ACMS40390: Numerical Analysis
Solution key for Practice Exam 2

Note: You need to show the works to get credits.

1. (a) Use proper two-point difference formula to determine the missing entry in the following

table.
x f(x) f'(x)
0.5 1.9
0.6 2.2
Soln:
(1) Use backward difference formula for

£/(0.6) = (£(0.6) — £(0.5))/(0.6 — 0.5) to get £(0.6) = 2.12.
(2) Once we have f(0.6) = 2.12, use forward difference formula to get f'(0.5) = (f(0.6) —
£(0.5))/(0.6 — 0.5)

(Question: why f'(0.6) = f'(0.5) numerically?)

(b) Use the most accurate three-point formula to determine f'(0.6) based on the following table.
Use the central difference formula to determine £/ (0.6) .

X f)
0.5 1.9
0.6 2.3
0.7 1.5

Soln: Use three-point central difference formula

£/(0.6) = (1.5 — 1.9)/(2.0 x 0.1)




2. (a) Use the most accurate three-point formula to determine
f'(1.2) based on the values given in the table

X f) f'(x)
1.2 1.64024
1.3 1.70470
1.4 1.71277

(b) If f(x) = xsin(x) + x?cos (x), compute the actual error in (a) and find the proper error
bound.

Soln: (a) Use forward difference formula

f'(1.2) = ——[-3f(1.2) + 4f(1.3) — f(1.4)]
(b) f'(x) = sin(x) + 3xcos(x) — x2sin (x)
" (x) = 4cos(x) — 5xsin(x) — x?cos(x)
" (x) = =9sin(x) — 7xcos(x) + x2sin(x)

Error bound = % If" (&)] = %| — 9sin(€) — 7&cos (&) + E2sin(é)| for & € (1.2,1.4).
Error bound < %(%in(s‘)l + 7&|cos(&)] + &%|sin(&)])

2919+ 7 x 1.4 + 1.42)

< —
3

3. Find the degree of accuracy of the quadrature formula foa f)dx = %f(O) + %f(a).
Here a > 0.

Soln: k=0, f(x) =1, foaf(x)dx = foa 1dx = a, and %f(O) + %f(a) =a

K=1, f(x) = x, foaf(x)dx = foaxdx =a72,and %f(0)+ %f(a) =%(0)+%(a) =a72

k=2, f() =%, [ fdx = [ a2dx = &

and 2£(0) + 2f(@) =2(0) + (> = %

The degree of accuracy is 1.



4. Approximate the following integral using the Simpson’s rule.
1.5
J_ g5 xIn(x + 2)dx.

Soln: h=(1.5-(-0.5))/2.0=1.0. Let’s define f (x) = xIn(x + 2).

1.5
f xln(x + 2)dx ~ g [f(=0.5) + 4£(0.5) + f(1.4)]

-0.5

5. Find an error bound for f_loss xln(x + 2)dx approximated by the Simpson’s rule.

5
Soln: The error is given by Z—Of(4) (&), where & € (—0.5,1.5) (see Problem 4 for h and f(x)).
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dx

6. Use the composite Trapezoidal rule with n = 3 to compute f03
, . 2
Soln: Let’s define f(x) = Ve
h = (3-0)/3=1.

3
2 h
fxz 4 = S [F(0) + 2(F(1.0) + £(2.0) + f(3.0)]
0



7. Determine the values of n and h required to approximate fozﬁdx to within 107> by using
composite Simpson’s rule.

Soln: The error of the composite Simpson’s rule £-2" f(‘*)(f) < 107>.Here £ € (0,2). f(x) = —

Use the approach similar to the one for solving Problem 5 to get the upper bound for f(4)(f)
This upper bound < 107° to solve for n and h (remember h =(2-0)/ n).

8. (a) Following table lists roots x;,i = 1, ...,n of the nt" Legendre polynomial Solution and

f x—xj
| | dx
Xi—Xj

-1 Jj=1
j#i
n X Ci
2 0.5773502692 1.0
-0.5773502692 1.0
3 0.7745966692 0.55555556
0.0 0.88888889
-0.7745966692 0.55555556

2
Use Gaussian quadrature with n = 3 to compute fO woso) 12X

(b) What’s the degree of precision of a Gaussian quadrature withn = 4?

Soln: (a) [

0 Tos (x) ” —dx = (n/Z)f Tdt by change variable.

T 4



T 2
Y | i
(2)—1 Ccos (nt;-n) +4

2 2
7 [ 0.55555556 x + 0.88888889 x + 0.55555556
- (_) 7 X 0.7745966692 + 1 TXx0.0+m
2 cos ( > ) + 4 cos (f) + 4
2
X
o8 (—n X 0.774_3966692 + n) 4

(b) By Theorem 4.7, degree of accuracy is 2n-1=7.

9. Show the following initial value problem has a unique solution.

, ty+y
Y T+2

2<t<A4, y(2) =5

Soln: By Theorem 5.4, we need to show f(t,y) = g% satisfies Lipschitz condition in y.

g_f/ = (t;z)z . However f(t, y) does not satisfy Lipschitz conditionon D = {(t,y)[2 <t < 4,—o <y <
oo}

(To solve this problem, we need to solve for the solution analytically, which is beyond the requirement
of this class).



10. Use Euler’s method to approximate the solution for the following initial value problem.

S i< 1) =2 ith h =025
Y =+ 20 =t=oe yi)=s wik A==
Soln: wy = 2
i
wi+1=wi+h(ﬁ), t; = 1.0 + ih fori = 0,1,2.

11. Derive the difference equation of Taylor’s method of order three to solve the following initial
value problem. y' =y —t?+1, 0<t<2, y(0)=0.5

Soln: Let’s define f(t,y) =y —t* + 1

flit,y)=y—t*—2t+1

f'ty)=y—t*—2t—1
3) h ’ h'2 7
T (t,wy) = f(t,wy) + Ef (i, wy) + gf (t,wy)
h 2
T(3)(ti,Wi) =Ww; — tiz +1 +E(Wl - tiz - Zti + 1) +?(W1 - tiz - Zti - 1)

Taylor method of order three: wy = 0.5

wipr = w; + hT®(t;,w;), t; =ih fori=0,1,...N.



