5.10 Stability (cont’d)
Example. Show modified Euler method w;,; = w; + %(f(ti, w;) + f(tir,w; + hf (8, Wi))) Is stable and convergent.

Solution ¢ (t,w,h) = %f(t, w) + %f(t,w + hf (t,w)). Suppose f(t,w) satisfied a Lipschitz condition on {(t,w) |a <t <
b,and — oo < w < oo} with Lipschitz constant L.
We next show that ¢(t, w, h) satisfies a Lipschitz condition in w.

1
|¢(t, Wlih) - d)(t; Wz,h)l = E |f(t' Wl) + f(t' wy + hf(tr Wl)) - f(tr WZ) _f(t: w, + hf(t, WZ))| =
1
E |f(t; Wl) - f(tl WZ) + f(t' wy + hf(t, Wl)) - f(t' w, + hf(t' W2))|

1 1
< §|f(t» wy) — f (&, wy)| + Elf(t; wy + hf (¢, W1)) - f(t; w, + hf (¢, Wz))|
1 1 1
S §L|W1 - W2| +EL|W1 + hf(t,Wl) - (WZ + hf(t, Wz))l S L|W1 - W2| +ELh|f(t,W1) - f(t, Wz)l
1 1
< L|W1 _W2| +EhL2|W1 - W2| == |W1 _Wzl(L +EhL2)

Therefore, ¢(t,w, h) satisfies a Lipschitz condition in w with constant (L +%hL2) on {(t,w,h)la<t<bh —-0o<w<

©,and h < hy}.

Also, if f(t,w) is continuous on {(t,w)|a<t<b,and—o <w < o}, then ¢(t,w,h) is continuous on
{(t,wh)la<t<b —o<w<o,and h < hy}.

So, the modified Euler method is stable.

Moreover,

B(E,w,0) = ZF(6,w) + 7 F(t,w + OF (&, w)) = F(&,w).
This shows that the method is consistent, and the method is convergent.
The local truncation error of modified Euler method is 0(h?). So |y(t;) — w;| = 0(h?) by part (iii) of the theorem.
Definition. A m-step multistep is consistent if limj,_, |t;(h)| =0, foralli=m,m+1,...,N and
limy_,|a; —y(t)| =0, foralli=1,2,..,m=1.



Theorem. Suppose the IVP y' = f(t,y),a <t < b, y(a) = a is approximated by an explicit Adams predictor-corrector
method with an m-step Adams-Bashforth predictor equation
Wit1 = W; + h[bpy_1f(t;,w;) + -+ bof (tis1-m» Wis1-m)] With local truncation error t;,.,(h) and an (m-1)-step implicit
Adams-Moulton corrector equation w;,q = w; + h[by,_1 f(t;, w;) + =+ + b f (tis2—m» Wisa—m)] With local truncation error
Ti41(h) . In addition, suppose that f(t,y) and f,(t,y) are continuous on {(t,y) [a <t < b,and — o0 <y < o} and that
fy(t,y) is bounded. Then the local truncation error o;, , (h) of the predictor-corrector method is

0141(h) = 141 () + Ty 1 (Wby_1 fy (t41, 0141
where 6;,, is a number between zero and ht;,, (h).
Moreover, there exist constant k; and k, such that
we =yl < | max_[w; = y(6)]+ ko ket

where g(h) = max |aj(h)|.
ms<j<N

Example. Consider the IVPy' =0, 0 <t <10, y(0) = 1, which is solved by w;,; = —4w; + 5w;_; + h(4f(t;, w;) +
2f (ti—1,w;_2)). If in each step, there is a round-off error €, and w; = 1 + ¢. Find out how error propagates with respect to time.
Solution: w, = —4(1+¢)+5(1) =1—4¢

wy=—4(1—-¢)+50+¢)=1+21¢

w, = —4(1 4+ 21¢) + 5(1 — 4¢) = 1 — 104e.

Definition. Consider to solve the IVP: y' = f(t,y), a <t <b, y(a) = a.byan m-step multistep method
Wit1 = QWi + QWi + -+ QoWiy1-m
h[bmf (i1, Wig1) + byt f (E, Wy) + -
+b0f(ti+1—mr Wi+1—m)]»
The characteristic polynomial of the method is given by
P =" —a, A" —aq, ,A"2—..—a1—a,.
Remark: (1) The stability of a multistep method with respect to round-off error is dictated by magnitudes of zeros of the
characteristic polynomial. (2) Solutionsto y' = 0, y(0) = «a are expressed asw,, = a + 2./%, ¢; A}



Definition. Let A4, 1,, ..., 4,,, be the roots of the characteristic equation
PA =" —aq, A"l —q, A" 2 —.—aql—ay=0
associated with the m-step multistep method
Wit1 = Qpu-1W; + Qo Wi1 + =+ QoWir1-m
hlbpf (tiv1, Wiv1) + by f (L W) + -+
+bof (tit1-m» Wir1-m)],
If |4;] < 1 and all roots with absolute value 1 are simple roots, then the difference equation is said to satisfy the root condition.

Stability of multistep method
Definition of stability of multistep method.

1) Methods that satisfy the root condition and have A = 1 as the only root of the characteristic equation with magnitude one
are called strongly stable.

2) Methods that satisfy the root condition and have more than one distinct roots with magnitude one are called weakly
stable.

3) Methods that do not satisfy the root condition are called unstable.

Example. Show 4" order Adams-Bashforth method

h
Wiy1 =w; + o2 [55f(t;, w;) —59f (ti—1, wi—1) +37f(ti—z, wi—p) — 9f (ti—3, w;—3)]

Is strongly stable.
Solution: The characteristic equation of the 4" order Adams-Bashforth method is
P =2*-23=0
0=2*-23=231-1)
P(A) hasroots 4, = 1,4, = 0,4; = 0,4, = 0.
Therefore P(A) satisfies root condition and the method is strongly stable.

Example. Show 4™ order Miline’s method



4h
Wipp = W3+ 3 [2f (t;, w;) — f(tim, wimg) + 2f (ti—2, wi—p)]

Is weakly stable.

Solution: The characteristic equation P(1) = A*—1=0
0=M-1=Q>-1DA*+1)

P(A) hasroots A, = 1,4, = —1,1; = i,A, = —i.

All roots have magnitude one. So the method is weakly stable.

Theorem. A multistep method
Wit1 = AquoaWi T QpmoWi—g + -+ QoWit1-m

hlbif (tiv1, Wiz1) + bq f (G W) + -+
+b0f(ti+1—mr Wi+1—m)]»
Is stable if and only if it satisfies the root condition. If it is also consistent, then it is stable if and only if it is convergent.



5.11 Stiff Differential Equation

Example. The initial-value problem y’ = -30y, 0 <t < 1.5, y(0) = % has exact solution y(t) = %e‘”t. Use 4-stage
Runge-Kutta method to solve with step size h = 0.1.

Facts:
1) A stiff differential equation is numerically unstable unless the step size is extremely small

2) Stiff differential equations are characterized as those whose exact solution has a term of the form e~¢¢, where c is a large
positive constant.

3) Large derivatives of et give error terms that are dominating the solution.

Definition. The test equation is said to be y' = 1y, y(0) = a, where 1 <0
The test equation has exact solution y(t) = ae?t.

Euler’s Method for Test Equation
WO =
Wi = wj + h(/le) =1 +hHw;=A+hD)A+hDwj_; = =1+ hA)/ 1l forj=0,1,..,N—1

The absolute error is |y(¢;) — w;| = [e/* — (1 + hA)!|lal = [(e™)/ — (1 + hA)/||al
So 1) the accuracy is determined by how well (1 + hA) approximate e*,
2) (e™)J decays to zero as j increases. (1 + hA)’ will decay to zero only if |1 + hA| < 1. This implies that
—2<hi<0orh<2/|A|.

Note: Euler’s method is expected to be stable for the test equation only if the step size h < 2/|A|.
Also, define Q(h4) = 1 + hA for Euler’s method, then w;,; = Q(h)w;



Now suppose a round-off error §, is introduced in the initial condition for Euler’s method
wy =a + 9§
w; = (1 + hA) (a + &)
At the jth step, the round-off error is §; = (1 + hA)’ 6.

So with 4 < 0, the condition for control of the growth of round-off error is the same as the condition for controlling the absolute
error |1 + hA| < 1.

Nth-order Taylor Method for Test Equation
Applying the nth-order Taylor method to the test equation leads to

1 1
1+ h)L+§(h/1)2 + --~+E(h/1)" <1
to have stability. Also, define Q(h1) =1+ hA + % (hA)? + -+ % (hA)™ for a nth-order Taylor method, i.e., wj; = Q(hD)w;.

Multistep Method for Test Equation
Apply a multistep method to the test equation:
Wit1 = QWi T QpuaWi—g + -+ QoWit1-m
hA[byWiyq1 + by Wi + -+
+boWit1-ml,

or
(1 = hAby)wit1 — (@m—q — hAbpy_)w; — -+ — (a9 — hAbg)Wip1_m =0
Define the associated characteristic polynomial to this difference equation
Q(z,h1) = (1 — hadby,)z™ — (ay—q — hAby_1)z™ 1 — .- — (ay — hAby).

Let 84,85, ..., B bE the zeros of the characteristic polynomial to the difference equation.

Then ¢y, ¢y, ..., ¢, €XISt With
m

w; = z (Bt for i=0,..N
k=1
and |Bx| < 1 is required for stability.



Region of Stability
Definition. The region R of absolute stability for a one-step method is R = {hA € C | |Q(hA)| < 1}, and for a multistep
method, itisR = {hA € C | |Bi| < 1, for all zeros B of Q(z, hA)}.

A numerical method is said to be A-stable if its region R of absolute stability contains the entire left half-plane.

The only A-stable multistep method is implicit Trapezoidal method.
WO =Qa

h
Wj+1 = W] + E[f(t],W]) +f(tj+1,Wj+1)], for 0 S] <N-1.

The A-stable implicit backward Euler method.

WO =Qa
Wiy1 =W+ hf(tj+1,wj+1), for 0 <j<N-1.
Remark: The techniqgue commonly used for stiff systems is implicit methods. Im(h )
Example. Show Backward Euler method has Q(hA) = ﬁ
SOIUtion: Wj+1 = W] + h/1Wj+1
1 1 1 i
Wit1 = =W = (o)W1 = - = (o) wo
_— . . 1
Stability implies |m| <1 - Re(hA)




