5.1 Elementary Theory of Initial-Value Problems



Definition 5.1 A function f(t,y) Is said to satisfy a Lipschitz condition
in the variable y onaset D < R? if a constant L > 0 exists with

1f (& y) — f(&y)] < Llyr — y2l
whenever (t,y,) and (¢t,y,) are in D. The constant L is called a Lipschitz
constant for f.

Exercise 5.1 Show that f(t,y) = %y + t%et satisfies a Lipschitz
condition on the interval D = {(t,y)|1 <t <2and — 2 <y < 5}.

Definition 5.2 A set D c R? is said to be convex if whenever (¢, y;) and
(t,,y,) belongsto D and A € [0,1], the point

((1 -ty + At,, (1 —A)y; + Ay,) also belongs to D.

Remark:

1. Convex means that line segment connecting (t{, y;) and (t,,y,) isin D
whenever (t,,y;) and (t,, y,) belongs to D.

2. ThesetD = {(x,y) a <t <band — oo <y < oo} IS CONVex.



Theorem 5.3 Suppose f (¢, y) is defined on a convex set D c R?. Ifa
constant L > 0 exists with
of
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for all (t,y) € D, then f satisfies a Lipschitz condition on D in the
variable y with Lipschitz constant L.

Theorem 5.4 (existence & uniqueness) Suppose that D = {(x,y) a <
t < band — o <y < oo} andthat f(t,y) is continuous on D. If f

satisfies a Lipschitz condition on D iIn the variable y, then the initial-value
problem (I\VP)

y=fty), a=st<b yla=p
has a unique solution y(t) fora <t < b.

Example 2. Show that there is a unique solution to the I\VP
y' =1+ tsin(ty), 0 <t<2, y(0)=0.



Definition 5.5 The IVP X = f(t,y), a <t<b, y(a)=pissaidto
be a well-posed problem if:

1.A unique solution y(t), to the problem exists, and

2.There exist constant £, > 0 and k > 0 such that for any € with g, >
g > 0, whenever §(t) is continuous with |§(t)| < e forall t in [a, b],
and when |6,| < &, the IVP (a perturbed problem associated with

original % = f(t,y))

d
d—izf(t,z) +8(t), a <t <b z(a)=p+8b,
has a unique solution z(t) that satisfies
|1z(t) — y(t)| < ke forall tin [a, b].

Why well-posedness? Numerical methods always solve perturbed
problem because of round-off errors.

Example 3. Showthe IVP y' =y —t¢+1, 0 <t <2, y(0)= 05
Iswell-posedon D = {(t,y)|0 <t <2and —o <y < oo}
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Theorem 5.6 Suppose D = {(x,y) a <t < band — o <y < oo} and
that f(¢t,y) Is continuous on D and satisfies a Lipschitz condition on D In
the variable y, then IVP

y =fty), a=st<b yla=p
Is well-posed.

Example. Showthe IVPy' =y —t?+1, 0 <t <2, y(0)= 0.5
Iswell-posedon D = {(x,y) 0 <t<2and — o <y < oo}

Solution: %(y —2+1)| =11 =1

Function (y — t%2 + 1) satisfies Lipschitz condition with L =1.
So Theorem 5.6 implies the IVP is well posed.



5.2 Euler’s Method



Example 1.Solvey' =y —t?+1, 0 <t <2, y(0)= 0.5
numerically with time step size h = 0.2.

Geometric interpretation of Euler’s Method
f(t,w;) = y'(t;) = f(t;, y(t;)) implies f(t;, w;) Is an approximation to
slope of y(t) att;

Euler Approximation to dj,ffdt:y-t2+1 , h=0.5
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Error bound

Theorem 5.9 Suppose D = {(x,y) a <t <band — o <y < oo} and
that f(¢t,y) Is continuous on D and satisfies a Lipschitz condition on D in
the variable y with Lipschitz constant L and that a constant M exists with
ly"(t)| < M, forallt € [a,b].
Let y(t) denote the unique solution to the IVP
vy =fkty), a<st<b yla=5,
and wgy, wyq, -+, W, as in Euler’s method. Then

hM
[y(t) —wil < - et —1].

Example 2 The solutiontothe IVP y' =y —t? + 1,0 <t <2,
y(0) = 0.5 was approximated by Euler’s method with h = 0.2. Find the
bound for approximation.



Effects of round-off error

Theorem 5.10 Let y(t) be the unique solution to the VP

y =fty), a<st<b ya)=aq
and ugy,uq, ..., Uy be approximate solution obtained using
Ug = a + 0
{uiﬂ =u; + hf(t;,u;) + 8;;,,4, foreach i=0,1,..,N—1
If |6;| < 6 foreach i =0,1,..., N and the hypotheses of Theorem 5.9
holds for y’' = f(t,y), then

hM5
wu>—u|_—(

; h) [eL(ti=0) — 1] 4 |5, ]e"(ti=@)
foreach i =0,1,...,N.

Let E(h) = hTM + %. Minimal value of E'(h) occurs when h = \/2;5.



