3.3 Divided Differences



Representing nth Lagrange Polynomial

* If P,(x) is the nth degree Lagrange interpolating
polynomial that agrees with f(x) at the points
{Xg, X1, ) Xp }, €Xpress B, (x) in the form:

P, (x) =
ag+ a{(x —xg) +a,(x —xg)(x —xq1) + -+ +
an(x — x0) (x — x1)(x — x2) ... (X — Xp_1)

* ? How to find constants a,,..., a,,?



Divided Differences

Zeroth divided difference:

flxil = f(x)
First divided difference:
flxival — flxi]

Xi+1 — X

f[xi' xi+1] —

Second divided difference:
flxiv1, Xiv2l = flxi xig4]

Xi+2 — X

f[xi' Xi+1) xi+2] —

kth divided difference:

f[xi1xi+1' ""xi+k]
f[xi+1'xi+2' ""xi+k] o f[xi;xi+1; ""xi+k—1]

Xi+k — Xi



* Finding constants a,,..., a,,.
1. x =xg: ag = Py(xo) = f(xo) = flxo]
2. x =x10 f(xo) +a(xg —x9) = P(x1) =
f(x1)
_ f(x1) — f(xo) -

= a = f|xp, X
1 X1 — X flx0, x4]

3. Ingeneral: a;, = f|xg, x4, ..., x| fork =0, ...,n



Newton’s Interpolatory Divided Difference Formula

B (x)

Or
P, (x)

f
+ f1
+f

Yo

_Xo

= f[xo]

~

=1

ol + flxo,x1](x — x0)
X0, X1, x2](x — x0) (x — x1) + -

o Xp] (X = x0) (x — x1) . (x Xn—1)

k](x — xg) . (X — Xxp_1)]



Table for Computing

2nd Div. Diff.

X 1st Div. Diff.
X0
flxo0, x1] = fixi]—fxol
! X1 —X
X1 o =XE] _ g v’z]:i[[:‘fmxl]
flx1, x2] = fPe]—flx]
' X2 —X1
X2 x3] = fx rxﬁj:igxlﬁzl
fx2, x3] = flxa]—fDx]
' X3 —X2
Xg qu-] — f[)fg ,X;J:igfg:.}fgl
fx3,x4] = f[xg] —f[x3]
' Xy —X3
X4 ,x5] = f X r*‘fi:gﬁfﬂ:m]
f[xa, x5] = f[x5]—Flx4]

X5

X — Xy




Algorithm: Newton’s Divided Differences

Input: (xo, f(x0)), (x1, f(x1)), .., (o, f(30))
Output: Divided differences Fy o, ..., F,, ,
/[comment: B, (x) = Fo o + Xizq[Fii(x — x0) ... (¢ — x;-1)]
Stepl:Fori=0,..,n

set Fio = f(x;)
Step2:Fori=1,..,n

Forj=1,..,1i
Fij-1—Fi—1j-1
set Fl] = = e
’ Xi—Xj—j
End

End
Output(Fy g,--F; i Fr )
STOP.



Theorem. Suppose that f € C™[a, b] and
Xg, X1, ..., Xy, are distinct numbers in |a, b]. Then

(n)
3¢ € (a, b) with f[xg, ..., x| = %)

n!

Remark: When n = 1, it’s just the Mean Value
Theorem.



Example. 1) Complete the following divided difference

table. 2) Find the interpolating polynomial.

Xi flx:) flxi—ox:] | flxi—a, %1, %:] | FlXis, %] | flXi—gs -0 Xi)
0 [1.0 [0.7651977 [ 54337057
1 | 1.3 |0.6200860
2 | 1.6 | 04558002 482460 -0.0494433
3 [1.9
4 |22 [0.1103623




