Andrew J. Sommese, September 9, 2009

Let's now do the whole procedure for finding the points and weights of for Gaussian integration with an arbitrarily prescribed weight, h(t) on [a,b].

> Digits := 17;
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> a := 0;b:=1; #b:= Pi;
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> h := t -> sqrt(t);#sin(t)^2; 
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Here is the new inner product

> IP := proc(f,g) evalf(Int(f*g*h(t),t=a..b)) end;
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> f := t -> exp(-t^2);
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> trueInt := IP(f(t),1);#i.e., evalf(Int(f(t)*h(t),t=a..b));
[image: image7.wmf] := 
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> n:=3;
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> p := array(0..n);
> p[0] := 1:
> j:='j':k:='k':
> for j from 0 to n-1 do;  
> vv := t*p[j]:
> for k from 0 to j do; 
> vv := vv-IP(t*p[j],p[k])/IP(p[k],p[k])*p[k]: 
> od:p[j+1]:=expand(vv):
> od:
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> for j from 0 to n do p[j]; od;
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Here we compute the roots of the nth polynomial.  There are 

fast solvers adapted to orthogonal polynomials --- if there is 

time we will discuss in class when we get to numerical linear algebra.

> 

> tempX:= vector(n):x := vector(n);y:=vector(n);
> tempX:= fsolve(p[n],t):
> for j from 1 to n do x[j] :=tempX[j];od;
[image: image14.wmf] := 

x

(

)

array

,

 .. 

1

3

[

]


[image: image15.wmf] := 

y

(

)

array

,

 .. 

1

3

[

]


[image: image16.wmf] := 

x

1

0.16471028689654245


[image: image17.wmf] := 

x

2

0.54986849921644353


[image: image18.wmf] := 

x

3

0.90080582927162941


And the weights on [a,b]

> w:= vector(n);j:='j';k:='k';
> for j from 1 to n do 
> for k from 1 to n do
> if (k=j) then y[k]:=1; else y[k]:=0; fi;
> od;
> w[j] := IP(interp(x,y,t),1);
> od;
> 
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And we compute an integral and compare it to the actual integral.

> j:= 'j':
> GInt := sum(w[j]*f(x[j]),j=1..n);
> trueInt:=evalf(Int(f(t)*h(t),t=a..b));#lprint(evalf(Int(f(t)*h(t),t=a..b)));
> GInt-trueInt;
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> n:=6;
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> p := array(0..n);
> p[0] := 1:
> j:='j':k:='k':
> for j from 0 to n-1 do;  
> vv := t*p[j]:
> for k from 0 to j do; 
> vv := vv-IP(t*p[j],p[k])/IP(p[k],p[k])*p[k]: 
> od:p[j+1]:=expand(vv):
> od:
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> for j from 0 to n do p[j]; od;
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Here we compute the roots of the nth polynomial.  There are fast solvers 

adapted to orthogonal polynomials --- if there is time we will discuss in 

class when we get to numerical linear algebra.

> 

> tempX:= vector(n):x := vector(n);y:=vector(n);
> tempX:= fsolve(p[n],t):
> for j from 1 to n do x[j] :=tempX[j];od;
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And the weights on [a,b]

> w:= vector(n);j:='j';k:='k';
> for j from 1 to n do 
> for k from 1 to n do
> if (k=j) then y[k]:=1; else y[k]:=0; fi;
> od;
> w[j] := IP(interp(x,y,t),1);
> od;
> 
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And we compute an integral and compare it to the actual integral.

> #j:= 'j':
> GInt2 := sum(w[j]*f(x[j]),j=1..n);
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> GInt2-trueInt;
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