
Problem 1.1

2. Soln:

Continuous: If |x| < ε, then |f(x) − 0| = |x||sin(1/x)| ≤ ε, since |sin(1/x)| ≤ 1. Let δ = ε,

∀ε > 0, ∃δ = ε such that if |x − 0| < δ then |f(x) − 0| = |x||sin(1/x)| ≤ |x| < ε. Therefore,

limx−>0f(x) = 0 = f(0).

Not Differentiable: limx−>0[f(x) − f(0)]/(x − 0) = limx−>0sin(1/x) does not exist.

16. Soln:

lnx =
∑1000

k=1 (−1)k−1(x−1)k/k+E1000(x) where E1000(x) = (−1)1000ξ−1001(x−1)1001/1001 for

some ξ with 1 < ξ < x and 1 ≤ x ≤ 2. For ln2, x = 2 and |E1000(2)| = ξ−1001/1001 ≤ 1/1001

since ξ > 1. ⇒ ξ−1001 < 1.

26. Soln: f(x) = ln(x + 1), f (n)(x) = (−1)n−1(n − 1)!(1 + x)−n.

f(1) = ln(2), f (n)(1) = (−1)n−1(n − 1)!2−n.

ln(1 + x) = ln(2) +
∑n

k=1(−1)k−1[(x − 1)/2]k/k + En(x),

where En(x) = (−1)n[(x − 1)/(1 + ξ)]n+1/(n + 1) for ξ between 1 and x.

En(3) = (−1)n[2/(1+ξ)]n+1/(n+1) for 1 < ξ < 3. Since 2 < 1+ξ < 4, ⇒ [2/(1+ξ)]n+1 < 1

and |En(3)| < 1/(n + 1) < 2−m.

⇒ n > 2m − 1.

35. Soln:

e =
∑n

k=0(1/k!) + En(1) with En(1) = eξ/(n + 1)!, with 0 < ξ < 1. ⇒ 1 = e0 < eξ < e1 ⇒

|En| < e/(n + 1)! ≤ (6/10) × 10−20.

So n = 21. Here are 22 terms.

Problem 1.2

6. Soln: Only (d) is true.

8. Soln: Use Taylor expansion.

eh = 1 + h + h2/2! + h3/3! + ... = 1 + O(h) = 1 + o(h).

(1 − h4)−1 = 1 + h4 + h8 + ... = 1 + O(h4) = 1 + o(h3).

cos(h) = 1 − h2/2! + h4/4! + ... = 1 + O(h2) = 1 + o(h).

1 + sin(h3) = 1 + h3 − h9/3! + ... = 1 + O(h3) = 1 + o(h2).

28. Soln:

If xn = x + o(1), then xn − x = o(1). ⇒ limn−>∞(xn − x)/1 = 0. Or limn−>∞xn = x.
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If limn−>∞xn = x, then limn−>∞(xn − x)/1 = 0. ⇒ xn − x = o(1) from definition, or

xn = x + o(1).

30. Soln:
∑n

k=0 xk =
∑

∞

k=0 xk −
∑

∞

k=n+1 xk = 1/(1 − x) − xn+1/(1 − x).

So
∑n

k=0 xk − 1/(1 − x) = −xn+1/(1 − x) = o(xn) as x → 0,

since limx→0x
n+1/[(x − 1)xn] = limx→0x/(x − 1) = 0.
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