5.3 High-Order Taylor Methods
Consider the IVP

y' =f(ty), a<=st<b yla=p.

Definition: The difference method
wo =p

Wi, = w; + ho(t;, w;), foreach i =0,1,2,---,N — 1, withstepsizeh =

b—a
N

has Local Truncation Error

R -+ ho(t;,y; L — Vs
Ti+1(h) — YVi+1 (yl - ¢( [ YL)) — YL+1h Vi . ¢(ti:yl') foreach i = 0,1,2,---,N — 1.

Note: y; = y(t;) and ;41 = ¥ (ti+1)-

Geometric view of local truncation error

Euler Approximation to dyfdt=y-t2+1 ,h=0.5
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Example. Analyze the local truncation error of Euler’s method for solving
y' =f(ty), a <t <b, y(a)= B. Assume |y (t)| < M with M > 0 constant.

Solution:
2
YVier—(Vithf iy i+1—Yi Y(E)+hf Ly )+ (E)-yi
Tipq () = 21 - ) - MR ftyy) = — — f(t,y0)
with &; € (¢, ti41)-

Tia () = 2y ().

Thus |14, ()| < %M.
So the local truncation error in Euler’s method is O (h).

Consider the IVP

y' =fty), a<t<b yla=p.
Compute y”,y® ...,

First, by IVP: y" = f'(¢t, y(¢))
yO () = £(6y(®)

YO @) = FED (L, y(6))

Second, by chain rule:

dy’ df (t, 0 0 d 0
y(= 2L = LD T (1y0) + L (030) 30 = L (6y@) + L (630) - FE.y )

Derivation of higher-order Taylor methods
Consider the IVP

y=fty), a<st<bh yla=2p with step size h = T tiy1 = a+ih.



Expand y(t) in the nth Taylor polynomial about t;, evaluated at ¢; , ;

2 hn n+1
y(tier) = y(t) + hy'(6) + = y" (€ + -+ =y ™M (E) + T 1)!y(”+1)(€i)
h2 hn n+1
= y(t;) + hf (¢, y(t)) + Tf,(ti'y(ti)) + -+ Hf(n_l)(ti:yai)) + T 1)!f(n)(fi;3’(fi))

for some &; € (t;, t;+1). Delete remainder term to obtain the nth Taylor method of order n.

h ., pn-1 _
Denote T™ (¢;, w;) = f(t;, w;) + S Ew) + o+ Tf(n D (t, wy)

Taylor method of order n

wo =

Wi =w; + hT(")(ti,wi) foreach i =0,1,2,---,N — 1.

Remark: Euler’s method is Taylor method of order one.

Example 1. Use Taylor method of orders (a) two and (b) four with N = 10 to the IVP

Solution:

y =y—t*+1, 0 <t <2 y(0)=0.5.

2-0 _ 2-0

h=—=—=0.2.50¢t; =0+ 0.2i =0.2i foreach i =0,1,2,---,10.

N 10

@ f'Ey®O) =5t + D)=y ~2t=y—t?+1-2t

So T (t;, w;) = f(t;,w;) + %f’(ti,wi) =w; -t + 1) +01(w; — 7 +1-2¢;) = 1.1(w; — 7 + 1) — 0.2¢;
The 2™ order Taylor method is
wy = 0.5
wigr =w; 4+ 0.2(11(w; — 2 + 1) — 0.2¢;) foreach i =0,1,2,-+,9
Now compute approximations at each time step:



WO = 05
wy = wg + 0.2(1.1(wg — (0)? + 1) — 0.2(0)) = 0.83; abs.eror: |w; — y;| = 0.000701
wy, = w, + 0.2(1.1(w, — (0.2)% + 1) — 0.2(0.2)) = 1.2158; abs.eror: |w, —y,| =0.001712

) frEy®)==(f)=@-t2+1-2t) =y —2t—2=y—t2+1-2t—2=y—t> -2t —1
f“%yﬂﬂ)=E{fﬁ=(y—ﬂ—zt—nﬂ=y—2t—2=y—¢2+1—2r—2=y—t”—%—1
So T(“)(tl,wl) = f(t;,w;) += f (t;, W) + = f”(tl,wl) +— f(3)(tl,wl)
=(wf—ﬁ+4)+—0w—t?+1—2t)+—(wf—-—2t—1)+—{wr—-—2@—1)
=(1+3+% “+ )OM t2) - (1+2+ )Uw)+1+——ﬁ—h3

6 24

The 4" order Taylor method is
Wo == 05

=w;+h 1+h+M+h3( t?) — 1+h+h2 Mt+1+h w_r
Wirr = Wi 276 T2a)\1 T ) 2" 6 24
foreach i =0,1,2,---,9.
Now compute approximate solutions at each time step:

02 022 023 0.2 0.22 02 022 023
w;=05+02((1+—+—"+ 05—0)—[1+—+—)(0)+1+———— = 0.8293

2 6 24 3 12 2 6 24

abs. eror of 4th order Taylor at t;: |w; —y;| = 0.000001

0.2 0.22 L0 23 0.2 0.22 02 022 023
w, =0.8293+02((1+—=—+ (0.8293 = 0.2%) = {1+ —+ =) (0:2(0.2)) + 1 + — =

2 Y 3 2 6 24

= 1.214091
abs. eror 4th order Taylor att,: |w, —y,| = 0.000003



Finding approximations at time other than ¢;
Example. (Table 5.4 on Page 259). Assume the IVPy' =y —t2+1, 0 <t <2, y(0) = 0.5 is solved by the 4™ order
Taylors method with time step size h = 0.2. wg = 3.1799640 (t, = 1.2), w, = 3.7324321 (t; = 1.4). Find y(1.25).
Solution:

Method 1: use linear Lagrange interpolation.

y(1.25) ~ 22w + = w, = 3.3180810

Method 2: use Hermite polynomial interpolation (more accurate than the result by linear Lagrange interpolation).
Firstuse y’ =y —t2? + 1 to approximate y'(1.2) and y’(1.4).
y'(1.2) = y(1.2) — (1.2)%2 + 1 = 3.1799640 — (1.2)? + 1 = 2.7399640
y'(1.4) = y(1.4) — (1.4)? + 1 ~ 3.7324321 — (1.4)? + 1 = 2.7724321
Then use Theorem 3.9 to construct Hermite polynomial Hs(x).
y(1.25) ~ H5(1.25).

Error analysis

Theorem 5.12 If Taylor method of order n is used to approximate the solution to the IVP
y=fty), a<st<b yl@=24p
with step size h and if y € C™*1[aq, b], then the local truncation error is O(h™).

Remark: y(tis1) = (&) + hf (o y(t)) + 2 f/ (6, y(6)) + -+ D (8, y(t, ))+(n+1),f(">(€uy(€1))

i+ i h"
i (h) = T - T, y) = s f (6 v (),

ym () = FO(, y(t)) is bounded by [y™* D ()| < M.

Thus |z, (R)] < o +1),
So the local truncation error in Euler’s method is O (h™).




5.4 Runge-Kutta Methods
Motivation: Obtain high-order accuracy of Taylor’s method without knowledge of derivatives of f (¢, y).

Theorem 5.13(Taylor’s Theorem in Two Variables) Suppose f (t, y) and partial derivative up to order n + 1 continuous on
D={(ty)a <t<bc <y<d}let(tyy,) €D.For(t,y) €D,thereisé € [t, t,] and u € [y, y,] with

f(&,y) = B(t,y) + Ry (L, y).
Here

P (t,y) = f(to,y0) + [(t - to)_f(toJ’o) + - )’0) of (tO»)’o)

—t)2 92 92 2 52
et 0 (to, ¥o) + (t — to) (¥ — ¥o) ataf (to»YO)+(y Zy )" f

2 atz (tOI 0)

n

1 S n n—j Ji d f
+ HZ)(j)(t—to) (v = ¥o) atn_—jayj(to,yo)
| J=

n+1 n+1

1 n+1 » -
Ru6) = oy 2, = 0™ 0= 30 gy (o, o)
=0

P,(t,y) is the nth Taylor polynomial in two variables.

Derivation of Runge-Kutta method of order two
1. Determine a4, a4, 31 such that

a, f(t+a,y+pB) = f(t,y) + gf’(t, y) = T@(t,y) with 0(h?) error.

Notice f'(t,y) = LEX = I (¢, y(6)) + 2L (t y(t)) y'(®) =L (t,y(©) + Z—§ (t,y(1)) - f(t, y(t))

We have T®(t,y) = f(t,y) + 2L (¢, y(t)) + (t,y(t)) f(ty(®) (1)

2 0t

2. Expand a,f(t + a;,y + ;) in 1¥ degree Taylor polynomial:



af af
af(t+a,y+p) =afty) +aaq e (t,y) + a. by 3y ty)+a R (t+ay,y+ B1)
3. Match coefficients of equation (1) and (2) gives

h
a, =1, a0 = >

h
, A fr = Ef(t»Y(t))

with unique solution

h
a1:1, a’1=§

h
) ﬁl = Ef(tJY(t))
4. This gives
h h h h
T®(ty) = f(t DA 5f(t,y(t))> -R (t ty+ Ef(t,y(t))>
with R, (t+ Y+ = f(t y(t))) 0(h?)

Midpoint Method (one of Runge-Kutta methods of order two)
Consider the IVP

y' =f(ty), a<=st<b yla=p.

with step size h = b%a.

wo =p

h h _
wigi=w; +hf | t; +§,Wi +§f(ti,wi) , foreach i=0,1,2,---,N — 1.

Local truncation error is O(h?).
Two stage formula:

wo =f

= f(t;, wy)

h h
k2 :f<tl +E,Wi +Ek1>
Wit1 = W; + hk;

(2)



Example 2. Use the Midpoint method with N = 10,h = 0.2, t; = 0.2i and w, = 0.5 to solve the IVP
y=y—t*+1, 0<t<2 y(0)=05.



