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restart;
Homework 5
The following procedure compute R_{nn} for the integral of f(x) over [a,b]
with(Student[Calculus1]);

Romberg := proc(f,a,b,n)
local k,j,R,Romb; # n > 0; needs Student[Calculus1]
R[1][1] := ApproximateInt(f(x), x = a..b,method=trapezoid,
partition=1):
for j from 2 to n do
R[j][1] := ApproximateInt(f(x), x = a..b,method=trapezoid,
partition=2^(j-1)):
for k from 2 to j do
R[j][k]:= (2^k*R[j][k-1]-R[j-1][k-1])/(2^k-1);
od;
od;
for j from 1 to n do
Romb[j]:=R[j][j];
od;                 
return Romb
end proc;
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f := x -> x^2*ln(x);

R:=Romberg(f,1,1.5,10);

R[3];
R[4];

0.1922603396
0.1922593601

Note n = 4 suffices in problem 5a
Digits:=15;
R:=Romberg(f,1,1.5,10);
for j from 2 to 10 
do
print(j,R[j],abs(R[j-1]-R[j]), abs(R[j]-int(f(x),x=1..1.5)));
od;

pg 217 Problems 1b, 3b, and 5b
f := x -> x^2*exp(-x);

Digits:=10;
R:=Romberg(f,0.0,1.0,10);

R[3];
R[4];

0.1604825891
0.1606018341

Note n = 5 suffices in problem 5b
Digits:=15;
R:=Romberg(f,0.0,1.0,10);
for j from 2 to 10 
do
print(j,R[j],abs(R[j-1]-R[j]), abs(R[j]-int(f(x),x=1..1.5)));
od;
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pg 226 Problem 1a
with(Student[Calculus1]);

f:= x -> x^2*ln(x);

a:=1.0;
b:=1.5;
TrueValue:= int(f(x),x=a..b);

Sab := ApproximateInt(f(x),x=a..b,method=simpson, partition=1);
S1  := ApproximateInt(f(x),x=a..(a+b)/2,method=simpson, 
partition=1);
S2   := ApproximateInt(f(x),x=(a+b)/2..b,method=simpson, 
partition=1);

ErrEst:=abs(Sab-S1-S2)/15.0;
abs(S1+S2-TrueValue);
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pg 226 Problem 2a
f:= x -> exp(3*x)*sin(2*x);

a:=0.0;
b:=Pi/4.0;
TrueValue:= int(f(x),x=a..b);

Sab := ApproximateInt(f(x),x=a..b,method=simpson, partition=1);
S1  := ApproximateInt(f(x),x=a..(a+b)/2,method=simpson, 
partition=1);
S2   := ApproximateInt(f(x),x=(a+b)/2..b,method=simpson, 
partition=1);

ErrEst:=abs(Sab-S1-S2)/15.0;
abs(S1+S2-TrueValue);

0.00092717904855
Note that in 1a and 2a, the estimate is almost as good as the true error (even though we are using a 
rather large interval)

Problem 3a  Tol = 10^(-3)
f:= x -> x^2*ln(x);

a:=1.0;
b:=1.5;
TrueValue:= int(f(x),x=a..b);
Tol := 10^(-3);

Sab := ApproximateInt(f(x),x=a..b,method=simpson, partition=1);
S1  := ApproximateInt(f(x),x=a..(a+b)/2,method=simpson, 
partition=1);
S2   := ApproximateInt(f(x),x=(a+b)/2..b,method=simpson, 
partition=1);

ErrEst:=abs(Sab-S1-S2)/15.0;

This is < Tol, so we are done.
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Problem 6a with Tol 10^(-4)  (instead of 10^(-5))
f:= x -> sin(x)+cos(x);

a:=0.0;
b:=evalf(Pi);
plot(f(x),x=a..b);
TrueValue:= int(f(x),x=a..b);
Tol := 10^(-4);

S1 := ApproximateInt(f(x),x=a..b,method=simpson, partition=1);
midpoint1:=(a+b)/2:
S11  := ApproximateInt(f(x),x=a..midpoint1,method=simpson, 
partition=1);
S12   := ApproximateInt(f(x),x=midpoint1..b,method=simpson, 
partition=1);
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ErrEst1 :=abs(S1-S11-S12)/15.0;

Not within Tol, so subdivide each half into two pieces and use Tol/2
Tol:=Tol/2.0;
S11  := ApproximateInt(f(x),x=a..midpoint1,method=simpson, 
partition=1);
midpoint11:= (a+midpoint1)/2:
S111 := ApproximateInt(f(x),x=a..midpoint11,method=simpson, 
partition=1);
S112   := ApproximateInt(f(x),x=midpoint11..midpoint1,method=
simpson, partition=1);
midpoint12:= (midpoint1+b)/2:
S12 := ApproximateInt(f(x),x=midpoint1..b,method=simpson, 
partition=1);
S121  := ApproximateInt(f(x),x=midpoint1..midpoint12,method=
simpson, partition=1);
S122   := ApproximateInt(f(x),x=midpoint12..b,method=simpson, 
partition=1);

ErrEst11:=abs(S11-S111-S112)/15.0;
ErrEst12:=abs(S12-S121-S122)/15.0;

S121+S122 is within Tol/2, but S121+S122 is not, so subdivide the right half interval, and halve Tol
Tol:=Tol/2.0;
S111  := ApproximateInt(f(x),x=a..midpoint11,method=simpson, 
partition=1);
midpoint111:= (a+midpoint11)/2:
S1111 := ApproximateInt(f(x),x=a..midpoint111,method=simpson, 
partition=1);
S1112   := ApproximateInt(f(x),x=midpoint111..midpoint11,method=
simpson, partition=1);
midpoint112:= (midpoint11+midpoint1)/2:
S112 := ApproximateInt(f(x),x=midpoint11..midpoint1,method=
simpson, partition=1);
S1121  := ApproximateInt(f(x),x=midpoint11..midpoint112,method=
simpson, partition=1);
S1122   := ApproximateInt(f(x),x=midpoint112..midpoint1,method=
simpson, partition=1);
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ErrEst111:=abs(S111-S1111-S1112)/15.0;
ErrEst112:=abs(S112-S1121-S1122)/15.0;

Both are with our Tol =  (10^(-4))/4, so we ca settle for the approximation
OurApprox := S121+S122+ S1111+S1112 +S1121+S1122;

abs(TrueValue-OurApprox);
0.00001659104793

pg 234 Problems 1a and 1c
scaling from [-1,1] to [a,b] is done by x=(b-a)/2*t+(b+a)/2. 
Weights get multiplied by (b-a).
f:= x -> x^2*ln(x);
a:=1.0;
b:=1.5;
u:=t -> (b-a)/2*t+(a+b)/2;
x1:=u(-1/sqrt(3.0)); x2:=u(1/sqrt(3.0));
w1:=(b-a)/2; w2:=(b-a)/2;
TrueValue:= int(f(x),x=a..b);
Approx:= w1*f(x1) + w2*f(x2);
AbsoluteError:=abs(TrueValue-Approx);

f:= x -> 2/(x^2-4);
a:=0.0;
b:=0.35;
u:=t -> (b-a)/2*t+(a+b)/2;
x1:=u(-1/sqrt(3.0)); x2:=u(1/sqrt(3.0));
w1:=(b-a)/2; w2:=(b-a)/2;
TrueValue:= int(f(x),x=a..b);
Approx:= w1*f(x1) + w2*f(x2);
AbsoluteError:=abs(TrueValue-Approx);
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Problems 3a and 3c
f:= x -> x^2*ln(x);
a:=1.0;
b:=1.5;
u:=t -> (b-a)/2*t+(a+b)/2;
x1:=u(-0.7745966692); x2:=u(0); x3:=u(0.7745966692);
w1:=(b-a)/2*10/18.0; w2:=(b-a)/2*16.0/18.0; w3:=(b-a)/2*
10.0/18.0;
TrueValue:= int(f(x),x=a..b);
Approx:= w1*f(x1) + w2*f(x2) +w3*f(x3);
AbsoluteError:=abs(TrueValue-Approx);

f:= x -> 2/(x^2-4);
a:=0.0;
b:=0.35;
u:=t -> (b-a)/2*t+(a+b)/2;
x1:=u(-0.7745966692); x2:=u(0); x3:=u(0.7745966692);
w1:=(b-a)/2*10/18.0; w2:=(b-a)/2*16.0/18.0; w3:=(b-a)/2*
10.0/18.0;
TrueValue:= int(f(x),x=a..b);
Approx:= w1*f(x1) + w2*f(x2) +w3*f(x3);
AbsoluteError:=abs(TrueValue-Approx);
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Problem 11
We need to get the correct values for 1, x, x^2, x^3
We get 4 linear equations gibing a matrix equation
L*u=b
with(Student[LinearAlgebra]);

A:= Matrix(4,4);
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b:= Vector(4);

f1:=  x -> 1:
df1:= x ->0:

for j from 2 to 4 do 
f||j := unapply(x^(j-1),x);
df||j:= unapply((j-1)*x^(j-2),x);
od:

b[1]:=2;
for j from 2 to 4 do
b[j]:=int(f||j(x),x=-1..1);
od:

b;

for j from 1 to 4
do
A[j,1]:= f||j(-1);
od:

for j from 1 to 4
do
A[j,2]:= f||j(1);
od:

for j from 1 to 4
do
A[j,3]:= df||j(-1);
od:

for j from 1 to 4
do
A[j,4]:= df||j(1);
od:

A;
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u:= LinearSolve(A,b);

So the weights are 1, 1, 1/3, -1/3


