Numerical Analysis

Second Exam Solution

Fall 2006
Problem 1
Soln:
0 05 —-05 A =05 05
G=| -1 0 =1 |- Solve 0 = det(A\ —G) = 1 A 1 = AM(\Z + 1.25),
0.5 0.5 0 —0.5 =05 A

A =0, 2 = V1.256, \3 = —/1.25i.

According to Theorem 4.6.5 (necessary and sufficient conditions), p(G) = /1.25 > 1, the
Jacobian iterative method does not converge.

Problem 2

Soln:

r=(0.3,1.6,1.4)T.

Problem 3

Soln:

Let f(z;)=1,i=0,1,...,n.

p(x) = Y lg(x) f(xr) — 1 is a polynomial of degree n. It has at most n zeros. Since p(z;) = 0,
i=0,1,...,n, it has n + 1 zeros. Then p(z) =0. = > j_lk(z) = 1.

Problem 4

Soln:

Denote pr,(z) = > it f(xi)li(z), and py(x) = Y ivg flzo, 21, ..., 4] ;;%(a:—xj). pr(z) = pn(x)
by uniqueness (Theorem 6.1.1).

flwo, @1, oy wn] and D% f (i) [T7=g jzi(wi — x5)"" are coefficients of 2™ of py(z) and py(z)
respectively. Since pr(z) = pn (), flzo, 21, ..., 0] = 2ieg [ (@) [Tj=o joi(2i — 25) 7"
Problem 5
Soln:

Let f = > amu;, ai =< fyu; > and g = > ;bjuj, bj =< g,u; >. Then < f,g >=<



Do @ity i bjug >=37 % aiby <ugug >=30aib =30 < fiug ><giuj >

Problem 6

Soln:

<f-pnf-p>=<f-pf>—-<f-pp>=<fif>—<p,f>since<f—pp>=0
(p(z) is the best approximation).

Therefore, < f —p, f —p>=< f,f > = <p,f>=<f,f > - <Yl a9, f >=< f, [ >
— 20 aj <5, f>.

Problem 7

Soln:

a. P(f+g) = <fH+gu>u=>,<fiu;>u+>, <gu >u=P,f+ Png.

b, PIf =30 <3 < frui > uguy >uj =3, < fuj >u;=P,f.

c. < Puf.g>=<>, < fiui>ui,g>=,; < fiu ><u,g>=>,< fu <u,g>>=<
fi2iui <ugyg>>=< f,Phg >.

Problem 8

Soln:

By the least-square approximation, a = 12(7%—10)/7%,b = —60(7%—12) /7%, ¢ = 60(7? —12) /7.

Problem 9

Soln:

A* A is also Hermitian, and it has a complete set of n orthonormal eigenvectors, uq, ..., u,, such
that uj,u; = d; ;, A*Aus = Asu,. The eigenvalues are real.

= s = ui A" Aus > 0.

Pick y = 3" asus, ||y|l2 = 1, such that ||A||2 = ||Ay||o. We also have ||y||2 = 3 |as|? = 1.

A3 = 3, apuf A*AS asus = S Guuf Yo asdstls = Yo As|as|? < maxg Ag 3o, Jay|* = maxg Ay =
p(A*A).

Thus /p(A*A) is an upper bound of ||A||2. Let y = ug, where Ay = p(A*A), we get ||Ausl|2 =
(usA* Aug)'/? = p(A*A). So ||A|l2 = /p(A*A).



