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Homework 7
restart;

Problem 1
The differential equation is y' = f(t,y) on [0,1], where y(0)=1/3. We need bounds M and L.
f := (t,y) -> -5*y+5*t^2+2*t;

Since
diff(f(t,y),y);

We have 
L:= 5;

y''(t) is
diff(f(t,y),y)*f(t,y)+diff(f(t,y),t);

M is the max of the absolute value of y''(t)
At any point t, a multiple of h, the bound is
h:=0.1;
B:= t -> M/100*(exp(5*t)-1);

M is a problem.  We can still see the growth is fast, e.g., exp(5) is around 148.  To be more precise, let's
use the easily computable solution

g:= t-> t^2+exp(-5*t)/3;

Looking at
plot(g(t),t=0..1);
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the max occurs at 1, i.e.,
M:= g(1.0);

So 
B(t);

This is pretty bad error bound
plot(B(t),t=0..1);
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Problem 1a on page 280
f:= (t,y) -> t*exp(3*t)-2*y;
d2y:= unapply(diff(f(t,y),y)*f(t,y)+diff(f(t,y),t),t,y);

A single step of the order 2 taylor method starting at the approximation W at t with step h=0.5 is 
OneStep2:= (t,W) -> W + f(t,W)*0.5+d2y(t,W)*0.5^2/2;

w[0]:= 0;

for j from 1 to 2 do
w[j] := OneStep2((j-1)*0.5,w[j-1]);
od;

Problem 3a on page 280
f:= (t,y) -> t*exp(3*t)-2*y;
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d2y:= unapply(diff(f(t,y),y)*f(t,y)+diff(f(t,y),t),t,y);
d3y := unapply(diff(d2y(t,y),y)*f(t,y)+diff(d2y(t,y),t),t,y);
d4y := unapply(diff(d3y(t,y),y)*f(t,y)+diff(d3y(t,y),t),t,y);

A single step of the order 4 taylor method starting at the approximation W at t with step h=0.5 is 
OneStep4:= (t,W) -> W + f(t,W)*0.5 + d2y(t,W)*0.5^2/2 + d3y(t,W)*
0.5^3/3! + d4y(t,W)*0.5^4/4!;

w[0]:= 0;
for j from 1 to 2 do
w[j] := OneStep4((j-1)*0.5,w[j-1]);
od;

Let's compare it to the output of the 4th order runge-kutta method
rkStep := proc(f,a,b,w)
local W,K1,K2,K3,K4,h;
h := b-a;
K1 := h*f(a,w);
K2 := h*f(a+h/2,w+K1/2);
K3 := h*f(a+h/2,w+K2/2);
K4 := h*f(b,w+K3);
W := w+(K1+2*K2+2*K3+K4)/6;
return W
end proc;

w[0]:= 0;
for j from 1 to 2 do
w[j] := rkStep(f,(j-1)*0.5,j*0.5,w[j-1]);
od;
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Let's makes comparisons to the actual solution
ode := diff(u(t),t)=f(t,u(t));

dsolve(ode);

Let's not forget the initial condition (to fix the constant _C1
ic := u(0)=0;

dsolve({ic,ode});

g:= t-> ((1/25)*(5*t-1)*exp(5*t)+1/25)*exp(-2*t);

g(0);
g(0.5);
g(1.0);

0
0.2836165219
3.219099319

Why is the 4th order runge-kutta better than the 4th order taylor method (which is the gold standard for 
4th order methods)?
Basically because runge-kutta methods contain (typically) some terms which are fifth order, which can 
at least in this case 
give a slightly better approximation than expected.
Problem 10a on page 280

f := (t,y) -> 1/t^2-y/t-y^2;
d2y:= unapply(diff(f(t,y),y)*f(t,y)+diff(f(t,y),t),t,y);
OneStep2:= (t,W) -> W + f(t,W)*0.05+d2y(t,W)*0.05^2/2;

w[0] := -1;

for j from 1 to 20 do
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w[j]:= OneStep2(1+(j-1)*0.05,w[j-1]):
err[j]:= abs(w[j]+1/(1+0.05*j)):
print(1+j*0.05,w[j],err[j]);
od:

Let's program the modified Euler and midpoint methods for y'=f(t,y)
ModEulerStep := proc(f,a,b,w)
local W,h;
h := b-a;
W := w+(f(a,w)+f(b,w+f(a,w)*h))*h/2;
return W
end proc;

MidpointStep := proc(f,a,b,w)
local W,h;
h := b-a;
W := w+(f((a+b)/2,w+f(a,w)*h/2))*h;
return W
end proc;

Problems 1d, 5d, 13d on page 291
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f:= (t,y) -> cos(2*t)+sin(3*t);
g:= t -> sin(2*t)/2-cos(3*t)/3+4/3;

w[0]:=1;
for j from 1 to 4 do
w[j]:= ModEulerStep(f,(j-1)*0.25,j*0.25,w[j-1]):
err[j]:= abs(w[j]-g(j*0.25)):
print(j*0.25,w[j],err[j]);
od:

w[0]:=1;
for j from 1 to 4 do
w[j]:= MidpointStep(f,(j-1)*0.25,j*0.25,w[j-1]):
err[j]:= abs(w[j]-g(j*0.25)):
print(j*0.25,w[j],err[j]);
od:

w[0]:=1;
for j from 1 to 4 do
w[j]:= rkStep(f,(j-1)*0.25,j*0.25,w[j-1]):
err[j]:= abs(w[j]-g(j*0.25)):
print(j*0.25,w[j],err[j]);
od:

restart;
Problem 1a on page 337: we will use the l1 norm
f1 := (t,u1,u2) -> 3*u1+2*u2-(2*t^2+1)*exp(2*t);
f2 := (t,u1,u2) -> 4*u1+u2+(t^2+2*t-4)*exp(2*t);
g1:= t -> exp(5*t)/3-exp(-t)/3+exp(2*t);
g2:= t -> exp(5*t)/3+2*exp(-t)/3+t^2*exp(2*t);
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Lets check
expand(diff(g1(t),t)-f1(t,g1(t),g2(t)));
expand(diff(g2(t),t)-f2(t,g1(t),g2(t)));

0
0

using vectors, we can write a general runge-kutta, but let's for now just do it quickly 
rkVect2Step := proc(f1,f2,a,b,w1,w2)
local j, K11,K21,K31,K41,K12,K22,K32,K42,h,W1,W2;
h := b-a;

K11 := h*f1(a,w1,w2);
K12 := h*f2(a,w1,w2);

K21 := h*f1(a+h/2,w1+K11/2,w2+K12/2);
K22 := h*f2(a+h/2,w1+K11/2,w2+K12/2);

K31 := h*f1(a+h/2,w1+K21/2,w2+K22/2);
K32 := h*f2(a+h/2,w1+K21/2,w2+K22/2);

K41 := h*f1(b,w1+K31,w2+K32);
K42 := h*f2(b,w1+K31,w2+K32);

W1 := w1+(K11+2*K21+2*K31+K41)/6;
W2 := w2+(K12+2*K22+2*K32+K42)/6;

return( [W1,W2])
end proc;

w1:=1; w2:=1;hh:=0.2;
for j from 1 to 5 do
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a:=(j-1)*hh;
b:=j*hh;
A:=rkVect2Step(f1,f2,a,b,w1,w2):
w1:=A[1];
w2:=A[2];
err:= abs(w1-g1(b))+abs(w2-g2(b)):
print(j*0.2,w1,w2,err);
od:

Let's halve the step size and see if the error goes down by a factor near 16
w1:=1; w2:=1;hh:=0.1;
for j from 1 to 10 do
a:=(j-1)*hh;
b:=j*hh;
A:=rkVect2Step(f1,f2,a,b,w1,w2):
w1:=A[1];
w2:=A[2];
err:= abs(w1-g1(b))+abs(w2-g2(b)):
print(j*0.2,w1,w2,err);
od:

Clearly we are not in the region where the error goes down as expected from theory, so let's halve 
againt
w1:=1; w2:=1;hh:=0.05;
for j from 1 to 10 do
a:=(j-1)*hh;
b:=j*hh;
A:=rkVect2Step(f1,f2,a,b,w1,w2):
w1:=A[1];
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w2:=A[2];
err:= abs(w1-g1(b))+abs(w2-g2(b)):
print(j*0.2,w1,w2,err);
od:

The difference between being in the range where the error is like O(h^4) and where we are not!


