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restart;
Homework 11
with(LinearAlgebra):

Newton2D := proc(f,g,v) 
local J11, J12, J21, J22, A,B, w;
with(LinearAlgebra);
J11:=unapply(diff(f(x,y),x),x,y);
J12:=unapply(diff(f(x,y),y),x,y);
J21:=unapply(diff(g(x,y),x),x,y);
J22:=unapply(diff(g(x,y),y),x,y);
A := (x,y) -> Matrix([[J11(x,y),J12(x,y)],[J21(x,y),J22(x,y)]]);
w:= Vector([f(v[1],v[2]),g(v[1],v[2])]);
B:= MatrixInverse(A(v[1],v[2]));
VectorAdd(v,-MatrixVectorMultiply(B,w));
end proc:

Newton3D := proc(f,g,h,v) 
local J11, J12, J13, J21, J22, J23, J31, J32, J33, A,B, w;
with(LinearAlgebra);
J11:=unapply(diff(f(x,y,z),x),x,y,z);
J12:=unapply(diff(f(x,y,z),y),x,y,z);
J13:=unapply(diff(f(x,y,z),z),x,y,z);
J21:=unapply(diff(g(x,y,z),x),x,y,z);
J22:=unapply(diff(g(x,y,z),y),x,y,z);
J23:=unapply(diff(g(x,y,z),z),x,y,z);
J31:=unapply(diff(h(x,y,z),x),x,y,z);
J32:=unapply(diff(h(x,y,z),y),x,y,z);
J33:=unapply(diff(h(x,y,z),z),x,y,z);
A := (x,y,z) -> Matrix([[J11(x,y,z),J12(x,y,z),J13(x,y,z)],[J21
(x,y,z),J22(x,y,z),J23(x,y,z)],[J31(x,y,z),J32(x,y,z),J33(x,y,z)]
]);
w:= Vector([f(v[1],v[2],v[3]),g(v[1],v[2],v[3]),h(v[1],v[2],v[3])
]);
B:= MatrixInverse(A(v[1],v[2],v[3]));
VectorAdd(v,-MatrixVectorMultiply(B,w));
end proc:

Problem 3a on page 680
with(LinearAlgebra):
Continue := proc(H1,H2,t_Start,v,h)
local J11, J12, J21, J22, J, H1_t, H2_t, H_t, A,B, w, u;
with(LinearAlgebra);
J11:=unapply(diff(H1(x,y,t),x),x,y,t);
J12:=unapply(diff(H1(x,y,t),y),x,y,t);
J21:=unapply(diff(H2(x,y,t),x),x,y,t);
J22:=unapply(diff(H2(x,y,t),y),x,y,t);
H1_t:=unapply(diff(H1(x,y,t),t),x,y,t);
H2_t:=unapply(diff(H2(x,y,t),t),x,y,t);
J := (x,y) -> Matrix([[J11(x,y,t_Start),J12(x,y,t_Start)],[J21(x,
y,t_Start),J22(x,y,t_Start)]]);
H_t := (x,y) -> Vector([H1_t(x,y,t_Start),H2_t(x,y,t_Start)]);
B:= MatrixInverse(J(v[1],v[2]));
#print(B);



(2)(2)

(1)(1)

> > 

> > 

> > 

w:= h*H_t(v[1],v[2]);
#print(w);
u:=VectorAdd(v,-MatrixVectorMultiply(B,w));
end proc:

vv:=Vector([0,0]);
f1 := (x,y) -> 4.0*x^2 - 20.0*x + 0.25*y^2 + 8.0;
f2 := (x,y) -> 0.5*x*y^2 + 2.0*x -5.0*y + 8.0;
H1 := (x,y,t) -> t*f1(x,y)+(1-t)*(f1(x,y)-f1(vv[1],vv[2]));
H2 := (x,y,t) -> t*f2(x,y)+(1-t)*(f2(x,y)-f2(vv[1],vv[2]));

N:=20;
h:= 1.0/N;
v:= Vector([0.0,0.0]);
t_Start:=0;
for j from 1 to N do
v:=Continue(H1,H2,t_Start,v,h);
t_Start:=t_Start+h;
print(t_Start,v);
od:



(2)(2)

> > 



(2)(2)

(3)(3)

> > 
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> > 

(4)(4)

> > 
N = 20 and Runge Kutta of order 4
ContinueRK := proc(H1,H2,t_Start,v,h)
local J11, J12, J21, J22, J, H1_t, H2_t, H_t, A,B, w, u, K1,K2,
K3,K4, F;
with(LinearAlgebra);
J11:=unapply(diff(H1(x,y,t),x),x,y,t);
J12:=unapply(diff(H1(x,y,t),y),x,y,t);
J21:=unapply(diff(H2(x,y,t),x),x,y,t);
J22:=unapply(diff(H2(x,y,t),y),x,y,t);
H1_t:=unapply(diff(H1(x,y,t),t),x,y,t);
H2_t:=unapply(diff(H2(x,y,t),t),x,y,t);
J := (x,y,t) -> Matrix([[J11(x,y,t),J12(x,y,t)],[J21(x,y,t),J22
(x,y,t)]]);
H_t := (x,y,t) -> Vector([H1_t(x,y,t),H2_t(x,y,t)]);
F:= unapply(-MatrixVectorMultiply(MatrixInverse(J(x,y,t)),H_t(x,
y,t)),x,y,t);
K1:=h*F(v[1],v[2],t_start);
K2:=h*F(v[1]+K1[1]/2,v[2]+K1[2]/2,t_Start+h/2);
K3:=h*F(v[1]+K2[1]/2,v[2]+K2[2]/2,t_Start+h/2);
K4:=h*F(v[1]+K3[1],v[2]+K2[2],t_start+h);
u:= v+ 1/6.0*(K1+2*K2+2*K3+K4);
end proc:

f1 := (x,y) -> 4.0*x^2 - 20.0*x + 0.25*y^2 + 8.0;
f2 := (x,y) -> 0.5*x*y^2 + 2.0*x -5.0*y + 8.0;
H1 := (x,y,t) -> t*f1(x,y)+(1-t)*(f1(x,y)-f1(vv[1],vv[2]));
H2 := (x,y,t) -> t*f2(x,y)+(1-t)*(f2(x,y)-f2(vv[1],vv[2]));

N:=20;
h:= 1.0/N;
v:= Vector([0.0,0.0]);
t_Start:=0;
for j from 1 to N do
v:=ContinueRK(H1,H2,t_Start,v,h);
t_Start:=t_Start+h;
print(t_Start,v);
od:
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(4)(4)
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(4)(4)

(5)(5)

> > 
Problem 4a of page 692
rkVect2Step := proc(f1,f2,a,b,w1,w2)
local j, K11,K21,K31,K41,K12,K22,K32,K42,h,W1,W2;
h := b-a;

K11 := h*f1(a,w1,w2);
K12 := h*f2(a,w1,w2);

K21 := h*f1(a+h/2,w1+K11/2,w2+K12/2);
K22 := h*f2(a+h/2,w1+K11/2,w2+K12/2);

K31 := h*f1(a+h/2,w1+K21/2,w2+K22/2);
K32 := h*f2(a+h/2,w1+K21/2,w2+K22/2);

K41 := h*f1(b,w1+K31,w2+K32);
K42 := h*f2(b,w1+K31,w2+K32);

W1 := w1+(K11+2*K21+2*K31+K41)/6;
W2 := w2+(K12+2*K22+2*K32+K42)/6;

return( [W1,W2])
end proc;
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(4)(4)

(5)(5)

> > 
> > 

(8)(8)

(9)(9)

> > 

(2)(2)

> > 

> > 
(6)(6)

(7)(7)

f1:= (t,y1,y2) -> y2;
f2:= (t,y1,y2) -> -y1;

h:= evalf(Pi/20);

with(LinearAlgebra):
Sol1w1:= Vector(6):
Sol1w2:= Vector(6):
w1:=1; w2:=0;
Sol1w1[1]:= 1;Sol1w2[1]:=0;
for j from 1 to 5 do
a:=(j-1)*h;
b:=j*h;
A:=rkVect2Step(f1,f2,a,b,w1,w2):
w1:=A[1];
w2:=A[2];
Sol1w1[j+1]:= w1;Sol1w2[j+1]:=w2;
print(j*h,w1,w2);
od:

w1:=0; w2:=1;
Sol2w1:= Vector(6):
Sol2w2:= Vector(6):
w1:=0; w2:=1;
Sol2w1[1]:= 0;Sol2w2[1]:=1;
for j from 1 to 5 do
a:=(j-1)*h;
b:=j*h;
A:=rkVect2Step(f1,f2,a,b,w1,w2):
w1:=A[1];
w2:=A[2];
Sol2w1[j+1]:= w1;Sol2w2[j+1]:=w2;
print(j*h,w1,w2);
od:
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(4)(4)

(5)(5)

> > 

> > 

(11)(11)

(9)(9)

(2)(2)

> > 

(12)(12)

> > Sol := Vector(6):
Sol := Sol1w1+ (1.0-Sol1w1[6])/Sol2w1[6]*Sol2w1;
trueSol:= x -> cos(x)+(sqrt(2.0)-1.0)*sin(x);

for j from 1 to 6 do
err:= abs(Sol[j]-trueSol((j-1)*h));
od;

Problem 3d on page 699
y1' = y2;
y2' = 0.5*(1.0 - y2^2 - y1*sin(x));
z1' = z2;
z2' = -0.5*sin(x)*z1 - y2*z2;
y1(0) = 2
y2(0) = t
z1(0) = 0
z2(0) = 1
with(LinearAlgebra):

f1 := (x,y1,y2,z1,z2) -> y2;
f2 := (x,y1,y2,z1,z2) ->  0.5*(1.0 - y2^2 - y1*sin(x));



(14)(14)
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(2)(2)

> > 

(4)(4)

(5)(5)

> > 

> > 

(13)(13)

(12)(12)

(9)(9)

f3 := (x,y1,y2,z1,z2) -> z2;
f4 := (x,y1,y2,z1,z2) ->  -0.5*sin(x)*z1 - y2*z2;

F:= proc(x,w::Vector(4))
local j,v;
v:=Vector(4);
v(1):= f1(x,w(1),w(2),w(3),w(4));
v(2):= f2(x,w(1),w(2),w(3),w(4));
v(3):= f3(x,w(1),w(2),w(3),w(4));
v(4):= f4(x,w(1),w(2),w(3),w(4));
return(v);
end proc;

with(LinearAlgebra):

rkVect4Step := proc(F,a,h,w::Vector(4))
local j, K1,K2,K3,K4,W;
K1:=Vector(4);
K2:=Vector(4);
K3:=Vector(4);
K4:=Vector(4);
W:=Vector(4);

K1 := h*F(a,w);

K2 := h*F(a+h/2,w+K1/2);

K3 := h*F(a+h/2,w+K2/2);

K4 := h*F(a+h,w + K3);

W := w+(K1+2*K2+2*K3+K4)/6;

return(W)
end proc;
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(15)(15)

(9)(9)

(14)(14)

(2)(2)
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> > 

> > 

(12)(12)

ft0:=4.0; #a guess to start Newton
w0:=Vector([2,t0,0,1]);
h:= evalf(Pi/20);

a:=0;
w:=Vector(4):
w:=w0;
t:=t0;
for k from 1 to 3 do
for j from 1 to 20 do 
w:=rkVect4Step(F,a,h,w);
a:=a+h:
od:
t:= t - (w(1)-2.0)/w(3);
od;

w0:=Vector([2,t,0,1]);
for j from 1 to 20 do
w:=rkVect4Step(F,a,h,w);
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(4)(4)

(5)(5)

(17)(17)
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(9)(9)

> > 

(14)(14)

> > 

(2)(2)

(18)(18)

> > 

(12)(12)

a:=a+h:
err:= abs(2.0+evalf(sin(a))-w(1));
print(err);
od:

0.000478594134026178
0.000493759151042550
0.000504928899386137
0.000511877373449821
0.000514418120435067
0.000512388443001388
0.000505641269989976
0.000494022529607729
0.000477356516756622
0.000455430799310097
0.000427973353883448
0.000394629858542217
0.000354936823590002
0.000308283670217513
0.000253874041066027
0.000190669763810103
0.000117332636281553
0.0000321537410474804
0.0000670147480041905
0.000182819635737630

Problem 3a on page 704
with(LinearAlgebra):
p:= -3.0;
q:= 2.0;



(14)(14)
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(18)(18)
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(4)(4)

(5)(5)

(17)(17)

> > 

> > 

(12)(12)

(9)(9)

> > 

> > 

(19)(19)

r:= x -> 2*x+3.0;
h:=0.1;
alpha:=2.0;
beta:=1.0;

A:=Matrix(9);
b:=Vector(9);
w:=Vector(9);
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(4)(4)

(5)(5)
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(17)(17)

(23)(23)
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> > 

> > 

> > 

(9)(9)

> > 

(19)(19)

> > 

(14)(14)

(2)(2)

(18)(18)

(22)(22)

> > 

(20)(20)

(21)(21)

(12)(12)

for j from 1 to 9
do
A(j,j):= 2+h^2*q;
od:

for j from 1 to 8 do
A(j,j+1):= -1.0+h/2*p;
od:

for j from 1 to 8 do
A(j+1,j):= -1.0+h/2*p;
od:
A;

Determinant(A);

ConditionNumber(A,infinity);
34.78968855

b(1):= -h^2*r(h) + (1+h/2*p)* alpha:
for j from 2 to 8 do

b(j):= -h^2*r(j*h):
od:

b(9):= -h^2*r(9*h) + (1-h/2*p)* beta:
b;
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(4)(4)

(5)(5)

(17)(17)

(23)(23)
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(24)(24)

(9)(9)

> > 

(19)(19)

(14)(14)

(25)(25)

(2)(2)

(18)(18)

> > 

(12)(12)

> > w:=LinearSolve(A,b);

Problems 4a and 5a on page 711
The below is sloppy programming.  I have a number of constants, e.g., h, that should be incorporated 
into the variable lists of F, JF.
f:= (y1,y2) -> y1^3-y1*y2;
h:=0.1;
a:=1.0;
b:=2.0;
alpha:= 0.5;
beta := 1.0/3.0;

dy1_f := (y1,y2) -> 3*y1^2-y2;
dy2_f := (y1,y2) -> -y1;
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(4)(4)

(26)(26)
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(5)(5)

(17)(17)

(23)(23)
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(9)(9)
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(19)(19)

(14)(14)

> > 

(2)(2)

(18)(18)

(27)(27)

> > 

> > 

(12)(12)

F:= proc(w)
local j,v,N;
N:=op(1,w);
v:=Vector(N);
for j from 2 to N-1 do
v(j) :=-w(j-1)+2*w(j)-w(j+1)+h^2*f(w(j),(w(j+1)-w(j-1))/(2*h));
od ;
v(1):=-alpha+2*w(1)-w(2)+h^2*f(w(1),(w(2)-alpha)/(2*h));
v(N):=-w(N-1)+2*w(N)-beta+h^2*f(w(N),(beta-w(N-1))/(2*h));
return(v);
end proc;

JF:= proc(w)
local A,j,v,N;
N:=op(1,w);
A:=Matrix(N);

A(1,1) := 2.0+h^2*dy1_f(w(1),(w(2)-alpha)/(2*h));
for j from 2 to N-1 do
A(j,j) := 2.0+h^2*dy1_f(w(j),(w(j+1)-w(j-1))/(2*h));
od;
A(N,N) := 2.0+h^2*dy1_f(w(N),(beta-w(N-1))/(2*h));

A(1,2) :=-1.0 + h/2*dy2_f(w(1),(w(2)-alpha)/(2*h));
for j from 2 to N-2 do
A(j,j+1) :=-1.0 + h/2*dy2_f(w(j),(w(j+1)-w(j-1))/(2*h));
A(j+1,j) :=-1.0 - h/2*dy2_f(w(j+1),(w(j+2)-w(j))/(2*h));
od ;
A(2,1) :=-1.0 - h/2*dy2_f(w(2),(w(3)-w(1))/(2*h));
A(N,N-1) :=-1.0 - h/2*dy2_f(w(N),(beta-w(N-1))/(2*h));
A(N-1,N) :=-1.0 + h/2*dy2_f(w(N-1),(w(N)-w(N-2))/(2*h));

return(A);
end proc;
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(4)(4)

(5)(5)

(17)(17)

(23)(23)
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(9)(9)
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(19)(19)

(28)(28)

(14)(14)

(2)(2)

(29)(29)

(18)(18)

> > 

(27)(27)

> > 

> > 

(30)(30)

(12)(12)

N:=9; 
h:=0.1;
w:=Vector(N):
for j from 1 to N do
w(j):= (beta-alpha)/(b-a)*(j*h)+alpha;#initial guess for Newton
od:

for k from 1 to 3 do
w:= w-MatrixInverse(JF(w)) . F(w);
od:

for j from 1 to 9 do
print(abs(1/(2+j*h)-w(j)));
od:

0.00000676771966251488
0.0000108837022041453
0.0000130034547041191
0.0000136058021765195
0.0000130438473507910
0.0000115802627453920
0.00000941210924010338
0.00000668845343859692
0.00000352221719812640

N:=2*9+1; 
w2:=Vector(N):
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(19)(19)
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(27)(27)

> > 
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(30)(30)

(12)(12)

> > 

extrap1_w:=Vector(9):
h:=0.05:
for j from 1 to N do
w2(j):= (beta-alpha)/(b-a)*(j*h)+alpha;#initial guess for Newton
od:

for k from 1 to 3 do
w2:= w2-MatrixInverse(JF(w2)) . F(w2);
od:

for j from 1 to 9 do
extrap1_w(j):= (4*w2(2*j)-w(j))/3;
od:

for j from 1 to 9 do
print(1/(2+j*0.1),w(j),w2(2*j),extrap1_w(j));
od:

for j from 1 to 9 do
err1:=abs(1/(2+j*0.1)-w(j)):
err2:=abs(1/(2+j*0.1)-w2(2*j)):
err3:=abs(1/(2+j*0.1)-extrap1_w(j)):
print(err1,err2,err3);
od:


