 9.637E-14 59 1073
640 1.640E-16 1.066E-14 95 10~
swp3 L1 error L error iteration number €

80 3.766E-16 3.419E-14 25 10~4
160 6.839E-16 8.837E-14 31 1073
320 1.292E-16 1.532E-14 46 106
640 1.094E-16 1.221E-15 87 106
swpl L error order L error order iteration number
80 6.389E-3 - 2.441E-2 2

160 3.210E-3 0.993 1.242E-2 0.974 2
320 1.609E-3 0.996 6.294E-3 0.981 2
640 8.055E-4 0.998 3.176E-3 0.987 2
where

C1 =ai1044, ey =apay + agy — (a3 + as)?,
€3 = az3a44, ¢y = —(ai +au), ¢s = —(as3 + au).

Here the g;;’s are given elastic parameters. The corresponding quasi-P wave Eikonal equa-
tion is

1 1
\/—E(CW? +cs¢2) + \/Z (ca®? +c592)? — (19 + 2029 + 39 =1 (25)
which is a convex Hamilton-Jacobi equation. The elastic parameters are taken to be

a = 150638, aszz = 108373, a;y = 16381, agy = 3.1258.

The corresponding quasi-SV wave Eikonal equation is

\/ —%(cmﬁ +esp?) — \/ i(cm)% +esp?)? — (19t +d2 Foph =1 (26)

which is a nonconvex Hamilton-Jacobi equation. The elastic parameters are taken to be
ay = 1590, a3z = 621, apy = 482, agy = 4.00.

The computational domain is Q = [—1, 1]?, and T" = (0, 0). For this problem with com-
plicated (and even nonconvex for the quasi-SV case) Hamiltonian, it is not easy to apply the
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Fig. 4 Example 7. The contours (fop) and surfaces (bottom) of the numerical solution ¢ obtained with the
fast sweeping fifth order WENO method. Case (a) (left) and Case (b) (right)

Godunov type numerical Hamiltonian, hence we use the Lax-Friedrichs numerical Hamil-
tonian. Values from the exact solution [19] are assigned in a circle with radius 0.3 centered at
the source point. We apply the fifth order Lax-Friedrichs fast sweeping method to these prob-
lems. The results for the quasi-P wave Eikonal equation are given in Table 12. The results
for the quasi-SV wave Eikonal equation are given in Table 13, where the errors are measured
in the region away from the singular lines of x = 0 and y = 0 because of its nonconvexity.
We can clearly see that the designed order of accuracy is achieved away from singulari-
ties, although the number of iterations increases more significantly for the refined meshes
comparing with the previous cases. This is likely due to the usage of the Lax-Friedrichs
numerical Hamiltonian, which is not purely upwind. The numerical results obtained by the
fast sweeping fifth order WENO method are shown in Fig. 5.

4 Concluding Remarks

In this paper we have developed a fast sweeping fifth order WENO method based on two
different strategies to handle the inflow boundary conditions for solving static Hamilton-
Jacobi equations. An advantage of our boundary treatment is that we can use regular Carte-
sian meshes for all the test cases, including those with circles or other complicated domain
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Table 12 Example 8. Quasi-P wave Eikonal equation. The errors are measured in the box [—0.95, 0.95)2

swp5 L' error order L*® order iteration number
80 2.275E-06 - 2.250E-05 - 51

160 7.314E-08 4.959 7.425E-07 4.921 74

320 1.968E-09 5.216 1.505E-08 5.624 133

640 5.941E-11 5.050 4.278E-10 5.137 248

swp3 L' error order L®® order iteration number
80 2.764E-05 - 1.744E-04 - 43

160 3.022E-06 3.193 1.879E-05 3.215 64

320 3.751E-07 3.010 2.362E-06 2.992 103

640 4.637E-08 3.016 2.945E-07 3.004 179

swpl L! error order L™ order iteration number
80 3.285E-03 - 9.843E-03 - 23

160 1.577E-03 1.058 5.236E-03 0911 36

320 7.732E-04 1.029 2.724E-03 0.942 61

640 3.831E-04 1.013 1.395E-03 0.966 106

Table 13 Example 8. Quasi-SV wave Eikonal equation. The errors are measured in the box [—0.95, 0.95]2
and 0.25 away fromx =0and y =0

swp5 L error order L>® order iteration number
80 1.626E-06 - 2.505E-05 - 52

160 2.679E-08 5.924 1.122E-06 4.480 73

320 2.838E-10 6.560 1.387E-08 6.338 128

640 7.016E-12 5.338 1.393E-10 6.638 234

swp3 L error order L*® order iteration number
80 1.101E-05 - 8.666E-05 - 44

160 1.552E-06 2.826 6.749E-06 3.683 65

320 1.906E-07 3.026 8.098E-07 3.059 106

640 2.357E-08 3.016 1.057E-07 2.937 184

swpl L' error order L® order iteration number
80 4.405E-03 - 1.031E-02 - 41

160 2.027E-03 1.119 4.579E-03 1.171 59

320 9.810E-04 1.047 2.059E-03 1.153 91

640 4.844E-04 1.018 9.759E-04 1.077 150

boundaries, which usually require special curvilinear or unstructured meshes. We observe
that a lower order extrapolation at the outflow boundary makes faster convergence and does
not affect the designed high order accuracy away from the outflow boundary. Numerical
examples are provided to demonstrate the performance of the fast sweeping fifth order
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Fig. 5 Example 8. The contours (fop) and surfaces (bottom) of the numerical solution ¢ obtained with the
fast sweeping fifth order WENO method. Quasi-P wave Eikonal equation (/eft) and Quasi-SV wave Eikonal
equation (right)

WENO method, for both the simple Eikonal equation and more complicated, even non-
convex Hamilton-Jacobi equations, with both the Godunov type numerical Hamiltonian and
the Lax-Friedrichs numerical Hamiltonian. The designed fifth order accuracy has always
been achieved away from singularities. The number of sweeping iterations is reasonable
and does not grow fast with mesh refinement in most cases. CPU time comparison indicates
that higher order fast sweeping methods are much more efficient than lower order ones to
achieve the same level of error.
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