6.6 Special Types of Matrices

Definition. The n X n matrix A is said to be strictly diagonally dominant when |a;;| > ¥ ;.; |a;;| holds foreach i = 1,2,3,...,n

7 2 0 6 4 -3
Example. Determine if matricesA =3 5 —1], and B =|4 -2 —1| are strictly diagonally dominant.
0 5 -6 0 5 -6

Theorem 6.21. A strictly diagonally dominant matrix A is nonsingular, Gaussian elimination can be performed on Ax = b
without row interchanges. The computations will be stable with respect to the growth of round-off errors.

Definition. Matrix A is said to be positive definite if it is symmetric and if x*Ax > 0 for every nonzero vector x (i.e. x # 0)

2 -1 0

-1 2 —1] is positive definite.
0o -1 2

Solution: Let x = [x;, x,, x3]* be a 3-dimentional column vector.

2 -1 071M*%
-1 2 -1 [xz
0 -1 211X3

=x? + (xf — 2x12x, + x2) + (02 — 2x,x3 + x2) + x5 = xF + (0] — %)%+ (0, —x3)2 + x5 >0
unless x; = x, = x5 = 0.

Example. Show that the matrix A =

xtAx = [xq, x5, x3] = 2x% — 2x1%, + 2x2 — 2x,%5 + 2x%

Theorem 6.23. If A is an n X n positive definite matrix, then
(i) A hasan inverse
(i) a; >0foreachi =1,2,3,...,n
(i) max;cy jcn |ak;| < Maxycicpn |a;]
(iv) (a;)* <aya;; foreachi # j
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Definition. A leading principal submatrix of a matrix A is a matrix of the form A, = | . . .

akl akz akk
forsome 1 <k <n.

Theorem 6.25. A symmetric matrix A is positive definite if and only if each of its leading principal submatrix has a positive
determinant.

2 -1 0
Example. Show all leading principle submatrixof A = -1 2 —1] have positive determinants.
0o -1 2

Symmetric positive definite matrix and Gaussian elimination

Theorem 6.26. The symmetric matrix A is positive definite if and only if Gaussian elimination without row interchanges can be
done on Ax = b with all pivot elements positive, and the computations are stable.

Corollary 6.27. The matrix A is positive definite if and only if A can be factored in the form LDL!, where L is lower triangular
with 1s on its diagonal and D is a diagonal matrix with positive diagonal entries.

Corollary 6.28. The matrix A is positive definite if and only if A can be factored in the form LLt, where L is lower triangular
with nonzero diagonal entries.



Definition. An n X n matrix is called a band matrix if integers p, g exist with 1 <p,q <nand a;; =0 whenp < j—ior
q <i—j.Thebandwidthisw =p +q — 1.

Tridiagonal matrices.p = q = 2

a1 a4, 0 0

Qz1 Q22 A3 :

A = 0 a.32 61.33 a.34 . 0
An-1,n
| 0 0 apn-1 Aanpn |

Theorem 6.31. Suppose 4 = [a;;] is tridiagonal with a;;_;a; ;41 # 0. 1f |ay1] > las, ), lagl = |a; ;1| + |a;41], and
|ann| > |ayn-1], then A is nonsingular.



