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Homework 2
Two bisection procedures
For first (Bisection0) you input a function f, interval endpoints a,b and number of 
itterations.
For first (Bisection0) you input a function f, interval endpoints a,b and desired maximal 
error.
restart;
Bisection0 := proc(f,a,b,n)
local x,A,B,j;   #a assumed < b
A:=evalf(a);
B:=evalf(b);
if (f(A)*f(B)>=0) then error "Your function does not have 
opposite signs on the interval endpoints.";  elif
(n <= 0) then error "Your targeted number of iterations must be 
positive"; else
for j from 1 to n do
x:=(A+B)/2.0;
if (f(A)*f(x)<0) then B:= x; else A:= x;
fi;
od;
x;
fi;
end proc;

Bisection := proc(f,a,b,epsilon)
local n, x, A, B, j;#a assumed < b
A:=evalf(a);
B:=evalf(b);
if (f(A)*f(B) >= 0) then error "Your function does not have 
opposite signs on the interval endpoints.";  elif
(epsilon <=0) then error "Your targeted error must be positive"; 
else
n:=ceil(ln(epsilon/(B-A))/ln(0.5));
for j from 1 to n do
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x:=(A+B)/2.0;
if (f(A)*f(x)<0) then B:= x; else A:= x;
fi;
od;
x;
fi;
end proc;

Let's try the rootines out.  Remember we need the number of iterations n equal to 
the smallest positive integer satisfying (b-a)/2^n < desired error
g:= x -> x^2-2.0;

Bisection(g,1.0,2.0,0.05);
abs((%-sqrt(2.0)));

1.406250000
0.007963562

Bisection0(g,1.0,2.0,5);
1.406250000

Problem 1 on page 53
f:= x -> sqrt(x) - cos(x);

Bisection0(f,0,1,3);
0.6250000000

Problem 2a on page 53
f := x -> 3*(x+1)*(x-1/2)*(x-1);

Bisection0(f,-2,1.5,3);
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(1.5+2)/8.0;
Bisection(f,-2,1.5,0.4375);

0.4375000000

Problem 5b on page 53
f := x -> exp(x) - x^2 + 3*x - 2;

To see if bisection works, we first check that f(x) has values with different signs at the 
endpoints 0, 1
f(0.0); f(1.0);

2.718281828

The smallest n with (1-0)/2^n  <  10^(-5) is n = 14
Bisection0(f,0.0,1.0,14);

0.2575073242
Bisection(f,0.0,1.0,10^(-5));

0.2575302124

Problems 1c and 1d on page 63
expand((x^2+2)*x^2-(x+3));
expand(x*(4*x^3+4*x-1)-(3*x^4+2*x^2+3));

Let's check the real roots
sol:= fsolve(x^4+2*x^2-x-3,x);

g3:= x -> sqrt((x+3)/(x^2+2));

p0 := 1.0;
for j from 1 to 4 do
p||j := g3(p||(j-1));
od;
error3:=sol[2]-p4;

g4:= x -> (3*x^4+2*x^2+3)/(4*x^3+4*x-1);

p0 := 1.0;
for j from 1 to 4 do
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p||j := g4(p||(j-1));
od;
error4:=sol[2]-p4;

Iteration using 1d is considerably better than iteration using 1c.
pg 74:  6a

The first procedure newton0 prints out each iteration.  The secod just gives the newton 
estimate.
At this stage, we are using the crude stopping criteria for newton's method of |x_n - x_
{n+1}| < tolerance.
newton0 := proc(p,tol,N,StartValue)
local x,j,A,B,dp,g;
dp:= unapply(diff(p(x),x),x);
g:= x -> x - p(x)/dp(x);
A:=StartValue;
B:= g(A);
print(1,B);
for j from 2 to N while (abs(A - B) >= tol) do
A:= B:
B:= g(A);
print(j,B);
od:
end proc;

p:= x -> exp(x) + 2.0^(-x) +2.0*cos(x) - 6.0;

plot(p(x),x = -4..2.5);



(23)(23)

(24)(24)

(10)(10)

> > 

> > 

> > 

(20)(20)

> > 

> > 

(25)(25)

> > 

(26)(26)

(2)(2)

0.069802075

For start values, I will take 2.0; 1.5; and finally 1.0.
Note the difference between taking 1 and 2 as starting values.
newton0(p,10^(-5),10,2.0);

newton0(p,10^(-5),10,1.50);

newton0(p,10^(-5),10,1.0);
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The difference in number of iterations mainly comes from x = 2 being closer to the 
solution.  Let's start far away.
newton0(p,10^(-5),15,0.2);

newton := proc(p,tol,N,StartValue)
local x,j,A,B,dp,g;
dp:= unapply(diff(p(x),x),x);
g:= x -> x - p(x)/dp(x);
A:=StartValue;
B:= g(A);
for j from 2 to N while (abs(A - B) >= tol) do
A:= B:
B:= g(A);
od:
if abs(A-B) >= tol then 
print(B,abs(A-B));
error "tolerance has not been achieved in your requested maximum 
number of iterations"  else B
fi;
end proc;
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newton(p,10^(-5),8,1.0);
1.829383602

Problem 6a on page 75: we start with a procedure for the secant method

secant0 := proc(p,tol,N,StartValue0,StartValue1)
local x,j,A,B,C,g;
g:= (x,previous_x) -> x - p(x)*(x-previous_x)/(p(x)-p(previous_x)
);
A := StartValue0;
B := StartValue1; 
C := g(A,B);
print(1,C);
for j from 2 to N while (abs(C - B) >= tol) do
A:= B:
B:= C;
C:= g(A,B);
print(j,C);
od:
end proc;

What start values?  I will do 2, 2.1; 1, 2; and finally 0.9, 1.1
secant0(p,10^(-5),20,2.0,2.1);
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secant0(p,10^(-5),20,1.0,2.0);

secant0(p,10^(-5),20,0.9,1.0);

secant := proc(p,tol,N,StartValue0,StartValue1)
local x,j,A,B,C,g;
g:= (x,previous_x) -> x - p(x)*(x-previous_x)/(p(x)-p(previous_x)
);
A := StartValue0;
B := StartValue1; 
C := g(A,B);
for j from 2 to N while (abs(A - B) >= tol) do
A:= B:
B:= C;
C:= g(A,B);
od:
if abs(A-B) >= tol then
error "tolerance has not been achieved in your requested maximum 
number of iterations"  else C;
fi;
end proc;
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secant(p,10^(-5),20,1.0,2.0);
1.829383602

13bc
f := x -> 230*x^4 + 18*x^3 + 9*x^2 - 221*x - 9;

plot(f(x),x=-1..1);

secant0(f,10^(-6),20,-1.0,0.0);
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newton0(f,10^(-6),20,-0.5);

secant0(f,10^(-6),20,0.0,1.0);

newton0(f,10^(-6),20,0.5);

Note we always seem to get the negative solution!  Let's try closer to 1.
secant0(f,10^(-6),20,0.5,1.0);

newton0(f,10^(-6),20,0.8);


